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Preface 


There are many books on kinetic theory of gases and plasmas on the market. 
What was the motivation of the author in writing another book on this subject ? 

The foundations of present-day non-equilibrium statistical theory of gases 
and plasmas is due to the important work of N.N. Bogolyubov, M. Born, A.A. Vlasov, 
H. Green, J. Kirkwood, J. Yvon, L.D. Landau and I.R. Prigogine. In this book we 
attempt to present some of the ideas and methods of their work. They will be 
applied to a complete description of the kinetic processes in nonideal gases and 
plasmas and to the derivation of the kinetic theory of long-range fluctuations. 
The latter is important, in particular, for the description of turbulent processes, 
defining the so-called anomalous transport processes. 

Clearly, the simplest case is the one of weak nonideality, in which it is 
possible to introduce a small parameter: the density parameter or the plasma 
parameter. For denser systems one uses model equations, as in equilibrium theory. 
In this field, the developments are at present still very preliminary. 

The theory is constructed as a generalization of the kinetic theory of 
ideal gases and plasmas. It is therefore important to analyze the limitations of 
the usual kinetic equations. The book is written with great detail; therefore it 
should be of use not only to research physicists, but also to professors, and to 
graduate students of various specializations. 

The book consists of three parts. The first part is devoted to the classi- 
cal kinetic theory of nonideal gases, the second to the classical kinetic theory of 
fully ionized plasmas, and the third to the quantum kinetic theory of nonideal gases 
and plasmas. The concluding chapter presents a short account of the kinetic theory 
of chemically reacting systems and of partially ionized plasmas. This chapter was 
included in order to indicate some directions of further generalizations of the 
present results. and to attract attention upon this important and interesting 


problem, 
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x PREFACE 


The main stress is laid here on the fundamental aspects of the theory. 
Relatively little space is given to the applications. Whenever possible, the 
reader is directed towards additional literature. 

In several places of this book I used results obtained in collaboration 
with my students and collaborators: V.V. Belyi, YU.A. Kukharenko, W. Ebeling, 
W. Kraeft, V.A. Puchkov, E.F. Slin'ko. The collaboration with them was for me not 
only useful, but also pleasant. 

K.P. Gurov was the first person who read my work on the kinetic theory of 
nonideal gases and plasmas. He also read the manuscript of this book. I am very 
grateful to him for his help. I also gratefully acknowledge the remarks and dis- 
cussions about the manuscript with V.V. Belyi, L.M. Gorbunov, M.E. Marinchuk and 
A.A. Rukhadze. 


The Author 


PART I 


Kinetic Theory of Nonideal Gases 


INTRODUCTION 


The basis of the kinetic theory consists of the equations for the one- 
particle distribution function: the kinetic equations. Typical kinetic equations 
are those of Boltzmann, of Vlasov, of Landau, and of Balescu and Lenard. 

All the kinetic equations are approximate; therefore they provide a 
simplified description of the statistical processes in gases and plasmas. There 
are phenomena, which cannot be described in terms of the known kinetic equations. 
In order to include such phenomena in the description, the assumptions made 
in the derivations of these equations must be weakened and these equations must be 
generalized. 

Thus, in deriving the Boltzmann equation from the Liouville equation (or 
from the corresponding BBGKY hierarchy) one makes use of the smallness of the den- 
sity parameter €. Similarly, for a plasma one assumes that the plasma parameter U 
is small. 

The parameters € and wu characterize the role of the interactions in the 
kinetic equations for gases or plasmas. This role is twofold. On the one hand, it 
defines the relaxation processes responsible, for instance, for the approach to 
equilibrium. In other words, the interaction determine the dissipative processes 
in gases and plasmas. 

On the other hand, the interactions contribute to the non-dissipative proper- 
ties, e.g., the thermodynamic functions (internal energy, pressure, entropy, etc.). 
These contributions of the interactions are responsible for the deviations of these 
quantities from their ideal value. 

In the Boltzmann, Landau or Balescu-Lenard equations, the interactions deter- 


mine only the dissipative characteristics. In this sense, these equations can be 
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called kinetic equations for the ideal gas or plasma. One of the problems of the 
present book is the construction of kinetic equations for nonideal gases and 
plasmas. Within their corresponding models — the binary collision approximation or 
the polarization approximation — these equations take account of the contributions 
of the interactions to both the dissipative and the non-dissipative properties [17, 
18]. (see also refs [6, 67, 68, 71, 73]). 

The second problem of the book is the construction of kinetic equations for 
dense gases. The first difficulty in this direction is the derivation of equations 
taking into account both binary and triple collisions. Such an equation was derived 
by Choh and Uhlenbeck [5], by using Bogolyubov's expression for the two-particle 
distribution function to the first order in the density parameter. This kinetic 
equation is not quite consistent. In the dissipative characteristics it takes 
account of both binary and triple collisions, but in the non-dissipative properties 
it retains only binary collisions. In this book we derive an equation in which the 
triple collisions are treated more completely. 

In ref. [4], Bogolyubov developed a method by which, assuming the com- 
plete weakening of the initial correlations, he expands the two-body correlations 
systematically in powers of the density parameter. Clearly, this method also leads 
to an expansion of the collision integral of the kinetic equation in powers of the 
density. However, the realization of Bogolyubov's programme faces some difficul- 
ties of principle. The investigations of Weinstock [19], Goldman and Freeman [20], 
Dorfman and Cohen [21], showed that the collision integral, including four-body and 
higher order collisions, diverges [22]. 

The solution of these difficulties leads to the modification of the basic 
assumptions underlying the kinetic equations. It was shown that the complete 
weakening of the initial correlations must be replaced by the more flexible assump- 
tion of the partial weakening of these correlations [23, 24]. By using this 
assumption, we derive from the Liouville equation an equation for the smoothed 
distribution function in phase space. From the latter we derive a hierarchy for 
the smoothed distribution functions. It differs from the BBGKY hierarchy in re- 
taining explicitly the dissipation due to binary collisions. If this hierarchy is 
solved by assuming the complete weakening of the initial correlations in a time 
shorter than the binary collision relaxation time, the Boltzmann equation is 
recovered. 

For denser gases, we obtain from the smoothed hierarchy a kinetic equation 
whose collision integral is convergent. In this way, one may construct kinetic 
equations taking into account four-body, five-body collisions, etc. But these 
equations become more and more complicated. One therefore uses a more convenient 


method, analogous to the one used in equilibrium statistical mechanics of dense 
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gases and fluids. Instead of a kinetic equation for the one-particle distribution, 
one rather uses a set of equations for the one-particle distribution and for the 
binary correlations. 

From the hierarchy for the smoothed distribution functions we may derive 
kinetic equations taking into account the long-range fluctuations. From the latter 
we may derive hydrodynamic equations in which the viscosity and the thermal conduc- 
tivity are determined not only by the collisions, but also by the long-range 
fluctuations. 

In the derivation of the Boltzmann equation, one assumes implicitly the 
continuity of the collision process defining the collision integral. This amounts 
to describing the distribution function as a deterministic (non-fluctuating) quan- 
tity. Taking into account the discreteness of the collision processes leads to 
fluctuations of the distribution function. These fluctuations have a range much 
longer than the one of the fluctuations defining the collision integral. In order 
to describe the former, we may consider the Boltzmann equation as a Langevin equa- 
tion with a given source of fluctuations: the latter was first studied by Kadomtsev 
[25]. The development of the kinetic theory of the equilibrium and non-equilibrium 
fluctuations in gases is another problem of our book (chapter 4). The correspond- 


ing theory for plasmas is studied in chapter 11. 


CHAPTER | 


The Method of Distribution 
Functions and the Method of 
Moments 


1. EQUATIONS FOR THE POSITION AND MOMENTUM DISTRIBUTION 
FUNCTIONS IN A GAS OF MONATOMIC PARTICLES 


The microscopic mechanical state of a monatomic particle gas at time t is 
defined by the specification of the positions " acalep " and of momenta P, ,.. +1Py 
of all the W particles. For conciseness, we introduce the notations: al (r; ; P,); 
a six-dimensional vector defining the state of the particle labelled « (1 <7%< WN), 
and x2 = (xy sees 2 y)s a 6N-—dimensional vector defining the state of the complete 
system. 

The distribution function of the variables x is denoted by F yl >t). The 
expression fy (es €) dx represents the probability that, at time t, the coordinates 
and momenta of the particles have values within a range dg around x. The function 
fy is normalized as follows: fdef,w,t)=1. 

Let o(lrg—ryl) ee denote the potential energy of central interaction of 
the pair of particles <~,j. Let also m denote the mass of the atoms. Then the 
Hamiltonian H of the gas can be written as: 

2 
H= > (Fi+utr,)) + > %,, (1.1) 
1<¢< yy \2m tl asicg<y 
where u(r.) is the potential energy of an atom in the external field. 


The distribution function fy (a >t) obeys the Liouville equation: 





of: a 
ote (Gi ia fe (1.2) 
a ctx Py OF, OFZ OP, 
We now use Hamilton's equations for the particles: 
oH P, 
P,=>—— = Le yp, 
re 5 F= v; (1.3) 


z 
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00... 
fess 2 > td + F(r.,t) (1.3) 
to A fegey Oe z 
gt 
Equation (1.2) can then be rewritten 

of, of of 
ahs Dd vs + Flr,)* ape = 0 (1.4) 

1<¢<j t L 


We introduced here the expression F(r,,t) representing the force acting on the 


particle labelled 7: 


a Dy 
F(r,,t) =-~—— o.. + Fi (r.,t) (1.5) 
t or, 1< j<m tj ove 
gi 
where Fy =—9u/ar, is the external force. 


We now consider several different forms of the Liouville equation. We 


introduce the following operator notations: 


ae So ee eee 
6. ae ed ee a (1.6) 
tg «8; ap, «=O, Op 





aA Pp) A) a 
H. = 0, -3h4 F -g-)- > 6 (1.7) 
sof aac a eee a ar, 0 BP; 1<ti<j<s 
A 3 r) 
a 2 mat > (y,- + F, . ) (1.8) 
presses ot 1<t<s t oP 
Using the definitions (1.6), (1.7), the Liouville equation can be written as: 
3 Cee 3 > a} t= 
oO 4 ep ee "a; ) - 6..¢ f, = 0 (1.9) 
i 0 5 rary 
ob pene a; oP; 1<i<ge<y tg) 7M 
or {2 ss 
=z +H } fy = 0 (1.10) 
ot Tener N 


Finally, using the operator (1.8), Eq. (1.9) can also be written as: 


{io 2 Bj} fn =0. (1.11) 
Ter’ 2s yegegen 

The Liouville equation is a linear partial differential equation of first 
order: its characteristic equations are just Hamilton's equations (1.3). It follows 
that the solution of the Liouville equation requires the solution of the equations of 
motion of all the particles in the system. This problem can generally not be solved 


for the large systems considered here. 
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Thus, the Liouville equation cannot be solved in general form. However, in 
practice, the general solution is not necessary. For the description of the proces- 
ses in a gas it is usually sufficient to know the distribution functions of one and 
of two particles, viz., f,(z,.t) and f,(z,,2,,t). These are related in the 


following way to the function fy (et): 
f,(v,,4)-v [ de,...dzy fyl21 vee 2 ,t) (1.12) 
f,(x, +2, >t) = | de, ... day fy(*, saws uae) (1.13) 


where V is the volume of the system. From these definitions follows the normaliza- 


tion property of these functions: 


1 1 2 
[a f=, 4 faeae, f, = (1.14) 
The distribution function of a set of s particles can be defined in a similar way: 
SA pe gab, = 
Pork dog oe dey fy le e002 ey yt) 5 | ae ay Pearl (1.15) 


From the definitions (1.12) and (1.13) follows that Vf, de, represents the prob- 
ability that the position and momentum of the first particle lies within limits 
ar, dp, around n >P, » whatever the positions and momenta of the other particles 
in the gas. A similar interpretation holds for ye f, da, dz, and for the higher 
distribution functions. 
We now show that the most important functions needed in a gas-dynamic des- 
cription can be determined from the sole knowledge of the distribution function f). 
In gas dynamics, the most important properties are the number density of 
the particles, the momentum (or velocity) density and the kinetic energy density 
(or temperature). In a non-stationary state, these functions depend on the position 


and on the time: 
n=n(r,t), we=u(r,t), W=W(r,t) 
where W is the kinetic energy density. 


The quantities ,mu,W are average values of the corresponding microsco- 


pic quantities n® (nu)", w which are defined as follows 


aM(p ,t) = 2 6 (r—r(t)) 


1<7t<W 
nY (r,t) = > v.6(r—r.(t)) 
1<i<y * v 
W(r,t) = pS (p2/2m) 8(r—r .(t)) (1.16) 
1<i<y + t 
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Using the definition 
tye fac A(z) fy(ae 5 €) 
and taking account of the properties of the 6-function: 
| ae’ Sag mt, fart Seon) Pte!) oP) 
we obtain 


n(r,t)= far 2 stem, OQ) fas nf as 6(r — r, (t)) fy 


N 
5 f, dr, &(r—-r,) f,(r, »Pyst)=2 [dp f,(r,p,2) (1.17) 
and similarly 


n(r,t)u(r, t) 


(w/v) [dp (p/m) f,.(r,p5t) 


wrt) = (W/V) [ap (p°/2m) F075 954) (118) 


From Eqs (1.17), (1.18) follows that for the statistical description of the 
gas-dynamical variables, the knowledge of the one-particle distribution function 


fi (r,p,t) is sufficient. The factor N/V entering Eqs (1.17), (1.18) represents 


the number of particles per unit volume, averaged over the whole volume. This quan- 


tity will be denoted by nm: N/V=n. The quantity 1/n represents the specific 
volume, i.e. the volume per particle. 

As the definition of many important averages requires only the knowledge of 
the one-particle distribution function, we are justified in making an effort for 
deriving equations which would only involve this function fy . 

In order to obtain such an equation, we multiply Eq. (1.4) for fr by V 
and integrate it over all variables except the first. We consider the result of 
this operation for each term separately. 

5 ofy af, 
git ey aE es 


1 fa 


Here we used Eq. (1.12) defining fy - In order to integrate the second term we 
must taken into account the fact that the distribution function tends to zero at 


the boundary of the volume enclosing the system. We thus obtain: 


v f de 600 AE poe ap, eo 
1 
; Vacicn * 9; or 


For the integration of the third term. we take into account the fact that the dis- 


tribution function vanishes as the momenta tend to infinity; using also the defini- 


tion (1.13) of Ts >» we obtain: 
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of 

2. S02: foe, 

v | de, ... dey > or, > os, Dp. 
1<i<y “*\isg<w t 


J#T 
) .. a¢ 3 
= V¥-1) fey. doy Bie HT fae, Ley * 
ry Py V ary oP, 


Using the fact that N > 1, and the notations (1.8) and »=WNW/V, we find the follow- 


ing equation for the one-particle distribution function: 
3 3 3 } 
stp, em + Fs. 
{e 1a 7 0 ap Ay 
ao, ; of, (x,t, >t) 
r) rn oP, 





= (Op _ 

wee flonfae, (1.19) 
We see that this equation is not closed for fy >» as it also involves the two- 
particle distribution function. Similarly, integrating Eq. (1.4) over all the 
variables except those of two particles, we find, for WN >1, the equation for the 


function f, 7 








A oo 30 
(0) x 2 13.093 23, 9 
(10, 8.) f, = 2 | dz, -—+ ars 


n| dz, (6.5764) f+ (1.20) 


Here we used the definitions (1.6), (1.8). 

Thus the equation for f, is not closed, as it involves the distribution 
function f3- The equation for Le involves fs and so on. We thus obtain a 
hierarchical chain of equations. For the determination of the function fy we need 
to know all the distribution functions of the system, up to fy . This chain of 
equations is called the Bogolyubov hierarchy, or the BBGKY hierarchy (Bogolyubov- 
Born-Green-Kirkwood-Yvon). The general equation for te (2 <s <WN) can be written 


as follows: 


Because of the complication of this hierarchy, we must try to set up 
approximation schemes by which we can determine closed equations for the simplest 
of these distribution functions. An example of such an equation is the well-known 
Boltzmann equation, which is a closed equation for the one-particle distribution 
function a (x, »t). 


The price to be paid in the transition from the Liouville equation (or from 
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the BBGKY hierarchy) to the simpler closed equations is in a coarser description 
of the processes in the system. For the investigation of a possible transition to 
an approximate description, it is necessary to discuss the relations among charac-— 


teristic time scales and spatial parameters of the monatomic gas. 


2. THE APPROXIMATION OF BINARY COLLISIONS 
We first consider the simplest model of a gas, in which the atoms are idea- 
lized as hard spheres of diameter Yr). The potential energy of a pair of atoms is 


then given by the following function: 


(2.1) 


neat { 0 for r> ry 
coo) 


£ r x 
or <2, 


Thus, the atoms do not interact when their relative distance is larger than ry. 

The latter is a characteristic parameter of the system. Another characteristic 
1 

length is the average interatomic distance: Be (1/n)>. 


From these two parameters we may construct a dimensionless number: 


ahs 3 
g=nr) (7/7 ,y) (2.2) 


€ will be called the density parameter. 

For atmospheric pressure and room temperature, the density n is nit? 
em7?, For monatomic gases, Py = 2-3-1078 cm. For these values, we obtain 
e€~ 1075 <1. The mean free path, which determines the transport coefficients of 


the gas, is expressed as follows in terms of Py Pay? 


We thus obtain the following relations among the three parameters: 


at =I 
A ‘ Pe . a. 
rita? t l:e 3:€ 2 
Hence: 


r < Mes <l for e<€1., (2.3) 


If the density parameter €<1 the gas will be called ‘dilute'. The ideal gas is 

a limiting case of the dilute gas. Whenever e€ S1, the gas will be called ‘dense’. 
For dilute gases, we may limit our considerations to the first approxima- 

tion in €. We must however take account of the following remarks. 


The interatomic interactions play two roles in a gas. In the first place, 


t For a discussion of this and the following sections, see also the recent books 


of Balescu [67] and of Résibois and De Leener [68]. (Transl.) 
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they contribute to the thermodynamic properties of the gas: internal energy, entropy, 
pressure, etc. In the ideal gas limit, the contribution of the interactions to the 
thermodynamic properties is zero. In the dilute gas, there exist additional terms 
in the thermodynamic functions, as compared to those of the ideal gas. These terms 
are proportional to €. More generally, the contributions of the interactions to 
the thermodynamic functions can be represented as series in €. 

The interactions also define the relaxation properties of the gas, for in- 
stance, the process of approach to equilibrium and the various transport processes, 
such as viscosity, heat conduction, diffusion, etc. 

The characteristic time of approach to equilibrium (or relaxation time) is 
of the order of magnitude of the mean free time between successive collisions: 
bre = L/up » where Un is the average thermal speed. To zeroth order in the den- 
sity parameter € the mean free path is infinite, because 1 ~ ni/e- Hence, the 
relaxation time is also infinite, i.e., there is no relaxation at all. This result 
is natural, because the relaxation process is determined by the interactions. 

The transport processes cannot be defined either in zeroth approximation in 
€, because the transition to a hydrodynamic description requires the condition 
2 <€L,where Z is, for instance, the size of the system. As the mean free path is 
infinitely long in this approximation, the condition cannot be satisfied. 

Thus, in order to obtain kinetic equations, i.e. closed equations for the 
function 14% describing relaxation processes, it is necessary to consider at least 
terms of first order in the parameter e€. In this approximation one also obtains 
the contributions of the interactions to the thermodynamic properties. 

In the language of interparticle collisions, the first approximation in € 
corresponds to considering only binary collisions. This means that the contribu- 
tion of processes in which more than two particles approach each other at a 
distance of order Yr is negligibly small. 

We now show that, in the binary collision approximation, the infinite hier- 
archy of equations for the functions Pyofy ress can be truncated after the second 
one; we thus obtain a closed set of two equations for fy and f,- For this pur- 
pose, it is useful to introduce the relations between the distribution functions 
fy> Pyvees and the corresponding correlation functions Gn rGqr-es 


By definition, we have: 


f,(2,.2,.t) =f, (2, .t)f, (2, t) +9, (2.2), ¢) (2.4) 
For g,=0, fi,=f, fy and the particles 1 and 2 are statistically independent. 


The three-particle correlation function g, (x, > Ly, Zys t) is defined by 


the equation: 
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POs t3): SOE OPS 19 68) 
+ £,(2)95(1,3) + £503) 9,012) #94(1,2,3). (2.5) 


For simplicity, we denoted here the set of variables of particle g by the sin- 
gle letter j. 

By removing any of the three particles to an infinite distance with respect 
to the other two the function 93 vanishes. Consider for instance the case where 
particle 3 is removed to infinity. Then 95 =0, and also g,(1,3) = 9, (2,3) =0 
and thus using (2.4):7 


f,1.2,3) =f, (OF, (2F, 3) +f, (39,02) =f, 2F, 0). 


From the definition (1.15) of f\>f, >--. in terms of fy» we conclude that 
fs can be expressed in terms of ee as follows: 
= 1 
f, a | dz oa foai : (2.6) 
In particular 
= y7l Val 
f= comer f,=V [ ae, f,. (2.7) 


Substituting Eq. (2.4) into the first equation (2.7) and using the normalization 
(1.14) of fy> we obtain: 


v1 [ de, 9,(1,2)=0-} | de, 9,(1,2) =0 F (2.8) 


Similarly, from (2.5), (2.7) and (2.8) we find 


-1 _y7l = ; = - 
V J dz,9,01,2,3) =¥ f 42,95 1,23) = 07} | dey 9, (142.3) =0 (2.9) 


These properties of the correlation functions Go29s will be used below. 

In the binary collision approximation, the configurations in which three 
particles are at distance ry are not considered. Therefore, 9, can be neglected 
in Eq. (2.5). 

We now substitute (2.4) into the right hand side of Eq. (1.19) and intro- 


duce the following notation for the average force acting on particle 1: 


F(r, .t) =F (7, ot) - 0 | dz, f (a, ,t). (2.10) 
ory 
Here the first term represents the external force, and the second term represents 
the average force due to the surrounding particles, whose spatial density distri- 
bution is 
n(r, st) =n | dp, f, G5 


t The correlations are thoroughly discussed in Yvon's book [69]. See also [67]. 


(Trans1.) 
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We rewrite the equation for Fy as follows 


3 3 . 3 ) es = 
(A+», ar, +F oP, is 7 f,=T@,,t) (2.11) 
The operator Le a differs from aad a by the substitution of F 
25 ray 


for Fy {see eq. (1. a 
In Eq. (2.11) we introduced the notation 
99), 29 Io (#1525. t) 


Tia, ,t)=n{ de, ——* WF, Sea Paes eee (2.12) 


This term represents the rate of change of the distribution function as a result of 
correlations between particles 1 and 2. In chapter 2 it will be shown that in 
the hard sphere model the correlations differ from zero only when the centres of 
the particles are at a distance Yo» i.e. when the particles are colliding. There- 
fore, the expression (2.12) will be called the ‘collision integral’. 

For F, =0 and for spatially homogeneous systems, in which fi =f, (P,>%) 


and q, = er rs Pi» Py» t), Eq. (2.11) simplifies: 





ao 
cea £2 282 a 4 
=n | dr, dp, Or, oP, gy (Fr, To. Pi» P,>*) (2.13) 


We now transform Eq. (1.20) for 3 We substitute into the right-hand side 


expression (2.5) with g, = 0. We consider the result of this substitution in the 


first term of the r.h.s., containing the function O13: 


{a cl PY 
n SG apy VHA OF OD 9,29 


ry 
+ 7,2) 9,01,3) + £,0) 9,0,2}. (2.14) 
Using Eq. (2.4), the first and last terms in the sum can be rewritten as 


a. 
n fas, — — 1 (Bart ie f, (2, 22, ,b) . 
1 


We bring this term to the left-hand side of Eq. (1.20) and combine it with 
F(a f,/P,). Using the definition (2.10) of the average force, we obtain in the 


result the term 


Ptr o£) eg (2.15) 


1? A 
Py 


The second term in (2,14) vanishes in the binary collision approximation, 
because it differs from zero only when the three particles are simultaneously near 


to each other. Indeed, the interaction o 5 vanishes when particles 1! and 3 are 
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at a distance larger than ee and the correlation 9, (2,3) vanishes whenever parti- 
cles 2 and 3 are far apart. 

Using the definition (2.12) of the collision integral, as well as Eq. (2.11), 
the penultimate term in Eq. (2.14) can be rewritten as: 


A 


I(z,,t) fi (2,>%) = Lyf (es) f,(2,.t) ‘ (2.16) 


As a result of the substitution of (2.5) into the second term of the r.h.s. 
of (1.20), containing the function 53> we obtain, respectively, instead of (2.15), 
(2.16): 


F(r, st) 8f,/20, . I(2,,t)f, (2, .*) = Lyf, (2,0) f, (2, >t). (2.17) 


We thus find for Eq. (1.20), in the binary collision approximation, the 


following form: 


Day apf Oy Fy = Me fy (4) +4) f,(2,.t). (2.18) 
We recall that the operator Ly * is defined by Eq. (1.8), in which ary is 
preety 


changed into F,. 
Using Eq. (2.4), Eq. (2.18) can also be written in the form: 


a 2) 92 3 2t) — 8, f, (@, 2,8) = 0 (2.19) 

Equations (2.11) and (2.18) or (2.19) form a closed set for the distribu- 
tion functions f(z, et) f, (x, 2x, >t) in the binary collision approximation. 

We call attention to the structure of Eqs (2.18), (2.19). The left hand 
side of (2.18) represents the rate of change of the function f, as a result of the 
motion of the pair of interacting particles. The right hand side does not depend 
explicitly on f,: it describes the change of the functions f,(2,,t), f,(2,,¢t) 
as a result of the motion of the non-interacting particles 1! and 2 under the 
action of the average field. Rewriting (2.18) in the form (2.19), we clearly see 
that the operator De x, acts only on the correlation function 9,» not on the com- 
plete function fy . 

For F =O and for a spatially homogeneous system, Eq. (2.18) takes the 


simpler form 








ao ao 
{2 +5 vbiye t= 2 8 }r 
at 1 or 2 ar, ar, op, ar, op 2 
a 
= 5, fi, F,0,>*) - (2.20) 


In chapter 2 we will see how Eqs (2.11), (2.18) can be further simplified 
in the framework of the binary collision approximation. They will be replaced by 


a single closed equation for f,: the Boltzmann equation. 
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3. THE WEAK COUPLING APPROXIMATION. THE POLARIZATION APPROXIMATION 


The binary collision approximation considered in the previous paragraph is 
less general than the approximation of binary correlations (9, = 0). Indeed, in ob- 
taining Eq: (2.18) we did not only set g, =0Q in the expression (2.5) for fis we 
also neglected certain terms involving the binary correlations 9° Thus, when 


(2.5) was substituted into the first term of the r.h.s. of (1.20), the term 


36,, oF, (2 >t) 
n\dz, —=> + — 2,3 3.1 
Jac, Tile) ae Co G1) 
was neglected in (2.14), and the similar term 
ao, Sf, (x,t) 
n far 22. Pileyot) g,(1,3) (3.2) 
ar, aP, 7 


was neglected in the second term on the r.h.s. of (1.20). These terms involve the 
correlations of the surrounding particles with one of the two distinguished particles 

We will see later that these terms play a fundamental role in plasmas, i.e. 
in mixtures of gases of charged particles. The interactions of charged particles 
decrease with the distance as 1/r, i.e. much slower than the interactions of neu- 
tral atoms. As a result, the effective radius of interaction of the particles ina 
plasma (the Debye radius, ry is much larger than the average interparticle dis- 
tance: Pp > Pay? where the effective interaction radius is a 


Thus, in the binary correlation approximation, the equation for the two- 


particle distribution function Ls is: 
(Ey ny — Bie) fall 220 dee HC) F,(2) = 
= n| ac, {6,, o(233) 7,0) + 85595(1 > 3) fy} z (3.3) 


This equation differs from Eq. (2.19) — pertaining to the binary collision approxi- 
mation — by the presence of the right-hand side. 

Equations (2.11), (3.3) also form a closed set for the distribution func- 
tions fi ofs >» but now in the binary correlation approximation. 

Later we shall consider also other approximate equations for fos besides 
the binary collision approximation. All these models can be obtained from (3.3) by 
making additional assumptions. 

One of these approximations is related to the theory of perturbations with 
respect to the interaction strength of the particles. The dimensionless parameter 
in this case is the ratio of the potential energy (at a certain effective range of 
interparticle distances) to the average kinetic energy. Let us call this parameter 
nN and consider the equation for f, to first order in n. 


For n«€l, 9, (1 »2) is also much smaller than one, because the correlation 
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function is proportional to the interaction energy e,- As a result, the right- 
hand side of Eq. (3.3) can be neglected, because it is of order n? . In the left 
hand side, ie =f, f,+9, can be replaced by Ay ty in the terms involving Bi fy. 
Thus, to first order in the interaction parameter, the 'weak coupling approximation’, 
we get: 

De ey Io = hifi (3.4) 
The operator 81> appearing here was defined in Eq. (1.6). 

This equation can also be obtained from Eqs. (2.18) or (2.19). Thus, the 
equation in the first-order approximation in the interaction parameter can be ob- 
tained both from the equation in the pair correlation approximation and from the 
more particular equation in the binary collision approximation. 

We also consider another approximation, which will be called the polariza- 
tion approximation. The justification of this name lies in the fact that this 
approximation is quite effective in a plasma, in which it describes the effect of 
the polarization of the medium. 

The equation for the function 9, in the polarization approximation is ob- 
tained from (3.3) by means of the following additional assumption. On the left- 
hand side, the function f, Sty 0 49): can be replaced by fy fy in the terms involv- 
ing 819 fo (as in the weak interaction approximation). This means that in the pair 
interaction process, the effect of the correlations is small, i.e. 9, < fy fy. But 
the contribution of the terms on the right-hand side of (3.3) can be large, even 
when 9, < fi fy> whenever each one of the particles ! and 2 interacts simulta- 
neously with many other particles. Such a situation is characteristic for plasmas. 


Thus, in the polarization approximation, the equation for 9, is: 
Ley ty Gq (152) = 8. f,(1) f,(2) 
+ fae, {8,,9,(2 13) £,(1) +8,499( 193) A(2)} - G5) 


This equation differs from Eq. (3.4) by the presence of terms describing 
the influence of surrounding particles on the distinguished pair. These terms will 


be called polarization terms. 


4, THE EQUATION FOR THE PHASE SPACE DENSITY IN THE 

SIX-DIMENSTONAL POSITION AND MOMENTUM SPACE 

The microscopic state of the gas is defined by the specification, at each 
time, of the set of positions and momenta of all the particles x, (¢) reeey tp(t) . 
The function fy describes the distribution averaged over all the microstates of 
the system. 


For the description of the processes in a plasma, and also for the 
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description of the long range fluctuations in gases, a different description of the 
microstate is convenient. The microstate is defined when the density (x,t) is 
known at all times and in all points x = (r,p) of the six-dimensional phase space. 


This function is defined as follows [8,18]: 


M(z,t)= > d[x—a,(t)) (4.1) 
1<t<W 
The function N(x,t) is a microscopic quantity, as it depends on the values of the 


coordinates and of the momenta of the particles. The quantity 


N(x,t)dz= >. $[z—-x,(t)] dx (4.2) 
1<t<N 
represents the exact (not the average) number of particles in the volume element dz 
of the six-dimensional phase space, surrounding the point x. it actually is a 
random quantity, as it depends on all the x(t) , 
All the microscopic quantities of the gas can be expressed in terms of the 
function W(x,t), provided they are symmetric in the positions and momenta of all 


the particles. For instance, the Hamiltonian (1.1) can be represented as: 


H= | @x(p2/2m) N(x,t)+ ; J dz dx’! (|r —r’|)W(x,t) M(x’,t). (4.3) 


The Hamiltonian (4.3) differs from (1.1) only by the fact that it includes the self- 
interaction of the particles. Whenever necessary, the corresponding term can be 
easily subtracted from (4.3). 


The microscopic functions (1.16) can also be expressed in terms of W(z,t): 


allt t) J dp N(x,t) 


(nu) J dp (p/m) N(z,t) 


r,t 


wr yt) 


J dp(p*/2m) N(z,t) (4.4) 


: . M * 
The microscopic force, F. due to all the particles as well as to an exter- 


nal field, has the following expression: 


ao(r—r’) 


M 1 
FM(r,t)=- [de 7 


N(x’ ,t)+F (r,t). (4.5) 


This expression differs from (1.5) by the inclusion of the self-force. 
The equation for the function W(x,t) can be obtained by using the equations 


of motion: 





oes Oo. (4.6) 


oN M 
Say ott (r,t) > rT) 
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Substituting (4.5) into (4.6), one obtains a different ferns? 
C) Q) 3 
{e+ BrA(rse) Sd 
aeo(r—r') 2 } 
- 1 OFT) oe , = 
[ae 2 2 w(2! ,t)} (2,2) = 0. (4.7) 


Equations (4.6), (4.7) can be taken as the starting point for the construc- 
tion of a statistical theory. 
We consider a consequence of Eq. (4.7) related to the conservation of energy. 


We multiply (4.7) by p2/2m and integrate over x. The first term gives: 
a 2 
aE dz(p /2m) N(x,t) 


which represents the change of kinetic energy. By integrating over the position, 
the second term gives zero. The last term, integrated by parts over P and?’ 
yields: 


aN(x,t) 


-{ dx dx! 6(|r —r’|) W(x’ ,t)v- - 


= oot far an! o(|r—r’|) u(x,t) w(a’,t) 


In order to obtain the last expression, the factor ¥+*(0W/0r) was eliminated by 


using (4.7). Finally, the contribution of the penultimate term is: 
F,+[ ae» N(a,t) 


As a result, collecting all the terms, we obtain: 


a { | 4e(p2/2m)n(e,2) +1 [de de! (|r — r/]) m(a,e) n(2’,e)} 
=,M M 
= F,- [dev w(z,t) =n (rt) uM(r,t) F,. (4.8) 
This equation gives the balance of the total energy of the system. 


5. THE METHOD OF MOMENTS 

We now study the relation between the moments of the microscopic phase den- 
sity W(ax,t) and the distribution and correlation functions. 

Using the definition (1.12) of the function fy we obtain 


(w(x,t)) JaXy, > S(x —y.(t)) Fy (¥, 2+ ++» Yy) 
1<t<W 


8 I ay, S(x@-y,(t)) f(y) 


t Equations (4.6),(4.7) are the classical analog of the corresponding quantum 
density operator in the Heisenberg representation (see sect. 71). 
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It then follows that 


(w(x,t)) =nf,(2,t), n=M/V. (5.1) 
Hence, the average phase density differs from Zi only by its normalization: 


vif de f(w.t)=1, J de (m(2,e)) =9 
Similarly, the second moment of the phase density is expressed as: 


(a(ese)u(e! ,£)) = BCE) 5, (ae /,t) + dle—e’) BF (2,2) (5.2) 


It involves the two distribution functions piss and iy : 


The third moment is expressed in terms of the distribution functions fy ; 
f, ’ f, : 


(w(x, ¢) 0 (a! ve)(x!", 2) =A?) fy(ae!, 2" ,t) 


mn a [ §(2—-2’) f (2! 0" ,t) 4 §(a!-2!") fi (e",a,t) 


+ 6(x2"-x) flere! ,t)| +3 §(x-2') 6(x/ =x" ) f(x" »t) (5.3) 


We now consider the expressions of the corresponding central moments. We 


introduce the following notation for the fluctuation of the phase density: 


éN=N(x,t) — (M(x,t)) (5.4) 
Using the fact that (6) = 0, we find: 


{50 8%) x eg =(M(est)M(x!,t)) —(w(x,t)){w (x! ,¢)) (5.5) 


This expression is simply the definition of the second central moment. We now 
express it in terms of the functions Fe and 9,° We use Eqs (5.2) and (5.1), as 


well as the definition (2.4), with the result: 


w(W-1) 
(80 6N) rt = are g,(@s x’,t) 
+ © {6(e-2") £,(wst)-4 F(t) f, (2! s)} (5.6) 


It follows from the normalization condition (1.14) of f, and from the property 


(2.8) of Jy combined with (5.6), that 


Hl 
° 


| ax’ {swen) ) gw | de (ou 6a), : (5.7) 


xix’, ,o',t 


These properties are consequences of the conservation of the number of particles. 
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In the limit: N+, V+, W/V=n= const, Eqs (5.2), (5.6) go over into 
the simpler forms: 
(w(x, t)M(2',t)) =n? f(a. a',t) + 6(e-2!) nf, (x,t) 


( 6 6) Auke n2 g(xz,x2’,t) + d(x—-x’) nf, (x,t) 2 (5.8) 
a,x tb 2 


The third central moment is defined as follows 


(6x 66M) 1 on . = (W(2,t)M(e! ,t)v(2” ,t)) 


ee ge +t 
- (w(x, t))(6w 80), - (w(x! »t)) (6 8) 


—(w(x,t))(w(a',t))(M(2” ,t)) (5.9) 


,t 
— (w(x, t))(6y 6n) 


1 
xz,x" t 
In the limit V+, V+, n= const, we find 


( 6” 6 6y”) 


3 / ” 
=n XsL sx t 
xia el! 9 { ae aE) 


+n? [s(2- a!) g,(x',0",t) + 8(x'— 2!) g(x" ,x,t) 


+ 8(x"—2)g.(rsx', +)| +16(x—2! )8(x/— a") f(a" ot). (5.10) 


Thus, the third central moment is expressed in terms of the functions baa 2G 9, 2 

In all the previous expressions of the moments, all the suffices below the 
averaging sign correspond to the same time. Such moments are called one-time 
moments. All the previously considered distribution functions are also one-time 
functions. We now introduce the simplest two-time distribution functions and two- 
time moments. 

The one-particle two-time distribution function represents the probability 
of finding one particle successively at point x at time t and at point x’ at 


time t’. It is defined as follows: 
Fy(x.t.2’,t’) = v [ aXy 8(a—y, (£)) &(x! —y, (¢")) Fylyst’) (5.11) 
We note that, for t=t’ we have 
Fi (xz,t,x' ,t) = S(x—-2') f(x, t) (5.12) 


Integrating over x, we find 


J dx F\(x,t,2',t') = f(x’, t’) 3 (5.13) 
Finally, using Liouville's theorem: dy =dy’, from which follows that fy (y,t) = 
fyly’ st’) we find: 
[ ae! Fi(x,t,x2',t')=f, (x,t) (5.14) 
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The two-particle two-time distribution function represents the probability 
of finding particle 1 at point x at time t, and particle 2 at point x’ at 
time t/’: 

2 N 

f(z .tin'st ‘y=v | dy 8(2- y, (4) B(e!— y(t) £ (ys t’). (5.15) 
For t=t’ this function coincides with the one-time distribution function 
fles2't). 

The two-time moment is defined by analogy with (5.2) 


N(N-1) 


(u(x,t) (x,t! )) = va fa ( es t's y+ 0 Pi(w,t,e’,t’) (5.16) 


For t=t’ this expression reduces to (5.2). 


The corresponding expression for the two-time central moment is: 


N(N—1) 
(NSH) oe! pig pleataml ae) 
+ FAP (et.2/.0") -5 f,(e st) fy (e4407)} (5.17) 
Here = 
g,(x.tin’, t') = f,(2,t32',t") - f(x.) f,(2’,t’) (5.18) 


is the two-time two-particle correlation function. It has properties analogous to 


(2.8). Using these properties, as well as Eqs (5.13), (5.14) and (5.17) we find 


6N SN = | dx/(6w 6N : 
Jax le ae J 2/(8u 6 Ne Sather ol) 
In the limit V+~, V+”, n= const. (5.17) reduces to 
x. 432 Salt weap ees, (5.20) 
(SHEN) si gi = nrg (x,tsa',t')+ n F(x,t,2/,t’) 


For t=t’ Eqs. (5.17), (5.20) reduce, respectively, to (5.6), (5.8). 
More complicated two-time moments and distribution functions can be defined 


in a similar way. 


6. THE APPROXIMATIONS OF THE FIRST AND SECOND MOMENTS. 
THE POLARIZATION APPROXIMATION 


We now take the ensemble average of each term in Eq. (4.6) for the phase 


density W(x,t). We make use of the identity: 


(PMn(2,t)) = F( w(x, t)) + (8F su), (6.1) 


t 
, 
where F is the average force and 6F Fe F. Taking into account the relation 
between the functions (N(2,¢)) and fi (zt), we find the following equation for 


fi(« st): 
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a a Pads 3 . ae 
[2+ » 5 + F(r,t) 2 | Le n Op (oF én) = I(z,t) (6.2) 
where 
36(|r—r’|) 
P(r ,t)=F,—n [ de! g(a" ,e) Ura) 


This equation corresponds to Eq. (2.11) for the distribution function 
f, (2, >t). The only difference is the form of the collision integral. In (2.11) 
the latter js expressed in terms of the two-particle correlation function, whereas 
in (6.2) appears the one-time correlation of the fluctuations of force and of phase 
density. It is easy to show that these two forms are equivalent. Indeed, from 
(4.5) it follows that 


3o(|r —r’ 
6F(r,t) = —| de! n(x’ ,¢) ee (6.3) 
Hence we find the following relation between the functions (6F 6y) and (ow oa): 
agit 
(6F 61) --f dx! ({6w 6) chara (6.4) 
r,x,t we’ x,t or 


Substituting the relation (5.8), we find the relation between (6F 6) and g, and 
we prove the equivalence of (6.2) and (2.11). 

Equation (6.2) is not closed, because along with the function f, it in- 
volves the new function (6F éM . From (6.4) we see that for its calculation we 


need to know the function ( 6 6y) We now derive an equation for the latter. 
’ 


face 
£2 
From (4.6) and (6.2) we first derive ‘an-equation for the fluctuation 6M: 


3 3 3 a 
[y+ ves t+F(r,t) | 6N(x,t) + bF - sont, (2,¢) 


==. [ort ) 6N(a,t)— (oF6m), 27 | : (6.5) 

We write a similar equation for the function 6N(a’,t). We multiply the first 

equation by 6W(xz’,t) and the second by 6W(x,t), we average both equations and add 

them term by term. As a result we find the equation for { 6W 6M) x! which, using 
x, ’ 


(1.8), can be written as follows: 


‘ 3 
Lag! (8 OY) atte (6F 6W) ‘ghe “gp fi (=>) 


) ’ 
+ (6N 6F + nf, (x’, t) 
( ee op! 1 
a a 
=— —°(6F 6N 6N —-— (S6N6F 35N . (46.€) 
oP ( I ache oor Ve easicg 


This equation is not closed either, as it involves higher moments of the fluctua- 


tions 6N,6F. Thus, we obtain a hierarchy of equations for the moments, analogous 
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to the BBGKY hierarchy for the distribution functions. 

We now consider the first moment and the second moment approximations and 
relate the latter to the polarization approximation. 

In the first moment approximation, the right-hand side of Eq. (6.2) is 
neglected and we find a closed set of equations for the average phase density 
(W(x,t)) =nf,(«,t) and for the average force F(r,t): 


af, ; afi. 
Feet ves + F(r,t) ya 
F =F, ~n 2. | de! (ror!) F, (2! 5t) (6.7) 


This set of equations can also be written as a single nonlinear equation for the 
function f- Equation (6.7) is called the self-consistent field equation, because 
the distribution function fy is defined through the force, and the latter depends 
on the distribution function. 

The self-consistent field approximation provides a good description of pro- 
cesses in a plasma, whenever the characteristic size of the system is much larger 
than the mean free path. Under these conditions, the plasma is called ‘collision- 
less’. Equation (6.7) is also call the Vlasov equation, after the name of its first 
discoverer? . 

In ordinary gases, the second term of the average force (6.7) is negligibly 


small, hence the first equation (6.7) reduces to ss 


ie af; , 
—liy- 14 t)* —=0. .8 
at or g(rat) = a oe 


This equation describes the processes in an extremely dilute gas, when the charac- 
teristic dimension of the system is much larger than the mean free path. 

Equations (6.7), (6.8), corresponding to the first moment approximation, 
cannot describe dissipative (or relaxation) processes. They cannot be used for 
the study of the approach to equilibrium or of the irreversible processes such as 
viscosity, heat conduction or diffusion. This can be seen by defining the entropy 


as follows 
s(t)=— kn | de f, (24) Qn fi (x.t) . (6.9) 


When the rate of change of the function ks is determined by Eqs (6.7) or (6.8), 


the entropy remains constant in time: 
adS/dt =0 (6.10) 





t Equation (6.7) has the same form as the exact microscopic equation (4.6). This 


property is well known in quantum theory (see section 72). In classical theory, 
this fact was pointed out by Vlasov. (See reference [3], section 13.) 


KTNG -8 


24 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


We now consider the second moment approximation. From (6.6), neglecting 
the terms involving third moments, we find 
L, (NN), + (SF by) -2np(z,t) 
x t r,c’,t oP 


xx 





3 
F . / = 2 : 
+ (dW 6 aie nf (x »t)= 0 (6.11) 


top’ 
This equation can also be obtained directly from (6.5) — in which the nonlinear 
terms in the fluctuations are neglected — by multiplication by 6W and use of the 


equation for 6F: 





[2+ y _ + F(r,t) + 2 | 6N(xz,t)+6F(r ,t) ort (est) = 0 


6F(r, t)=-2 | de’ o(|r—r’|) 6N(x’ ,t) . (6.12) 


The second moment approximation is not quite consistent; indeed, we see 
from (5.10) that the third central moments contain terms involving the functions 
f, and go which define the second moments. Let us keep in Eq. (6.6) the contri- 
butions to the third moments which involve fi and g,, under the assumption that 


g, < fy f, . We then find, instead of (6.11) the following more general equation: 


7 4 
Daeg (OW OM) 1 + (OF GM), ere 


, r jx!’ ,x 
3 rn ,\source 
+ —s = 
(6 OF) et a nf (a! 4t) an! (ou 6" oie (6.13) 
Here we introduced the notation: 
(ox 6ayeorres Ln [st- 2") fleet) — > Ff, (2.8) f (2’,2)]. (6.14) 
a,x! t v 1 


In the limiting case when N+~, V+, m= const, 
( dw éy )Sourre = n6(x—x’) f,(z,t) i (6.15) 
x,x',t 
The superscript ‘source’ stresses the fact that these expressions do not depend on 
second moments, but are entirely determined by the one-particle distribution func- 
tion fy). 

It is easily seen that Eq. (6.13) is equivalent to Eq. (3.5) determining 
the correlation function 95 in the polarization approximation. Indeed, it was 
obtained under the same assumptions that g,=9 and that g, < fy fy 3 

By using Eq. (6.5) for the phase density 6W(x,t) we can also construct a 
hierarchy of equations for the two-time (and many-time) moments. For instance, the 


equation for (6u 6). t x2! ¢ is obtained upon multiplication of (6.5) by 
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6N(x', t’) and averaging 


i (oN oT) (sF om) = nf, (2st) 


t,x! t! 


a e 
ap 





(SF 6W 6) (6.16) 


r,c,t;2',t!~ 
This equation is not closed either, as it involves the third two-time moment. 
In the polarization approximation, i.e., when g,(zsx2",t; a’,t’) =0, 

Io (x,¢,x2',¢’) < f, (x,t) f,(2'.t’), Eq. (6.16) reduces to: 


a 
LA(SWOM, got gr TA OF SN), gat gr? ap 71 (#4) 


xn \source 
Low are a, (6.17) 


with the notation 
source 7 ee | jie } 
(6 i an n{F (ast, 2st )- Vo" f (est) f(a. t’) fp. (6.18) 
In the limit N*+~,V+o,mn =const, 


source 
(6 6v . 


bon! gl TMP (Bsts0',t'), (6.19) 
> , , 


Equation (6.17) must be solved with the initial condition: 


(év 6v) = (sv 6") (6.20) 
x,t, x/,t’ lente avyx!,t 
Thus, in order to solve (6.17), we must know the solution of (6.13) for the one- 
time moment. We will see that, under certain conditions, such a solution can indeed 
be found. 
\source 
Let us note that the source { ON SN ee net! 


terms of the two-time one-particle distribution Pi(2,t.2! >t’). In order to ob- 


in Eq. (6.17) is defined in 
tain an equation for this function, we introduce the two-time phase density: 


W(x,t,2/,t/)= > 8[e-x,(t)] 6[e/-2/(t’)]. (6.21) 
1<t<W 
It follows from (5.11) that 


(N(2,t,0',t')) = nF, (2,t,2', t’) . (6.22) 


The equation for the two-time phase density is 





) r) M ] } i / (6.23) 
— type +F o— 7, NV(x2,t,x',t =0. . 
i vor (r,t) op ( ) 


The microscopic force FX (r, t) is defined by (4.5). Averaging this equation and 


using (6.22), we find: 
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=< 2 pence / / 
{Rey 2+ F(r,t) 2} plete a) 


= -1 9 7 
=—-n op ee 6¥) , =I(a,t,x’,t’). (6.24) 


,a!,t 
This equation must be solved with the initial condition: 

Pi(a,t,x’,t’), 4, = S(x-2') f, (x,t). (6.25) 
In deriving Eq. (6.24), we used the identity 


M 
CEM ta, oly agg EES) (M(x, 8,0! 8"))+(6F 6m), ; 


(6.26) 


é / 
’ 32,0,2 1t 


where 
6N(a,t, 2’, t’) =M(x,t,02',t’)—(M(2,t,2’,t")) 


The collision integral I(x,t,x’,t’) in Eq. (6.24) is expressed in terms 
of the second moment of the fluctuations 6W(x”",t), 6N(x,t,2',t'). For Noo, 


V>+o, the latter can be represented as follows: 


\ 
(6y ON) te! et et 


=n 6(x-2"’) Fi(a,t,x! st’) + n? g(x! stra! ,t! 52",t) ‘ (6.27) 
This equality follows from the definitions (4.1), (6.21) of the phase densities 
N(x,t), W(x,t,x’,t'). 
In (6.27), the function g, (2,t,2',t!32,t) defines at time t the corre- 


lation of two particles at points z,2”, knowing that one of them was at time t’ in 


point a’. We deal here with a triple correlation of two particles. For t=t': 
Go (x,t,x',t’; 2” ,t) a 8(a-2') g,(x,2",t) . (6.28) 
The collision integral in (6.24) only plays a role when t-t’ ~Too1° For 
times such that 
t=t! € T35 (6.29) 


the function Go(xyt,2! st’; 2”,t) can be neglected. As the first term in (6.27) 
does not contribute to the collision integral, we may set [(x,t,x/’,t’)=0 in 
this approximation. We then find, using (6.19): 
ZL onF,(x,t,0’,t’)=L (én 6y)8UTCe, ,=0., x 
zx if ee i ) 26 dn ten’ t! 6 9) 
Thus, in the polarization approximation, and under the condition (6.29), Eq. (6.17) 


reduces to 


* iN 3 2 
Ly (5M 8M) 4 a! 4! +(5F 6M) “apf (eot) = 0. (6.31) 


rit.2’,t! 
It must be solved with the initial condition (6.20) .* 


t Equation (6.31) describes short range fluctuations, because of condition (6.29). Its 
form corresponds to Onsager's hypothesis about the time evolution of fluctuations. 
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Thus, in order to determine the two-time moments, we must first solve Eq. 
(6.13). This problem is, in general, complicated. It can however be significantly 
simplified if we take as a starting point Eq. (6.12) for $W with a source term 


equivalent to the one of Eq. (6.13), i.e., the following equation: 


2, {om(e,t) —6Wtre’(x,t) b + oF (r,t) > why (x,t) = (6.32) 


The correlation of the source fluctuations is defined by Eq. (6.30), which we re- 


write explicitly 


3 a auete 
Zayeype 2 Payee =0. r 
{2 y ar +F(r,t) 2} (év 6v) She ae 0 (6.33) 


This equation must be solved with the initial condition: 


( 6v év) mache ‘ | 
“Ly, tix! »t t=t! 


= n{6(2—2') f,(2.#) =v f, (et) Ly (x’ t)} (6.34) 


It will be shown in sections 34- 39 that by this method the expressions for the two- 
time and one-time correlations can be obtained quite simply, without solving the 


integral equation (6.13). 


7. TRANSPORT EQUATIONS FOR THE MASS DENSITY, MOMENTUM 
DENSITY AND KINETIC ENERGY DENSITY 


We now consider the balance equations for the mass density p(r,t)=mn(r,t), 
the momentum density p(r,t) (r,t) and the kinetic energy density W{r,t). From 
Eqs. (4.4) and (5.1) we find the expressions of these quantities in terms of the 


one-particle distribution function f,(«,¢) : 


p(r.t) = mn | dp f,(«,t) 
pu(r,t) = n| app Alas) 
w(r,¢) = | dp (p2/2m) f(x, t) (7.1) 


In order to find the rate of change of these functions, we multiply Eq. 
(6.2) successively by mn, np, np> [2m and integrate over p. We consider each of 
the resulting equations in turn. 
Noting that 
[ dF (aF/ap)= 0 
mn| dpv 2 Aya eom 
and that the integral over the momenta of the right-hand side of Eq. (6.2) vanishes. 


we find the continuity equation: 
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pe ae 
at or 
which represents the balance of the mass density. 





pu = 0 (7.2) 


The second equation has the following form: 


@ 
DoD 
£ 
+ 
3 
3 
—_—_—_ 
Q 
a) 
wd 
iw 
= 
i] 


mo? pr, +n | dp P, I(a,t). (7.3) 


The second term of the left-hand side is transformed as follows. The velocity v 
can be written as v=u+év (where 6¥ is the deviation of the velocity ¥ from 


its average u). Thus 
nm | ap Vy Vy Ly = Puyus +P yy. (7.4) 
We introduced here the pressure tensor defined as: 


Pl,=nm | a év, 6u.fy ; (7.5) 
tj wg 


This tensor can, in turn, be represented as follows 


= a5 
Fag ag Pia * Mag? Pua = 9 Pg (7.6) 
where 
Pyg=rm | dp (60)? f, = (o/m) ky? O.0 
is the pressure of the ideal gas, and 
1 
(o/m) kT =n [ap zm(sv)? f (7.8) 


defines the temperature 7, ky being the Boltzmann constant. 
The tensor 4 is called the viscous stress tensor, for reasons which will 
appear more clearly later. 


Using these results, we rewrite Eq. (7.3) in the form: 


F) p j 
— — - us e +7..)=—F. . 
ME fe) u,+ br; (ou, Us + bj Pag 43) = E,tn ap p, Ts. (7.9) 


This is the balance equation for the momentum density. 


The last equation in our set is: 

r) 2 r) p? p J p? 

ao: + 22% ar eae 7 Lan 

2 nf ap (p /2m) fy 2 nf apy 2 yz, ak utn| dp om Ts (7.10) 


Using the definition (7.8) for the temperature, and the definition of the average 


velocity, the first term in the left-hand side can be written as: 


a ° 
2(5 ou? +22 xr) (7.11) 


We represent v in the second term of Eq. (7.10) as v= u+6v, we use the defini- 


tions of u,7,P and introduce the notation S for the heat flow vector: 


ad? “ig > Pia 
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S=n|ap éy 5 m(6v)7 ff, . (712) 


As a result, the second term can be written as: 


3 dee 2p ak 
a {uc(3 pu £5 m ke +P,4) es u,t os 7 (7.13) 


Substituting (7.13) and (7.11) into (7.10) we find the energy balance equation: 
0 fa 243 3 1 2 3 P 
eae Sea += Ses S pate 
fe UF eu Agr} + Hele PU aa het tPig 
t 


(7.14) 


+... uj+ 5} = oF wen dp Pr 
td od u m 2m 


We call attention upon the fact that the first term in this equation con- 
tains the time derivative of the sum of the macroscopic kinetic energy density 
pu2/2 and of the internal energy density of the ideal gas. Actually, for a non- 
ideal gas we would expect to find also the internal energy of the real gas under 
the time derivative. We will see that this contribution, related to the particle 
interactions, is contained in the last term of the right-hand side of (7.14). This 
term will also yield a modification of the energy flow due to the interactions. An 
analogous role is played by the last term of Eq. (7.9): it defines the contribution 
of the interactions to the momentum flow. All these facts will be proved in 
chapter 2. 

The set of five balance equations (7.2), (7.9) and (7.34) is not closed, 
because besides the five functions Pp, &, 7, it also involves the functions 

p2 
Tey? Ss, | 4 pr, fav Zr. (7.15) 

The lack of closure of the balance equations is due, partly, to the hier- 
archical structure of the original equation (6.2), which is only the first of the 
chain of equations for the distribution functions. In the next chapter, a closed 
equation for the one-particle distribution (the Boltzmann kinetic equation for the 
non-ideal gas) will be derived in the binary collision approximation. In this equa- 
tion, the interactions play a double role. They define the terms describing the 
dissipative processes, but they also contribute to the non-dissipative properties 
of the gas, such as the internal energy, the pressure, etc. 

If the contribution of the interactions to the non-dissipative properties 
is neglected (i.e. the approximation of the ideal gas), the collision integral has 
the properties: Pe 
[appr=o, [an Fo r-0. (7.16) 


as a result, there remain only two additional quantities in the balance equations: 
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ee and S$ (there are altogether eight scalar functions, as the tensor Tay is sym- 
metric and traceless). In the approximation in which the characteristic dimension 
of the system LZ is much larger than the mean free path, the Boltzmann equation 


yields the following expressions of these quantities in terms of p,u, T: 


Q) p) 2 3 
T..=-7 (2 Wea U5 6. Tu ) (7.17) 
td ar ar; ] J or, k 
S=-cir, (7.18) 
or 


Here n is the viscosity coefficient and kK the thermal conductivity. The following 


expressions are obtained for these coefficients [2, 3, 5,9, 12]: 


nos (24) 


k 
Peds kp =). (7.19) 
32 I 2 m . ° 
Te ry 
If Eqs (7.16) - (7.18) are substituted into the balance equations (7.2), (7.9) and 
(7.14) these become a closed set of equations for the functions 9,4, 7: the hydro- 
dynamical equations of the ideal gas. We will see in chapter 2 that the Boltzmann 
equation for the nonideal gas provides more general hydrodynamical equations, taking 


into account the contribution of the interactions to the thermodynamic functions. 


CHAPTER 2 


The Boltzmann Kinetic Equation for 
Nonideal Gases 


8. SOME RESULTS OF THE EQUILIBRIUM STATISTICAL THEORY OF NONIDEAL GASES 


We recall here a few results of the statistical theory of gases, which will 


be used below. Consider the canonical Gibbs distribution 


fy (#sas?) = exp FaHea) (8.1) 


B 
where @ is an external parameter, and F is the free energy, related to the parti- 


tion function Z: 
=— kp? in Z 


t= foe en (- HE). 
B 

From (8.1!) we can obtain the Bogolyubov hierarchy of equations for the equilibrium 

distribution function. When the Hamiltonian is of the form (1.1), the momentum 

distribution function of each particle is Maxwellian; we may therefore restrict 

attention to the distribution of positions: f,(r,)> falryor,) ge%'s The first two 

equations of this hierarchy are [4,5] (they can be obtained from Eqs (1.19) and 


(1.20)): 


3 1 ou __ on 3 
“f+ ey =—- J ar, (GF %,)f, (8.2) 
B 


1 ou I 391, 


—f pa Se ees —— 


et. nm 
ar, 92 kyr Or, 2" Kr ary 2” a "3 Or, 





fi (8.3) 


where u is the potential of the external force. In the case u=0, f,=FUrort) 


and we obtain from Eq. (8.2): 
NING SE Fry) =t, 7 far, i a (8.4) 
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These equations describe a spatially homogeneous distribution. 


From Eq. (8.4) follow the relations between the distribution functions 
and the correlation functions in the form: 


fy (1,2) =1 +9, (1,2) 
fy(1,253) = 149, (152) +9, (2,3) +95(153) +9, (15253) (8.5) 


where g,(7,/) = 9( |r, — ral) . 
In the binary collision approximation (i.e. to first order in the density 
parameter) we set g,=0 in (8.5). In this case, the right-hand side of Eq. (8.3) 


vanishes: 





Ck) 
J ar, Br, {! 49, (1.3) #4, (152) +9, (243) } =0 (8.6) 


The first two terms vanish because the integral is odd in the variable r The 


13° 
remaining two terms only contribute when the three particles interact simultaneously: 
they must be neglected in the present approximation. As a result the equation for 


f, reduces to: 





esl Se f= 0 (8.7) 
k_? a : 
Oty Aye Fi 
Hence 
i = C exp (-— % /kpT) ss (8.8) 
The constant C is obtained from the normalization condition (1.14) 
= -1 
C= {v 2] dr, dr, exp (— 8 y,/kgr)} 
eo 
=4 -1 
= {1+ anv j dr r? [exp (— 0/7) - 1} =l1. (8.9) 
0 


Indeed, the contribution of the second term is of order vr? /V and vanishes in the 
limit V>o,. We thus obtain the following expressions for fy» Io in the binary 


collision approximation: 


fy 
92 


exp (—9,,/kp?) 


exp (—9,,/kg?) -1. (8.10) 


We now calculate the main thermodynamic functions in this approximation. 
We therefore look for expressions of the internal energy and for the pressure in 
terms of te and i 3 

Averaging the Hamiltonian (1.1) with the weight fy and using the defini- 
tions (1.12), (1.13) we find the following expression for the internal energy 
density: Hh) 


2 2 
P n 
Ue Se dp — oa 4 
7 nJape 4% 


-1 [az de! (|r—r/|) f,(es2") (811) 
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Hence, using for fy the Maxwell distribution, and for f, Eq. (8.10): 
eo 
3 2 2 = 
Y= znkpl + 210 i; dr r° 6(r) exp [-o(r)/k,7] = Uyat AU (8.12) 
0 


We denote by AU the contribution of the interactions to the internal energy density. 
The relation between the pressure and the two-particle distribution follows 


from the well-known expression: 


oF 9 dn Z 
ee (5) kyr ( av 3 oe) 


It has the following form: [4,5,9] 
° do(r) 








a at BD 3 7 
p=nk Tf 570 J drr aa f(r) = Peg AP - (8.14) 
Substituting Eq. (8.10) and integrating by parts we obtain: 
eo 
Ap = —k,?* 20n? i dp r?[exp (— 0/k,?) -1] . (8.15) 


0 
From Eqs (8.13) and (8.15) follows the expression of AF, the contribution 


of the interactions to the free energy: 
eo 


(AF/V) = — kg? + ann? J dr vr? [exp(—/k,?) —1] . (8.16) 
0 
From (8.12) and (8.16) we finally obtain the contribution of the interactions to 


the entropy : 


AS = 20n? ky i dr r?($/k,T) exp (~ 0/k,7) 
+ 2nn? ks | dr r* [exp (~— 0/k,T) -1]. (8.17) 


The results obtained above are valid for every model of a monatomic gas. 
Let us consider as an example the model of weakly attracting hard spheres, for which 
the interaction potential is: 
0 for r<r 
O(r) = { : (8.18) 
o(r)<0 for r>r, 


with 
|o(r) [/k,? <1. 


We substitute this potential into (8.12), (8,15) and (8.17) and introduce the follow- 


ing notation for the van der Waal's constants b and a: 


b= pure 
a= 20 [ drr2|o(r)| (8.19) 
r 


0 
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The quantities AU, Ap, AS can then be expressed as follows, to first order in 
|o] /k,7 : 
AU=—n?2 a, ap = nk? (b-22), AS =—k, n2 b (8.20) 
B kgf B 

From these formulae follows that the contribution of the interactions to the thermo- 
dynamic functions are small, of order nrs =€ compared to the ideal part. 

We now consider the fluctuations of the particle density in a volume element 
AV which is much smaller than V but still contains many particles. We return to 


formula (5.6) which connects (6u 6) at and gy (x ese and integrate both 
x» 


»t 
sides over the momenta p,p’. Using the properties: 


| ap S¥(x,t) 


én(r,t) 
| ao ap’ g, (2.2!) = 9, (rar!) 


(u/v) [ apf, =n(r) 


we derive the relation between the one-time correlation of the fluctuations 6n(r) 


and the spatial correlation function g,(r or’ )3 


(Sn bn) = a g,(rsr’) 
+ [8(r—r’) n(r)-—W  n(r) n(r’)]. (8.21) 
We shall denote by 
Way =f arn(r) (8.22) 
AV 


the average number of particles in the volume AV, and by ou, the corresponding 


Vv 
fluctuation. We now integrate both sides of (8.21) over r,r’ in the domain AV 


and make use of the expressions : 
2 
(N/V) J dr dr' g(r sr )s nity | dr g(r), 
AV 


[ar dr! [6(r—r’)n(r)— 7! n(r) n(r’)] = Nyy Lt (Wy //N)] = Nyy (8.23) 


From (8.21) - (8.23) we derive the following formula for the fluctuation of the 


number of particles in the volume AV: 


(87 9 
SS a(n) (8.24) 
AV 
AV 


The second term on the right-hand side represents the role of the interactions. It 


involves the binary correlation function. 
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We consider here again the approximation of binary collisions, in which case 


Eq. (8.10) yields 


= 7 {1 +ann | dr r? [exp (— @/k,7) - 1}}. (8.25) 
AV 


For the model of weakly attracting spheres, with the potential (8.18), we find: 


2 

a = 7 {1 + 2n (4 -»)} . (8.26) 
Av 2 

As in the case of the pressure, the interaction term results from a competition 

between the effects of the attraction and of the repulsion, characterized, respec- 

tively, by the van der Waal's constants a and b. 

The expressions obtained above represent the zeroth and first order terms 

in an expansion of the thermodynamic functions as a series in powers of the density, 

the so-called virial expansion. Analogous virial expansions exist for the functions 

f, »9>- Equations (8.10) define the first terms of these expansions. From the 

hierarchy of equations for the distribution functions, the functions Fos g, can be 

determined to arbitrary order in the density parameter [4,5]. Thus, the first two 


terms in the expansion of F5 »g, are 
fy = exp (—, ,/k,T) {1 +n far, [exp(—¢, /k,7) —1]} [exp (-%53 kg?) -1] 
9, = f, Sclin (8.27) 


Using these expressions, the first three terms of the virial expansion of 
the thermodynamic functions can be derived. 

The use of higher-order terms in the virial expansion is less effective. 
These terms are very complicated, and do not provide a convenient method for calcu- 
lating the thermodynamic properties of dense gases. These properties are computed 
either by numerical methods (the method of molecular dynamics, the Monte Carlo 
method), or by solving model integral equations for the pair correlation function 
[33,34]. 


9. NONLINEAR INTEGRAL EQUATIONS FOR THE TWO-PARTICLE CORRELATION FUNCTION 


A certain number of non-linear integral equations have been derived for the 
correlation function gp(n).7 Historically, the first of these was the so-called 
Kirkwood-Bogolyubov-Born-Green equation. It can be obtained from the second equa- 
tion of the Bogolyubov hierarchy (8.3) by substituting for f, the superposition 


approximation due to Kirkwood. For spatially homogeneous gases, the superposition 





t A thorough treatment of the integral equations is to be found in ref. [70]. See 


also [67 , 69). (Translator.) 
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approximation is: 
Falrystgets3) = fol ry — 12) fylra—r3) fylrg—ry) 1) 

In a series of papers [36 , 61] it was shown that the Kirkwood-Bogolyubov- 
Born-Green equation leads in many cases to a qualitative description of the proper- 
ties of dense gases and of simple liquids, but is insufficient for numerical 
calculations. 

Percus and Yevick derived another integral equation for the description of 
the properties of liquids, which gives better results. This equation was first 
derived on the basis of a physical picture of the character of the collective 
Motions in a liquid. In more recent work [33 , 34] a more fundamental justification 
of the Percus-Yevick equation was obtained. 

Formally, the Percus~Yevick equation can be obtained from the well-known 


Ornstein-Zernike equation [33 , 34]: 
9, (7; »7,) = e( rh r,)+n ar, (ry 273) 99(752FQ) (9.2) 


which in fact, provides a definition of the so-called direct correlation function 
e(r,,r,) in terms of the pair correlation function g,. In order to derive the 


Percus-Yevick equation, we need a second relation between the functions ¢ and 9? 


e(r.sr,)=[i+9,( 7, 57,) ][1—exp(—%,,/k,7)] . (9.3) 
From (9.2) and (9.3) we obtain a closed equation for J, OF equivalently, for 


Fi,-t+gys 


f, (1,2) = exp (—%,, /k,7) (9.4) 


{1 +n far, exp($,,/k,7) f. (153) [exp (- o,/k,7) —1)[F,(253) -1]} 


Another model equation is provided by the 'hypernetted-chain' approxima- 
tion. This model can also be obtained from the Ornstein-Zernike equation, by using 


instead of (9.3), a different relation between c and 9? 


e(1,2)=f,(1,2)-1-& f£.(1,2) —%,,/k,T (9.5) 


Both expression (9.3) and (9.4) satisfy the general conditions for the 
asymptotic behaviour of the functions f, and ¢@ for r+, 


In ref. [35] a still different type of equation was used: 
f, (152) = exp (~6,,/k,T) {1 +n| dr, (f, (1.3) —1][f, (253) -1]} ‘ (9.6) 


It is more symmetrical than the Percus~Yevick equation, but has a different asymp- 
totic behaviour at large distances. 


All the proposed integral equations yield exactly the first two terms of 
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the virial expansion of f, but give different contributions to higher order in the 


density parameter. 


10. THE BOLTZMANN KINETIC EQUATION FOR THE SPATIALLY HOMOGENEOUS IDEAL GAS 
In section 2 a closed set of two equations was obtained for the functions 
fi> fy in the binary collision approximation. For a spatially homogeneous gas it 


simplifies to the following form (see (2.13),(2.20)): 














2 Ff (p.,t)=n| de i a (r—r t) = I(p,, t) (10.1) 
9t 1 \P} >» ss 2 ary ap, 72 1 2? Py » Po» mS Pi> « 
3 3 9 38% 9 12 9 } 
fan Ca er A UO Pole —rosPy +P > ®) 


=> fy(p,+#) f,(p, +) (10.2) 


We now consider additional assumptions, by means of which a single closed 
equation can be derived for the one-particle distribution fy: the Boltzmann kinetic 
equations 

The solution of Eq. (10.2) can be represented in the form of a sum of two 
terms, which are, respectively, the solutions of the homogeneous and of the inhomo- 
geneous equations. The former depends on the initial value of the distribution 
function Ls » and (as f, =fy £149) also on the initial value of the correlations 
9° 

The first additional assumption for deriving the Boltzmann equation consists 
of the introduction of Bogolyubov's condition of complete weakening of the initial 
correlations. 

In fact, for deriving kinetic equations, we may only neglect those initial 
correlations for which the correlation time Tele is much smaller than the relaxa- 
tion time of fhe which in turn is of the order of the mean free path eens L/v,. 


Thus, we may neglect the. correlations for which 


Tee < Te (10.3) 
Thus, the condition of complete weakening of the initial correlations corres- 


ponds to the assumption that the long-living correlations (with Toor 2 T ) do not 


rel 
play an essential role in kinetic theory. We shall see later that this is not 
always true. 

By using the condition of the weakening of initial correlations, the solu- 


tion of the equation for Si is defined only in terms of the product 


f, (P,»t-T) fi(P, > t—T) 


t See also refs [67,68]. (Translator.) 
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where T is some positive time. Thus, the function fo depends on the value of fy 
at an earlier time: there appears a retardation effect. 

The second assumption in the derivation of the Boltzmann equation is the 
complete neglect of the time retardation. In other words, one assumes that the dis- 
tribution function fy at time t is defined by the value of the function f, at the 
same time ¢t. 

In this approximation, the right-hand side of (10.2) can be neglected 
because it is proportional to the time derivative of fy: We may thus use simply 
the homogeneous equation (10.2). By using these approximations, the solution of 


Eq. (10.2) reduces to 


fol 4,9 7,5 Py» Pot) f,(P,Co).t) f£,(P,C@).t) 


2 flpgst) fest) (10.4) 


Here 

P(-0) = lim P(-T) 

j tro Jj 
is the initial value of the momentum of particle j, and gf? the propagator of 
the particles 1 and 2 (considered as an isolated subset of the system of W 
particles). The limiting process T+ is possible because of the inequality 
0 = PY /Yp < Trel: 

In order to obtain the collision integral I we must substitute the expres- 

sion (10.4) for Gy =f, -fy, fy into the right-hand side of (10.1), with the result: 


Wing 
I(p,,t)=n Jar, qPe "op, f,(P,(-%),t) fy (P,C),¢) (10.5) 


T 


The collision integral was first obtained in this form by Bogolyubov. It involves 
only the one-particle function f, . Hence Eq. (10.1), with the right-hand side 
(10.5). is a closed equation for fy, called the Boltzmann kinetic equation. 
Originally, this equation was derived by Boltzmann by using a different 
method. He calculated the average number of collisions leading to an increase or 
a decrease of the number of particles having momenta within a range ap, around the 
value Py: The collision integral was then obtained in a different form. We now 
show that expression (10.5) can be transformed into the classical Boltzmann form. 


We multiply both sides of Eq. (10.2) by m and integrate over r, and P, . 


2 
The first terms on the left-hand side and on the right-hand side contribute the 


following terms to the result: 
3 8 = 
n 2 fdr, ap, (f,-f,f\) =< ¥ S(F,-f,) = 0 (10.6) 


We used here the normalization condition (1.14) for the function f, and the first 


equation (2.7). We note further that 
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ao 3 
n| dr, d ei feo. (10.7) 
J 2 P, ar, ap, f, 
We thus obtain from Eq. (10.2) 
Jara hia Bhs ar, d al 
n ° —_= — <a. 
rp, or 2p, n| r, p(¥, »,) a, i (10.8) 


We note that, because of the spatial homogeneity, f, can be replaced by I» in 
Eq. (10.8). Then the left-hand side coincides with the collision integral (10.1) 
and thus 
2 3 
T(p,st)=n[ dr, 4p, (2) “5 a (10.9) 
This is a convenient different definition of the collision integral. 


We substitute into (10.9) the expression (10.4) of the correlation function: 
a 
1(p, st) =n| ar, dp, Sa eS a ala f,(P,(-@),t) . (10.10) 


We recall that P . P, are the initial values of the momenta of the interacting 
particles 1,2 which, at time t, have the values Ps Py- The explicit expression 


of these initial momenta in terms of Py oly» Poly is 
P, (--) =Pi(r, = los Py> Po> —o) 


Pi(-#) =P,("7,- 75, Pi Ps) (10.11) 


The momenta P,, P, depend only on rin, and not separately on 7), 7p. 
In the initial state the particles are sufficiently far apart for their 


interaction to vanish, hence we can write the relation: 


2 2 p2 p2 

1 2 1 2 

—+>-—4+6( |r, -r =—+-—4 . 
2m 2m (| 1 al) on 2m ale) 


which expresses the energy conservation law. 
In Eq. (10.10) we may perform the integration over ry and represent the 


result as a difference of two terms: 
TS Pe Ads (10.13) 


This means that in the binary collision approximation we may distinguish two classes 
of collisions. One of them (collisions of type @) decrease the number of particles 
with momentum P, at the point ry whereas collisions of type b increase the parti- 
cles of that kind. These collision processes are represented schematically in 
Fig. 1. 

In the processes of type a the momenta Py> Py play the role of ‘initial’ 
momenta, and Py » Py of 'final' momenta. Conversely, in the collisions of type b, 


Pi Py are initial, and P,> P, are final momenta. In both cases, the momenta 
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ie: a ats we 
(b) 


Fig. 1 


(a) 


Py > Ps Py; PS are related by the laws of conservation of momentum and kinetic 


energy: 


2 2 42 42 
P Pp Pp Pp 
_ ? / 1 + i 1 + 2 
Pit Po = Pit P, , Im 2m Im 2m. (10.14) 


We come back to Eq. (10.10) and go over to cylindrical coordinates 2,9, ¢. 


for the variable rink: The axis of the cylindrical coordinate frame is chosen 


along the relative velocity vector y,—vy,. Eq. (10.10) then takes the form 


1 2 
oo 27 o 
I(p, »t)= n| an, | dz | do | do oly rile f(P)(-@) , ) F (Pp), #) 
<0 0 0 


The integration over 2 is easily performed: 





27 fo) 
1(P,,t)=n Jap, | 46 [dooly,—»,| f,(P,(-=),¢) F,(-9)5¢) pats (10.15) 
0 0 a 


For 2=-©, the contribution to I(p,,t) is negative, thus P,, P, are 


initial values of the momenta in collisions of type a, i.e. 


Py (r,- lo > Py Po >-*) | _ ki Py 


Pa(r, ~Fy > Pir Par -@) | P, 


2-0 


For z=+”, the contribution to I(p,,t) is positive, thus P,, P, are 


initial momenta for collisions of type b, i.e. 


_ fe =p! 
Prog has Pye Pao) = Pie (10.17) 


As a result, Eq. (10.15) reduces to 


27 @ 
I(p,,t) =n{ ap, J ao | dp p|v,—»,| {f, (p, t) f,\(pZ.t) -—f\(p,.t) fle, »t) 
0 0 (10.18) 


where the momenta p,>P,> PP, are related by the conservation laws (10.14). 
The four scalar equations (10.14) are, of course, insufficient for the 
determination of, say, Pi oP, in terms of p,,p,3 the functions PilP, »P,)> 


Pile, »P,) thus depend on two parameters, which can be chosen to be 9,$. Thus, 
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in (10.18) 
ass | 
Pin =Pi,g (Pi>P2Pso) - (10.19) 
The determination of these functions reduces to the solution of the dynamical prob- 
lem of the collision of two atoms. 
We recall that the quantity 
do =pdpd¢ (10.20) 


is the differential scattering cross-section for a collision parameter p. 
Instead of the variables (€,6 we may also choose the scattering angles 


X,$. We must then find the dependence of the collision parameter P on the deflec- 





tion angle x, i.e. 9=(x), by solving the mechanical problem. We then obtain, 
instead of (10.20) 
_ e(x) id : 
do may. lay dQ, d2=sinxdxd. (10.21) 


Equation (10.18) is valid for an arbitrary interaction potential ®. Let 


us consider as an example the case of the hard-sphere model, when 


o for r<r, 
r)= ; 
oe) e for r>r, ° P1022) 


We choose as parameters in Eq. (10.19) the values 
of the angles defining the orientation of the unit 
vector ), directed along the line of centres of 
the particles at the instant of their collision 
(see Fig. 2). Eqs (10.19) become: 


a = 5 
PY = Py m(veny) a, 
(10.23) 


PS p+ m(v ny) ny 





where v= (Pp, —P,)/m is the relative velocity of 


the colliding particles. It is easily seen that 


Fig. 2 


the expressions (10.23) satisfy the conservation 


laws (10.14). From (10.23) we find the relative velocity 


yli=yp —2(ven)) ny (10.24) 


Thus 


vien, =—(ven)s vi X no=H Xan, jv | = |r] (10.25) 


Thus, the length of the relative velocity vector is unchanged, whereas its projec- 
tion on the vector nm, changes sign. 
For convenience of the calculations, we represent the atom '2' as a sphere 


with double radius, i.e. with radius ry», and the atom '1l' as a point (see Fig. 2). 
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As a result of (10.25), the angles between the vectors v and my on the 
one hand, and between y/ and mn, on the other hand, are equal. We call their 
common value a. The deflection angle is x=m™-2a. 


The collision parameter ~ is related to 4 by 9 =r. sin a and therefore, 


0 
in the collision integral (10.18): 


vo dp do =v re 


cosa sinadadd = (yong) rt dQ (10.26) 
The integration domain for a is between the limits 0 and 1/2, which correspond 
to a half-sphere. One may also integrate over the complete sphere, but then the 
modulus |ven)| Must be used instead of VP ane and the result must be divided by 2. 


The final form of the collision integral for a gas of hard spheres is 


1(p, st) = Env? fap, | aaleongl {F (4 .#) £,(045t) 4, (0, .€) £,(0, 2) f 
(10.27) 
In this expression, the momenta Pi>Ps are related to P\>P, by (10.23). 

Thus, we obtained the form of the collision integral for an arbitrary poten- 
tial ® (expression (10.18)) and for the special case of the hard-sphere model 
(expression (10.27)). We recall that these results are obtained under two condi- 
tions: (1) the condition of complete weakening of the initial correlations, (2) the 
complete neglect of the retardation of the function ca in the solution of (10.2). 

In the next paragraph, we study the general properties of the Boltzmann 
collision integral. It will be shown, in particular, that this kinetic equation 
does not take into account the contribution of the interactions to the thermodyna- 


mic functions. It therefore describes the kinetic processes in an ideal gas. 


1. PROPERTIES OF THE BOLTZMANN COLLISION INTEGRAL FOR THE IDEAL GAS 
We multiply the collision integral (10.18) by an arbitrary function $(p 1) 


and integrate over P- We introduce the notation: 


1(t)=n{ dp, o(P,) I(p, »t). (1.1) 


We introduce into (11.1) the expression (10.18) and perform a double symmet- 
rization: (1) We symmetrize with respect to the particles 1 and 2, i.e. we permute 


the variable subscripts 12. (2). We symmetrize with respect to the momenta before 


J 
? 


vo do dodp, dp, =v! p' dp’ dg’ dp! dp) (11.2) 


and after the collision, i.e. we permute P, » P, = p P,. We also use the equality 


which results from the solution of the equations of motion of the two colliding 
particles and expresses the mechanical equivalence of the collisions of type a and 


b. After this symmetrization, I(t) reduces to 
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27 © 


1(t)= Gn? | dp, dp, [a6 [ ao oly,—%,|Lo(7,)+ 0(9,)— (e4)- (04)] 
0 0 


: {r, (py >t) f, (ph >t) -f, (Py >t) Ff, (p, ,#)} : (11.3) 


It then follows that the integral I(t) vanishes exactly, for any function 


f, (7, >t), whenever the function $ satisfies the equation 
o(P,)+¢(P,) = o(p{) + o(P4) (11.4) 


We recall that Py» Pos Pi> Ps are, respectively, the momenta before and after the 
collision, thus (11.4) is satisfied for all functions $ which are conserved in the 


collision process, i.e., for ¢(p)=1,p, p*/2m. Hence 


r(t)=n{ ap o(p) T(p,t)=0 for o=1,p,p2/2m. (11.5) 


We now consider another property of the collision integral. We choose for 
o(p): 
o(p) =— ky tn F,(P, +t) 


and rewrite (11.3) as: 
fy (Py >t)F, (pt) 
fy (Pt) f, (ph >t) 


{Fo 2) Fy(p4.8) —F\(pp A F\(e,08)} - a1.6) 


I(t)=—-Z k,n? ap, | av, J do [ aol», - v | &n 


It then follows that 
I(t)2>0 for o(p)=—k, Qn f,(p.t). (11.7) 


The equality sign appears when the function fy satisfies the condition 
ff, (py>t)f, (pot) = fy (pi ot)h (p5st) . (11.8) 
The solution of this equation is the Maxwell distribution: 
-3 
f, (Pp) = (2mmkgt)~? exp (— p*/2mk,P). (11.9) 


Under the condition (11.8), the collision integral (10.18) vanishes, and 


thus (11.1) reduces to 
af, (p,»t)/at =0. (11.10) 


Thus, the Maxwell distribution is the equilibrium solution of the Boltzmann equa- 
tion for a spatially homogeneous gas. In presence of an external field, the equili- 
brium solution of the Boltzmann equation is the Maxwell-Boltzmann distribution. 

We now use Eqs (11.5) to derive the balance equations for the mass, momentum 
and energy densities (Eqs (7.2), (7.9) and (7.14)). Besides the five scalar func- 


tions P, uy sTs these equations involve the unknown functions (7.15). For the 
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Boltzmann collision integral, 
| ap pl=0, ] ap(p2/2m) r= 0 (11.11) 


and therefore Eqs (7.2), (7.9) and (7.14) for F, =0 and for a spatially homogeneous 


gas reduce to: 5 
ap _ ui 0 f3P 
=0, =z=7T =0, 2 (3247) -0. 


ot ot ot B 
Under these conditions, the quantities 
3 Pp 
P, PM, 27 ka? = Us (11.12) 


do not change with time. 

The quantity U;g is the internal energy of the ideal gas. This shows that 
in the Boltzmann kinetic equation, obtained under the two assumptions discussed in 
section 10, the interactions do not contribute to the non-dissipative characteris- 
tics of the system. In this sense, we shall say that the Boltzmann equation (10.1!) 
with the collision integral (10.18) is the kinetic equation for an ideal gas. 


The property (11.7) is related to the growth of the entropy: 


s(t) =—kgn [dp fy(p, 4) tn F,(p.¢) . 1.13) 


Indeed, from (10.1), (10.7) and (11.13) we obtain 


dS/dt >0, or dH/dt <0, H=-S (11.14) 


(Boltzmann's H-theorem). The equality sign appears in the case of the equilibrium 
state. 

We now show how the conservation properties (11.5) can be derived from the 
form (10.5) of the collision integral. 

The validity of the first relation (11.5) is obvious. We examine the second 
relation by multiplying (10.5) by np, and integrating by parts over Py: 

2 9915 
n [apy py U(p,.t) =—n | dp, dp, ary, ae F,(P)(-@) #) FUPLCOMe) 


where r,,=Fr As a result of the spatial homogeneity the integrand in (11.15) 


12 1 2° 
depends only on r 


-r 
17 Fy3 thus under the substition p, *Po,%27%- Tl). it changes 
sign, and therefore the expression (11.15) vanishes. 

We now multiply (10.5) by np l2m, integrate by parts over Pp, and synmet- 


rize the result in 1 and 2. We find 


n |p, (p2/2m) I(p,.t) 
®10 


3 
= pn? J dr, 94m, d0, (9-9) + 5p f,(P, Co) 56) £,(P,(-™),t) . (11.16) 


We add to this expression a time integration by writing it as 
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n | dp, (P2/ 2m) I(p, st) 


12 =] OOo od 
= gn facy Jae, daly, —9)+ G2 FF, (ACD) (P00) F 
0 (11.17) 


We perform the change of variables Bis tyr KC tT); X(-D) . By the Liouville 


theorem for the two-body problem, dz, dz, = dx, dXx,, hence 


n | dp, (P3/2m) Tp,» #) 
=n? lary | ax dx, |(v,— fe] a P,,t t 1 
“Zn . 1 AX, |(¥,—¥,) cae ag F,(Pr ot) £, (Pt) (11,18) 
T 


The brackets [ 1, mean that the corresponding expression is a function of Tt through 
the integration variables X, (-t), Xx, (-t). 
We now use the equation of motion for an arbitrary dynamical function A(z) : 
datz) = [#(2) , A(x)] (11.19) 
For A= f,(P,(- t), t) £ CP, 1) ,t) we must use in (11.19) t=—T. We thus find 


d 
Ta f MPP OUD et) PPS tat) 
9912 a 9915 P) 


eas ff 12 tet gh) se r,} (11.20) 
{GF oP, 9ry oP, 1 Wy (1), X, (67) 


Thus, in the integrand of (11.18), the expression (d/dt) f, a does not depend expli- 
citly on T, but depends on this variable only through the integration variables 
X,(- t),X,(-1). We note further that: 
a@ 
12 d 
[ce -v,) | = —[6,,]_. (11,21) 
2 
1 2 ari, q at 12° 

We now substitute (11.20), (11.21) into (11.18) and note that by integration over 


Tt only the contribution from T=0 remains; however, X, ,(-T) =2 . Hence 
1,2 T=0 1,2 


n | dp, (0? /2m) I(p, »t) 


ao 
=e 2 | = (=2- 52+ 12 
57 dz, dz, V o, ar, P Or, 





r) 
ap) fly) f,(p, +t) = 0. 
(11.22) 


We have thus proven the third relation (11.5). 
This proof of Eq. (11.22) will be used in section 12 for the study of the 


conservation relations for a nonideal gas. 
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12, THE BOLTZMANN KINETIC EQUATION FOR A SPATIALLY HOMOGENEOUS NONIDEAL GAS 


We come back to Eq. (10.2) and consider its solution by retaining only the 
assumption of the complete weakening of the initial correlations. Thus, we do not 
neglect the time retardation of the functions f, . Instead of (10.4) we then obtain 


the following solution: 


f(@, 9%, 2t) = fi (2, @ryst-t) f(s Cty et) 


T 
fa 
+ ae [2 fy(p, >) ooo) Geeta (12.1) 


In first approximation with respect to the retardation (i.e. to first order 
in T)(8/9t) ~Ty/T 1) we obtain 


f,(#,,25>t) = (1-t HF (Py -0 st) f,(P,(-1) st) 


Tt 
a 
+ | dr! [3 f,f j (12.2) 
pee, Py g(t ae 


In the second term we integrate by parts over tl: 


3 


f(a, syst) = £,(P\(-1),0) £,(P,(-1),) 
Tt 
~ #) dt! tv! ad Pieper st) TP ee se) x 42.3) 
0 


We may now go to the limit T+”. We thus obtain the solution of (10.2), including 
the contribution of the retardation, to first approximation in the small parameter 
T/T 91? 

f(a, .e,.t) = f,(P\(-9),t) £,(P,(-*) 5) 

~ 36 are yp (P-1),t) f,(P.(-1),8) (12.4) 
at ato 1: 1 1s 2 2 ‘ . 
6 

The first term is the same as in (10.4), whereas the second term takes account of 
the retardation. 

We substitute (12.4) for a f q, into the right-hand side of (10.1) 
and represent the resulting collision integral as a sum of two ferment 





The nonideality correction I was derived, to all orders in the retardation 
and in the interaction strength, by Prigogine and Résibois [71]. They expressed 
this correction term as an operator {, acting on the ‘ideal’ collision operator 
Y. (They did not use the terminology ‘ideal' and 'nonideal'.) It is not diffi- 
cult to check the equivalence, to first order in the retardation and in the 


density parameter, between their result and Eq. (12.6). See also [5, 67, 68]. 
(Translator.) 
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I(p,.#)=1),)(p, +t) +1,,, (p,>#) (12.5) 


The first term is the same as (10.5), whereas the second term is 


To) (P,>#) 


--n 2 [arf ar, ap, git ee® F (Py (-00.4) FP ot) 
ot 2 P, ar, oP, aT ae 1 > Ww 2 Py . 
0 (12.6) 
The integral Ziay possesses the properties (11.5), i.e. 
2 
n| dp, O(P,)T¢,)(P,.t)=0 for O=1,P,,)/2m . (12.7) 


We now consider the corresponding relations for the integral I From (12.6) it 


(2)° 
is obvious that 


J dp, I,(p,.t) =0. 


We multiply (12.6) by nP, and integrate by parts over Py: 


n J dp, Py Zooy 
= a axlap, d ae eee ee eee ee 
a tee T P, dp, "2" or, ar 1 Py TT), fy; o(-7),8). * 
0 

Because of the spatial homogeneity, as before in (11.15), the integrand depends only 
on (7, - r,) and changes sign under the substitution P\*Po> "12% —",)3 thus the 
expression (12.8) vanishes. 

Thus 


n| dp, o(p,) I.,,(P,>t) =0 for o=1,7, B (12.9) 


We now show that, in contrast to (11.5), the equality (12.9) does not hold for 
o= p2/am, Multiplying (12.6) by the latter factor, integrating by parts over Py 


and symmetrizing the result in 1 and 2 we find 


n | dp, (p2/2m) 6 





i Sarat (ae (v, - "fi 2 (P t) f.(P,(-1),¢) 
rata) - ie aaa ce ear art A eee lm ade 
: (12.10) 

This expression coriesponds to (11.17). As for the latter expression, we change 


the integration variables: zy. +X, (-T), X(-7) ,» and use Eq. (11.21): 


n | dp, (p{/2m)I 


(12.11) 
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We perform in (12.11) an integration by parts over T, recalling that the integrand 


in (12.11) does not depend explicitly on T; thus: 


J dt te [tol =— J dt [¢,] : (12.12) 
0 


After reverting to the old integration variables, we thus obtain: 


n | 2p, (2 /2m) Zoo) 


=-5n? <s | dtv7} | ae, dz, ae l, (P (-1),¢) fy (P,(-1),¢) » (12,13) 


The integration over T can now be performed. Noting that, for a spatially homo- 


geneous state: 
3 au 
2 fap, ap, f,(p,>t) f,(p,.t) =0, (12.14) 


we obtain our final result: 


= a a 2 y7) - 0 -2% 
plete ene | [ ae dx oe 7, fF 5% ),t) f, (P¢ ),t). (12.15) 


We consider again the energy balance equation. From (7.14), (12.7) and 
(12.15) we obtain: 
F) Pi 
Z{n] a, gm 1, (Pot) + 


2 
+B Jar, dp, do, 2 F(R.) 48) F,(P,(- 0.2) f= 0. (12.16) 


Thus, by taking the retardation effect into account, we find that the con- 
served quantity is the sum of the kinetic and potential energy of the colliding 


particles. The internal energy density must now be defined as: 
2 


Py 
U=n [ap, oH fy (P, >t) 


1 
: in? [ar,, dp, dp,o,, f,(P,(-=),t) f,(P,(-@),t) . (12.17) 
In the equilibrium state we have: 


f,(P\(-9),) £,(P,(-) 4) 


(pi / 2m) + (p3/ 2m) + %5 


= (21m Kr)? exp [- z (12.18) 


Bl 
We used here Eq. (10.12). Using Eq. (12.18) we get for the internal energy density: 
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d 
3 1.2 12 
U= snk? + on far, et ew (- 74). (12.19) 


This expression coincides with the result (8.12) of the equilibrium theory, obtained 


in the first approximation in the density parameter. 


13. THE COLLISION INTEGRAL IN THE WEAK COUPLING APPROXIMATION. 
THE LANDAU KINETIC EQUATION 


In the weak coupling approximation we use, instead of Eq. (10.2), the sim- 
pler equation (3.4). In the case F, =0, and for a spatially homogeneous state it 


reduces to 


r) a ) 
(2+, +52 ae a aoe) Gale y>8) 





ary oP, ao oP, 





ao 3 ao o 
(=22 Penis ee ) Fi(p, ot) f,(p, +t) 3.1) 
By using the condition of complete weakening of the initial correlations, we con- 
serve only the solution of the inhomogeneous equation (13.1). Taking account of 


the retardation effect, the solution is written as 
t) = fg tL 
92 (©, .%,,t) = T | ap S12 I yy) eI) Y 
0 1 
. (2-2 f,(p,.t-t) f,(P,, t-t) (13.2) 
oP, Po el? pre? ° 


This expression defines the correlation function I> in the weak coupling approxi- 


mation. To first order in the retardation, it reduces to: 
3 
a, (2,200) = fat [2b a fin-ry-@-%) tI] 
0 1 
3 C) a ) 
(: alos ap, Pip, >t) f,(P,.t) (13.3) 


We now show how this expression can be derived directly from the solution 


(12.4). Using the equations of motion of the particles 1 and 2: 


aR 32. | 8812 
t a 
. er hae 





(13.4) 


we express P), P,; in terms of P\(- 5 P,(-T) : 

t 30,5 

J dt! [74] 
7 or 1,2 t! 


T 
Mg 3%), 
=P. .(-t)- J dt’ ; (13.5) 
> 0 T)W2 t-rt! 


Pita = tg aN TE = F 
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In the weak coupling approximation, it is sufficient to calculate the functions 


tS (t-T) to zeroth order in the interactions: 
> 
ri gft-t) =r aft) —m ,7 : (13.6) 


As a result, we obtain from (13.5): 





T 
r) 
—_ / - _ - 
P, (-t)= Py | dt eae Oo (Irn (yn ¥)t]). 13-7) 


We substitute this expression into (12.4) and expand the result: we obtain Eq. 
(13.3). 

We now derive the expression of the collision integral. From (13.2), (10.1) 
we obtain the expression of the collision integral in the weak coupling approxima- 


tion, but without assuming the smallness of the retardation: 
oO 








812 9 
aera) ar | dz, ari; IP it ¢. 
(soln mr — Crm) tI) (Ge - =) Ae, 2-0) Ale, tot). 
lj lj Pog 


(13.8) 
We may also obtain a different form, by introducing the Fourier transform of the 


interaction potential: 
8(r) = (20)? | dk ot Bl ack) , (13.9) 


Substituting the result into (13.8) and integrating over ro, we obtain: 


on 


I(p, ,t)=—2, 2 [acfa [ak kp ks 0 : 
eye) (27) 8 Peas Sales ihg ete) 








° so) Fle, 8-0) fyley, t-0)- (13.10) 


. exp[-ik+ (» -»,)x]( - 
ee 2s ams, 


To first order in the retardation effect, we represent again the collision 


integral as a sum of two terms: 








a 2 3 3 
i Ss | ak a kk. O° (k)S (kev, — kev (> - ). 
QQ)” B72 BP 4 i ar CUES 2) aP 1; Reg 


ei (p, >t) fi (p, >t), (13.12) 


=~” 9 9 rn, 62 . —ke . 
Ion) = aa — J ae dp, k, ke (k) [ ax t cost vt—k »,0)| 
t 0 





9 ] 
7 (5 aa e>) fi(P,>t) fi (p,>t)- (13.13) 
J dj 
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Expression (13.12), which defines the collision integral in absence of 
retardation effects, in the weak coupling approximation, is called the Landau colli- 
sion integral. We will see that this approximation is widely used for systems of 
charged particles, interacting through Coulomb forces. 

The collision integrals (13.12), (13.13) possess the same preperties as 
those of the binary collision approximation quantities considered previously. 

Till now, we did not yet investigate the role of the additional collision 
integrals I in the formulation of Boltzmann's H-theorem. This will be the 


(2) 
object of the next section. 


14. BOLTZMANN'S H-THEOREM FOR THE NONIDEAL GAS 

In section 8 we presented the calculation of the thermodynamic functions to 
zeroth and first order in the density parameter. The zeroth approximation corres-— 
ponds to the ideal gas, whereas the first order represents the contribution of the 
interactions to the thermodynamic quantities. In particular, the entropy S was 


calculated, with the result: 
= + 
Ss 534 AS (14.1) 


where S,q is the entropy density of the ideal gas, and AS is the contribution of 
the interactions: to first order in the density, the latter is given by (8.17). 
In section 11, by using the Boltzmann kinetic equation, we found an expres- 


sion for the entropy of a non-equilibrium state: 
Sa(t) =— yn f dp f,(p>t) in f,(p.t) - (14.2) 


In equilibrium, a is Maxwellian, and (14.2) reduces to 5,=5,4. This shows that 
(14.2) does not contain the terms of first order in the interactions which are res- 
ponsible, in equilibrium, for the correction (8.17). 

This means that (14.2) does not account for the contribution of the inter- 


action. Indeed, the distribution functions fy f. can be expanded in powers 


gore 
of the density parameter. In the binary collision approximation, it is sufficient 


to keep the first two terms; thus, for instance: 
f=fo tes! (14.3) 
1 1 1 


Oo. p F : 5 é 1 P , 
where f, is the ideal gas distribution function, and fy the contribution of the 
interactions. The latter is defined in terms of the correlation function 95° In 


the binary collision approximation, we obviously get 
f.(p..t)=c4po anv dr, dr, dp, g,(z.,2 +) (14.4) 
1s" 1? 1 1 2 2 GANT, 9® ys . ; 


The constant C is defined by requiring the normalization (1.14) of fy. We only 


need terms of zeroth and first order in the density, thus 


52 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 
£ (p, it) = f(r, »t) tn v7} J dr, dr, {J dp, 95 (7, 274 2Py>Post) . 
- | ap! dp, 9, (ry 27> P{> Py >t) £0(p, »¢)} : (14.5) 
In equilibrium, the term proportional to ” in this equation vanishes and thus 
Fi (p) = Ff) (a). (14.6) 


Thus, away from equilibrium, Eq. (14.2) contains the contribution of the 
interactions to the one-particle function. However, as we saw, this correction is 
not complete. 

We now derive an expression for the entropy which, to first order in the 
density, contains the complete contribution of the interactions. We also show that, 
within the framework of the binary collision approximation, this expression satis- 
fies the Boltzmann H-theorem for nonideal gases [37]. 


We represent the entropy in the form: 


S=S,+A8 (14.7) 


where AS is a correction to the entropy, due to the correlations. 
In order to define AS we proceed as follows. We rewrite the Boltzmann 


contribution in the form: 
1 = 
-2¢k, v-2 [ de, def, f, mf, f,)=- kv? fae, de, f, mm (F, f,) 


where we used the normalization (1.14) and Eq. (2.8). 


The entropy of a single pair of interacting particles is taken to be: 
Ps -2 
ke V faz, dz, f, &n f, F 


As the number of pairs is W(N-1)/2, the two expressions can be combined to yield 


an expression for the entropy density due to the correlations [36, 37, 69]: 


f. 
esd 2y-1 res. 
AS = 7 kp” V f a, dz, f, &n Ff, 


We now consider this expression in equilibrium. The momentum integrations 


(14.8) 


can then be easily performed and we are left with 
1 es 
AS =-F k,n? v7} far, dr, f,(rysry) tn fy(ry5%y)s (14.9) 
where 
f, (7,27) =C exp(—9,,/k,T). (14.10) 
The normalization constant is 


=) r 
C= {v-2 far, dr, exp (— y9/kg?)} ~ 1 — (14.11) 
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where 7° is the correlation radius. 
corr 


For V+e,C+1, but in (14.9) this constant can be set equal to one only 


in the second factor of the integrand. Indeed, 


2X 2y71 ao 
ken V far, dr f, gn C 2k,gnN mW C 


1 = 
erkintv 1 far, dr, [exp (-0,,/kgT) — 1] 


which is of the same order as the other terms in (14.9). Using this result we 
obtain: 





— 2 $ 
AS = >kin far {s 


where n= at, - This expression is the same as (8.17). The first term repre- 


sents the internal energy, and the second, the free energy. 


; exp (— O/kyT) + fexp (— o/k,T) as i} (14.12) 


For the model of weakly attracting hard spheres: 


AS = —kgn? b-nkgn? | dr v2 [67(r) /(kg?)7] 


a) 


3 
0 


The general expression (14.8), away from equilibrium, can be written in the 


2 7 
where Db = 37%) is the van der Waals constant. 


form of the sum of two terms, one of which reduces in equilibrium to the internal 
energy and the second to the free energy. To this purpose we represent the func~ 


tions de ; f, as 


Aa 
ey eres 
f, = (v J az, P,) Fy 
-1 
- (y-2 
fy = (v | az, dz, F,) Fy (14.13) 
Py = Fy Py +G, < 


In equilibrium 


ny 
I 


2 = exp (—0/k 7) 


Q 
i] 


2 exp (—0/k,T) —1 x (14.14) 


Equation (14.14) differs from (14.10) only in that here C=1, i.e., the normaliza- 


tion factor does not contain the contribution from the correlations. Noting that 
yo [ ae, FL = 140(n) 


7 3 A 
and neglecting terms of order nn’, we obtain 
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v-! f dx, dx, F 

$k n> yr | az, dz, f, & ee 

Vota ok (Wi [ida Ry 


v-2 f de, dz, G, 


| 
nie 


knw Qn jl + FS errs eae 
vO" fde, FV fide, F, 


kp a ae | ae, dx» Go. 


| 
nie 


As a result, (14.8) reduces to [37] 
F 
AS =—ikpn2 v7! | de, de, |P, i —— -G (14 
_ 2B 1°"2 20" FF 2|° -15) 
In equilibrium, by using (14.14), we recover again (14.12). We see that the first 
term is the non-equilibrium analogue of the contribution to the internal energy, 
and the second term corresponds to the free energy. 

We now derive the H-function for the nonideal gas [37]. From(i4.8), (14.15) 
we see that the correlations enter AS through fy and &n f- In order to calcu- 
late the contribution of the logarithm of the correlations, we proceed as follows. 
From the kinetic equation we derive an equation for fy fy . We multiply the latter 
by 

v-2 dx, dx, {-+k_n O&n(f, f, )—tk, n2 Vd ay 
By oR 2 “Bp” MAT, Sy 2 “B nm ff 
lel 


and integrate over x zo. Neglecting terms of order n3 on the right-hand side, 


1? 





we obtain 
= of, 1 2 y-1 af Fy f, 
—kynv tf ae, ac th maken V J dz, de, Ket tn = 
11 
as 1 = -1 = 
= kan [depen t, kan J ax Lea) af; =1,+I,. (14.16) 


The integral I is the same as the Boltzmann collision integral, thus: 


q1) 


“a Qn f, 20. (14.17) 


Using (12.6), integrating by parts over Py and symmetrizing, we obtain 


Ton kgn yo! f de, 2 





e a6 96 
ee BEA) Ee comer aati -) : 
I, =—dkyn?v J dt f ax, de, ( gi et ie ap) lt) 


a3 


ar pg Ser $22) Fy (a, ot) Fy (a, ot) 


We now use a transformation similar to that used in sections 11 and 12 for the 
proof of the energy conservation. We use new integration variables x) 27% »(~T) 
> > 


in I, and note that 
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912 F) 9% 5 3 ) | 
ee ppd fe 2 Oe lg 
[( ary op, ar, oP > nf, f,) 





= s2— [mis f | 


We integrate by parts over T and revert to the old variables By? 
> 


Ty + — bby nt 9) [ar {ae dey tm (f, f,) SX 8_.(142) F,(, 08) F(Py st) - 
0 


We integrate over T and note that, to zeroth order in the retardation, 
g(t, 2.) es f,(P,(-1),¢) f,(P,(-1),#) —f,(p,>t) f, (Pt) . 
We thus obtain: 


995 
I(t) =- 5 kg n? v-l [ ae, dx, Pree bie oa (14.18) 


We now use Eq. (10.2) in order to put (14.18) into a more convenient form, 


Eq. (10.2) is multiplied by inf, and integrated over Li, oy + 


fd dx . (2 eee 14.19) 
x, dx, (én f, ra ae cis 
From Eqs (14.18) and (14.19) we obtain 

995 fy 


1 - 
1,(t)=hkn2v fae, dz, =P in. (14.20) 
Lev 


As a result, we obtain from (14.16), (14.17), (14.19) the inequality 





af of f. 
~kynv-! [ de, 1 tn f,— Pky nt vn | de, de, —2 tn 2 = T(t) > 0. 
ie (14.21) 


We note the identities 
-1 a = 
dz, Fy at Qn fy 
(14,22) 


f, og 
= 2 
ta pe mau! fae, de, 2-0. 


The latter relation follows from (10.2). We may thus write the symbol 3/d¢ in 


vol [ ae, de, f,5E 


front of the integral sign on the left-hand side of (14.21) and get 


Oe eS I,(t)>0 (14.23) 


with 


-] i 2 yrl Ee 
H=—S=kgnv [ae f, mf + pkyn us [ dx, ae, f, tn 





(14.24) 


KTNG - C 
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This is the Boltzmann H-function, taking completely into account the interactions, 
within the binary collision approximation. The correction term in (14.24) is the 
same as (14.8). 


Had we used the functions Pos PF G, instead of fq fy I, the H-function 


2 ’ 
would have taken the form: 





EF 
_ -1 Le 2 “1 f os 
H kun eres &n fr tz kgn V dx, dz, [F, PS : a, | 
11 
This form corresponds to the expression (14.15) for AS. 
In sections 10-14 we studied the kinetic equations for spatially homoge- 
neous gases. In the next paragraph we study the kinetic equations and the 


corresponding hydrodynamical equations for a spatially inhomogeneous nonideal gas. 


15. THE BOLTZMANN EQUATION FOR A SPATIALLY INHOMOGENEOUS NONIDEAL GAS 
In the framework of the binary collision approximation, we use the set of 
equations (2.11), (2.18) for the functions fy: f,- Assuming the complete weakening 


of the initial correlations, (2.18) can be transformed into 


file, 2X, ,t) = f, (4%, 0-1), 7) f,(%, 0-7), t-t) 


T 
3 a C) 
Gy (cre eee ere 

‘ a as le ee ae X, o(-t!),t-1! 


(15.1) 


where X26) are the values of the coordinates and momenta of the particles at 
time t-T. We assumed F =0. For the monatomic gas this limitation is not essen- 
tial for the derivation of the collision integral, as the work performed by the 
force F over a distance of order Pr) is negligible compared to kpl. 

Substituting (15.1) into (2.11) we obtain an expression of the collision 
integral, taking into account the spatial variation of the functions fy (x, st) 
f,(«,,¢t) over the range of the interatomic forces as well as the retardation of 
these functions. 


We shall consider several particular cases. 


(1) The distribution function is spatially homogeneous, and the retardation is 


neglected. We then obtain the Boltzmann equation for the ideal gas, (section 10,11). 


(2) The distribution function is spatially homogeneous, but the retardation is 
taken into account. We then obtain the Boltzmann equation for the spatially homo- 


geneous nonideal gas (sections 12-14). 


(3) The retardation is neglected, but the spatial inhomogeneity of fy over 


distances of order ry is retained. We then obtain a generalized Boltzmann 
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equation, due to Bogolyubov (Eq. (9.17) of ref. [4]). For the hard-sphere model, 
the latter equation reduces to the Enskog generalization of the Boltzmann equation 
(chapter 16 of ref. (2))*. 

The difference between these equations and the Boltzmann equation is mani- 
fest, for instance, in the hydrodynamic approximation. Using the generalized 
equations, we obtain in the hydrodynamic equations corrections to the equation of 
state of the ideal gas and to the transport coefficients in the form of density 
expansions. 

It must be kept in mind that the Enskog and Bogolyubov generalizations were 
obtained within the binary collision approximation. As a result, the corrections 
of second and higher order in the density to the transport coefficients and to the 
equation of state are incorrect. Indeed, the neglected triple and higher order 
collisions give contributions of the same order. 

In the kinetic equation for inhomogeneous gases, in the binary collision 
approximation, it is sufficient to take into account terms of first order in nits 
i.e. the terms of first order in the density. 

The Enskog and Bogolyubov generalizations of the Boltzmann equation do not 
take into account the retardation effect. As a result, in going over to the hydro- 
dynamical equations, they do not yield interaction corrections to the functions 
under the 9/d¢ sign. For instance, we do not obtain correction to the internal 
energy. In order to obtain all the first order corrections to the kinetic equation, 
we must take account of both the spatial inhomogeneity and the retardation, i.e., 


of all terms of order n/t and To/Trel - 


(4) In addition to the results of sections 12 and 13, we need an evaluation of 
the terms of first order in the inhomogeneity. We proceed as follows. 


We introduce into ts (7, > 71> Pi > Pos t) the variables 
yrty = high (Oyen, Parr 72) 
and expand the result in powers of r,,(2/ar,). To first order we have 
2 1 
F(a st,5t) = Fy (ry 2 97 (ry + 12) > Pye Pye *) 
= bp o70's f ( r t) (15.2) 
S ale gy J 12h 12° ede base : 
We write an equation for the function 
Foltyg> T+ Py» Pas *) 


= 9, (7,9 Tis P» Po t)+f, (7, 2P, >t) f,(7, » Po» t) 


1 


See also reference [68]. (Translator. ) 
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From (2.18) we obtain, to first order if the inhomogeneity: 


e) C) 
2 a ae PP ta 
[eet ary *2)3rD 


Oe odd 38 
7 ary Gira) f(r) > 712» Py>Po>t) 
3 
= [a+ 3(¥,+ ¥,)- alee (r,s Pyot) f(r, spat) . easy 


Assuming complete weakening of the initial correlations, the solution of this equa- 


tion is 
Fo (Ty +h y 9» Py» Pg» t) 


= file, = sg v,)t,P)(-t),¢-T) FARES (ets eek en) 


T 
+ { av [A+ bo, +5) ° Bo eer Paro 8) yl Pe Oe) 2D 


In the second term on the right-hand side, we only retained contributions of first 
order in the retardation and the inhomogeneity. In the first term, we expand in 
powers of T and retain the contributions of zeroth and first order; in the second 


term we integrate by parts and go to the limit tT>*. We then find: 


fol ry> Tio? Py> Pot) =fy(r, Py (-—),t) f,(r,>P.(-™),t) 


-(Bti oye) Be) arg ee »Pi(-T), t) f(r, »P,(-7), t) 
° (15.4) 


On substituting this expression into (15.2), we only retain terms of first order in 
r,/l, T)/T 1: Therefore, the operator (r,,/2) *(8/ar,) only acts on the first 
term in (15.4). The resulting expression of f(r yor, >Pys Pot) consists of a 
sui of three terms. The corresponding collision integral (2.12) can thus be repre- 


sented in the form: 
I(x,,t)=I, +2 +7 (15.5) 


The first term is defined as follows: 


ao 
12 r) 
Ty (2)>t) = n fac, Br, “ap fi Pye) 5b) $ (ry sR ey etle 15,6) 





It differs from (10.5) in the dependence of 5 on r, The second term is: 
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e ae 
a5 "12, 38 (342 Gracy 
T(py( >t) = n [ar [ae, a BP, (2 5 (v,+¥,) 7) 
0 
3 , _ 
Stach (ry P(t) st) F, Cry oPy (-1), 6). (15.7) 


In the spatially homogeneous case, this term reduces to (12.6). Finally, 
ao 
1 12 a e) 
S025 —--= «- ——|[ Ff oo 
Tal ®1 >t) in fae, Or a 12 so) 


[Ae »Pi(- @) 52) F) ye Palo t) FOr, +P yt) f(r 1 »P2»t) | . 


(15.8) 
The presence of the second term in the square brackets is due to the fact 
that the collision integral is defined in terms of gy, not fy. This contribution 
is cancelled by a similar term in the expression of the average force on the left- 
hand side of the kinetic equation (see (2.10), (2.11). Thus, in Eq. (2.11) we 
replace F by Fy: 
We now use the kinetic equation with the collision term (15.5) - (15.8) for 
the derivation of the hydrodynamic equations of the nonideal gas. We consider the 


contribution of the collision integrals I to the balance equations 


I I 
(1) 7" (2)? ~ (3) 
of the mass, momentum and energy densities. We thus consider the integrals fdp or 


for ¢=1,p,p2/2m. The integral I has the same property as (11.5), even for 


qa) 
inhomogeneous systems: 


2 
t)=0 for =! /2m. (15.9) 

n | dp, o(p,) I,,) (2, +t) , d= 1,7. Py 
Thus, the integral Tay) does not contribute to the transport equations. It does 
contribute, however, to the definition of the viscous pressure tensor Lee and to 


the heat flow vector [5,9]. 


Just as for the homogeneous case, the integral I 


n| dp, (7, T,,, 


It does not contribute to the equations of mass and momentum transport. 


Q@) has the property 


(x, >t) =0,for o9= 15P, ‘ (15.10) 


In the number density equation, the integral I(,) ives no contribution 


either, because 


n| dp, (4) I¢,,(0, +8) =0, for o=1. (15.11) 


For ¢=p_, the integral Tis) gives a non-vanishing result, which contri- 


1 
butes to the momentum transport equation. Multiplying (15.8) by np, and integrat— 


ing by parts over P, we sbeain’’ 





t We cancel the second term in the square brackets of (15.8) and replace F by F, 


(see Eq. (15.8) 
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dAP.. 
t 


bd 
aris 





n | ap, Pay Ti gy(@y ot) =— (15.12) 


We introduced here the symbol AP, 5 to denote the correction due to the interactions 





to the pressure tensor Pag - It is defined as follows: 
Neus at Gees ay 2 ES Be Pee ah eet) 
tg 2 r?P, oP, Sar Ta >t) fiir,» P, , 
(15.13) 
where r EP) 7Po- We used the fact that 
ad Py 8b 
or, r r 
t 
Recalling that the viscous pressure tensor is defined by Ty; =P..—6..D, 


tg tg wag 


we represent the tensor AP.. in the form: 


td 
AP, = 6,,dp+ An... (15.14) 


From (15.14) and (15.13) we obtain the contribution of the interactions to 


the scalar pressure: 


Ap =~in? far dp, dp, 9! (r) £1 (ry Py(-2) 58) Fy (ry Py (-®) 5 2). (15.15) 


In the present approximation for AP, a5 Ap, it is sufficient to calculate these 
quantities in the local equilibrium approximation. Indeed, the deviations from 
local equilibrium contribute terms of order EE,, where Ey is a small hydrodynamic 


parameter. In this approximation, we obtain from (15.13): 
AP,, = 5,4 At... =O, (15.16) 
with 
Ap = —in? | ar dp, dp, ro! (xr) F0 (P, (2) FO (Pp (-2)) . (15.17) 


Substituting the Maxwell distribution and using (10.12), we may perform the 


momentum integration: 


Ap =-inn® [dr v3 0! (pr) exp (~6/k,T) 
2 - r) 
=s0n2 kat | dr vr? = [exp Go/kg7) = | (15.18) 
0 


Integrating by parts over r, we finally obtain 


Ap = —20n? kg? | dr r* [ exp (~ e/kg7) - 1] f (15.19) 
0 


This expression differs from (8.15), which was obtained in equilibrium, 


because in (15.19) the density and temperature are local quantities, depending on 
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the position and the time. 
For the model of weakly attracting hard spheres, we obtain 
bp =n? kt (Gara) ; (15.20) 
where a and b are the van der Waals constants, defined locally. 
We now consider the contribution of the collision integrals Lin? T(3) t© 
the energy balance equation. We multiply (15.7) by np. /2m and integrate over P,- 
After performing transformations analogous to those of section 12 we obtain 


2 
P 1 
ay wag? len Beri er 
n | de, 2m ay a? J ee a 4p,% (get E(t ye) a) 


“Fy (ro Py (-9),£) Ff, (ry. Pp (-*),#) - (15.21) 


For spatially homogeneous systems, this expression reduces to (12.15). 


In the local equilibrium approximation, (15.21) becomes 


P dAU 9 
nd al --(.2. uav)) (15.22) 
Pl 2m (2) dt Ory ( 
where 
au = 2a? | dr vr* ® exp (—/kgT) , (15,23) 
0 


is the contribution of the interactions to the internal energy, and uw is the local 
average velocity. 


For the interaction potential (8.18) this equation reduces to 


AU =—n?a (15,24) 
where a is the van der Waals constant. 
We now consider the contribution of Ti3) to the energy balance equation. 
We multiply (15.8) by npi/2m, integrate by parts over p, and symmetrize: 
2 
P rer. 
pias =i,2 3 “td gly. 
n{ dp, re Tis) 57 ar, J drdp, dp,(¥,,+¥,,) mae ee APD 
fi Cry» PC). t) f (ry Py (-@),€) . (15.25) 


In the local equilibrium approximation we find 


p? 


1 a 
n| dp, am 20a) 77 ap’ HAP) (15.26) 


where uw is the average velocity and Ap is defined by (15.19). 

After these calculations, we can write the hydrodynamical equations for the 
nonideal gas, in the binary collision approximation, in their final form. From 
(7.2), (7.9), (7-14), (15.12), (15.22), (15.26) we find: 
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r) 
sata pu =0, (15.27) 
r) r) p 
aE Mat oe, (PME t Sage Mag) ip Foe F (15.28) 
a9 71.2 3 12 p 
ag (zeu NS pa Ug Oe +U+p) tm .u, +5, ]=— Frew. (15.29) 
where 
p=p,thp, U=U,,+ AU (15.30) 


are the pressure and the internal energy of the nonideal gas, defined, in the 
binary collision approximation by (15.18) (or (15.19)) and (15.23). 

The viscous pressure tensor ig and the heat flow vector S are defined, in 
the present approximation, by (7.17) and (7.18). 

Clearly, instead of the equations for p, pu, (pu%2)+U, we may just as 
well write equations for the functions 9,u, fT, because the pressure p and the 
internal energy can be expressed in terms of p and Tf. 


These hydrodynamical equations were obtained from the kinetic equation 





3 a 3 

ana o—— + . =. . 
is pai Tamia ap, ) FL=Teqy t+ Zeay + Teay > Cen) 
in which the collision integral takes account of the retardation effect and of the 


(2) > 703)" 0, 
then in the equations of hydrodynamics Ap = 0, AU = 0, and thus p = Pig? U= Dea 


spatial inhomogeneity. If these effects are neglected, i.e. if I 


Hence, on the basis of the ordinary Boltzmann equation, one obtains the hydrodynami- 
cal equations of the ideal gas. 
In the derivation of these hydrodynamical equations, we retained only terms 


: and the hydrodynamic para- 


which are linear in both the density parameter € = nr 
meter €, = 1/L (where L is a characteristic length of the system). The problem 
of higher approximations will be studied in the next chapter. Here we only note 
that the expansion of the kinetic equation in powers of the hydrodynamic parameter 
is effective only when the velocity distribution is close to the local Maxwell 
distribution. For large deviations from this state, the velocity distribution may 
be very badly distorted [65]. In such cases, the hydrodynamic description of the 


processes may be less effective. 


CHAPTER 3 


Kinetic Equations for Dense Gases 


16 PROBLEMS OF THE KINETIC THEORY OF DENSE GASES 

The collision integral in the Boltzmann kinetic equation for the non-ideal 
monatomic gas (10.5) is defined by the expression (10.4) of the two-particle dis- 
tribution function. Let us recall the assumptions under which this expression was 
obtained. 
(1) Neglect of the collisions involving three or more particles. By this assump- 
tion the Bogolyubov hierarchy reduces to a closed set of equations (2.11), (2.18) 


for the distribution functions fi>f,- 


(2) In solving Eq. (2.18) for the distribution function fos use is made of the 


complete weakening of the initial correlations: the Bogolyubov condition. 


(3) In solving the equation for f, the time delay and the spatial inhomogeneity 
of the one-particle distribution function fy are disregarded. Giving up this assump- 
tion (sections 12-15) leads, in the framework of the pair-collision approximation, 


to the kinetic and hydrodynamical equations of the non-ideal gas. 


(4) It was assumed (though not explicitly) that the collision process of each 
particle with its neighbours is continuous within a physically infinitesimal volume. 


This assumption will be dropped in chapter 4. 


The presence of a small parameter € — the density parameter — would suggest 
the construction of the kinetic equations, with account of triple and higher order 
collisions, by expanding the distribution f, as a power series in €. 

In his work [4], Bogolyubov developed a method, using the condition of com- 
plete weakening of initial many-particle correlations, by which the form of the 
distribution function f, can be obtained in each order of approximation in the 
parameter €. 

The expression (10.4) is the zeroth approximation in €. The next 
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approximation contains terms of two kinds. One group describes the influence of 
the three-body collisions on the dissipative characteristics of the gas. The second 
group describes the influence of pair collisions on the non-dissipative properties 
of the gas, e.g., the corrections to the thermodynamic functions due to the pair 
interactions of the particles. This is equivalent to retaining in the thermody- 
namic functions the terms of first order in Toft ei? rift. 

Using the expression for the function Fs containing the terms linear in 
the density, it is possible to obtain refined expressions for the collision inte- 
gral in the kinetic equation. This was done by Choh and Uhlenbeck [5]. 

If the next approximation in the density is retained for f,> a more general 
kinetic equation can be obtained. It accounts for the effect of four-body colli- 
sions on the dissipative properties and of three-body collisions on the non-dissi- 
pative quantities. 

Thus it seems that a general method is available for the construction of 
kinetic equations for gases to an arbitrary order in the density. In each order 
one uses only the condition of the weakening of initial correlations in times much 


shorter than T and the continuity of the collision. However, the realization 


’ 
of this eae is faced with serious difficulties of principle. 

The independent investigations of a number of authors: Weinstock [19], 
Goldman and Frieman [20], and Dorfman and Cohen [21] (see also Cohen [22]) showed 
that the contributions to the collision integral to higher orders in the density 
contain divergent time-integrals. It is interesting to note that the character of 
the divergence is different in two-dimensional and in three-dimensional gas models. 

In two-dimensional models already the first density correction (the contri- 
bution of ternary collisions) leads to a logarithmic divergence (£n t/T)) in the 
collision integral. The terms of order e” (n2>2) lead to divergences of the type 
7k ee 

In three dimensions the first approximation in € (three-body collisions) 
is convergent. The terms of order c€”(n>3) in f, lead to divergences of the form 
Gag 

This shows that the construction of kinetic equations for dense gases by a 
direct density expansion is impossible. There exist a few papers [22] in which it 
was shown, in special cases, that the logarithmic divergence can be suppressed by 
summing the most divergent diagrams in each order in the density. This leads to a 


cut-off of the time integrals at T As a result the collision integral becomes 


rel’ 
proportional to in (Tre1/T,) ~ &n(1/e) which depends non-analytically on the density. 
As a result, a virial expansion of the kinetic coefficients is impossible. 

The problem of obtaining kinetic equations for dense gases can be solved in 


an alternative way, without summation of divergent density diagrams. One must then 
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give up the condition of complete weakening of inital correlations in times much 
smaller than T,,j (section 18). 

It was pointed out several years ago that the condition of complete weaken- 
ing of the correlations is only an approximation (see, e.g., the papers by Sandri, 
and by Hopfield and Bastin [64]). Only the influence of short scale fluctuations 
is weakened, more precisely of those fluctuations for which, in the binary colli- 


sion approximation, the correlation length and the correlation time are such that 


r €1,T 
c 


<T 
cor r 


el° (16.1) 


or 

In the general case, there is only a partial weakening of the correlations. 
The long-timescale fluctuations do not decay quickly enough and must therefore be 
considered in the construction of the kinetic theory. Their role leads, in particu- 
lar, to the fact that the one-particle distribution function fi> obeying the kine- 
tic equation, is not truly deterministic (section 19). 

The condition separating the region of fast and of slow fluctuations can be 
introduced as follows [ 23,24]. 


Consider the approximation of pair collisions. We denote by 2 the 


67% 
volume and the time interval which can be regarded as physically infinitesimal in 
the Boltzmann equation. Hence, *, = Ly/vp - 

The quantity a is defined from the condition of continuity of the colli- 
sion process: the interval between successive collisions involving an arbitrary 


particle within the physically infinitesimal volume equals gs i.e. 





Lt 
rel _ = _$ 
aL a Dn < (16.2) 


Hence, using the results of section 2, 


Ly = e? 1, % = et. 


Lin ~ etm, (16.3) 
We shall call short-scale fluctuations those fluctuations for which 


Toor < vy > Poor S Ly . From (16.3) it follows that they decay in a time of order 


E*Tye1 < Tre: 
We use similar arguments for three- and four~body collisions. We denote 


é : 7 (3) (4) 
the corresponding relaxation times by Teel? Thel’ They are related to T,,, 4s 
follows: 
(3) _ (4) _ 2 
Trel = Tren © * rei = Tre © + 


F A : fas (3) (4) : 
Using instead of Tu in Eq. (16.2) the quantities Trel? "rer We obtain 


el 


(3). 4 (3) 4 
T, OT i Oe Ly w~ei Leal. 
(4) 10) 0 1; hence when considering four~body collisions, there 


rel’ “$ 


exist correlations for which T ~T pot 
cor rel cor 


But T ~T 
6 


~ 1. Hence the collision integral 
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will depend on T,,, (or Z): this introduces an additional dependence on the 
density. 

Note that for the two-dimensional case, already for triple collisions (in 
16.2) Ter /"24 ) = 1 /v,T Z,~ 1. Hence the triple-collision integral 


Te 7 “gl Pty ~ Tres “4 


cannot be constructed without accounting for the correlations with Toor ~ "rel? 


aoe ~ 1. This explains why the density expansion breaks down earlier in the two- 
dimensional case. 

Thus, the definition of the limits separating fast from slow fluctuations 
depends on the approximation considered. 


The previous discussion shows that, in a time T <T there is only a 


rel?’ 
partial weakening of the correlations which enter the kinetic equation for dense 
gases. 

By using the condition of partial weakening of the pair correlations, the 
Liouville equation does not lead to the Boltzmann equation. The simplification of 
the original Liouville equation consists only in the fact that, instead of an equa- 
tion for the exact distribution Py we get an approximate equation for the distri- 


bution i smoothed over an interval T (section 18). 


o? ty 

From the equation for sn there follows again a hierarchy of equations, but 
now for the smoothed distribution functions a = fy> Pes P castes . This hierarchy 
differs from the BBGKY hierarchy; it is already dissipative, through the pair 
correlations, and all functions are slowly varying. 

In section 18 it is shown how this hierarchy can be used for the construc— 
tion of kinetic equations for dense gases. 

In studying the kinetic equations for gases in various approximations it is 
assumed that long-scale fluctuations (la6% > Teel» lcor > 2) do not play any role. 
But these fluctuations do exist. They lead to the fact that the distribution func-~ 
tions for which the kinetic equations are derived are not strongly determined (sec- 
tion 19). 

The study of the long-scale fluctuations aroused considerable interest in 
recent years in connection with the study of noise in various systems. This study 
can be done in two ways. 

In the first method one starts from kinetic equations which are considered 
as Langevin equations with a random source. Such a method was used for gases by 
Kadomtsev [25], Gor'kov, Dzyaloshinsky and Pitaevsky [38] and by Kogan and Shulman 
[39]. 

The second method is based on the approximate solution of the hierarchy of 
equations for the distribution functions fpr fy ores or of the corresponding equa- 
tions for the Green functions [40-45] . In section 19 the long-scale fluctuations 


in gases will be calculated from the hierarchy of equations for the smoothed 
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distribution functions Fis f, >... in which the dissipation is introduced from the 
beginning through the pair collisions [23,24]. 

In recent times another method for the construction of generalized kinetic 
equations has been widely used. It is based, on the one hand, on the work of 
Prigogine, Balescu, Résibois, Hénin, George, Wallenborn, [46-48] and, on the other 
hand, on the work of Zubarev, Peletminsky, Tsukanov, Kalashnikov and Novikov [50-52]. 
In these papers the authors endeavour to derive directly the general kinetic equa- 
tions for particles with arbitrary fiteractionas’) 

In section 20 such a generalized kinetic equation will be derived, taking 
account both of dissipative and of non-dissipative terms. For this purpose the 
method applied in section 12 for the derivation of the non-ideal Boltzmann equation 
will be used. The generalized kinetic equation is much simpler than the Liouville 
equation, as it involves a one-particle distribution function. However, it is still 
quite complicated and its practical use requires further simplification. Neverthe- 


less this method may be quite successful. 


17. KINETIC EQUATIONS FOR NONIDEAL GASES TAKING 

INTO ACCOUNT TRIPLE COLLISIONS 

In the previous section we mentioned that in Bogolyubov's work [4] a method 
was developed for the density expansion of the two-particle function f, for gases. 
In particular, in the case of spatially homogeneous gases the first two terms of 
the Bogolyubov density expansion of f, can be written as follows [4,5]: 


fala, m,st) = 88D) (x, 2,) ff, 


00 

+n far] ax, s? (2, ,25){(4,, +6,,) ee (x, .0, 52,5) 

0 

mas (x, 12))[6,,9° (2.25) +6,,8 (2,.2,)]} FFF, G76) 
Here Se. Santee x) is the propagator for the nm-particle system isl oeey Ze 
The operator are, was defined in Eq. (1.6). The normalization of the functions fis 
f, was defined in Eq. (1.14). 

For obtaining the collision integral, Eq. (17.1) must be substituted in 

(10.1). The first term in the expansion (17.1) yields a contribution describing 
the dissipative characteristics of the gas in the binary collision approximation 
and leads to the Boltzmann collision integral (10.5). 


Among the two terms proportional to m, the first one (involving of 


describes the dissipative characteristics of the gas in the triple-collision 





+ 


A thorough discussion of the matters in this chapter is found in Résibois' and 
de Leener's book [68]. See also [67]. (Transl.) 
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approximation. The second one takes account of the binary-collision corrections to 
the non-dissipative properties of the gas (e.g., to the internal energy). 

Both terms were obtained in the kinetic equation due to Choh and Uhlenbeck 
[5]. We see that the Choh-Uhlenbeck equation does not describe the particle inter- 
actions quite consistently: in the dissipative terms the influence of both binary 
and triple collisions is included, whereas in the non-dissipative ones only binary 
collisions are retained. 

As a result, in deriving the hydrodynamic equations with account of the 
triple collisions, Choh and Uhlenbeck are led to introduce additional terms in the 
expression of the pressure (ref. [5], p.264). These terms, which ensure the consis- 
tency of the approximation for the dissipative and the non-dissipative quantities, 


are not contained in the kinetic equation. 


Let us consider the kinetic equation for a gas in the triple-collision 
approximation. We include the contribution of the particle interactions in both 
the dissipative and the non-dissipative quantities [24,53]. 

We rewrite the first three equations of the BBGKY hierarchy in the case 


of a spatially homogeneous gas in the absence of external forces (F, = 0) 


af, F 

a = nfaz, 6 f, =I > (17.2) 
af, a Ge 
et 4,7, -n[ax,(6,, 83) f,=1,, ches) 
of; 4 fa ie Re zn = 
et ty fy= jan, (8,, +6, 4+6,,) £, = 2, (17.4) 


In section 2 it was shown [see Eq. (2.20)] that in the binary collision approxima- 


tion the right-hand side of Eq. (17.3) is 
= a . 7 
est: (17.4), 


With the use of (17.4), the equations (17.2), (17.3), in the pair-collision 
approximation, become a closed set of equations for fi> f,- Using, moreover, the 
Bogolyubov condition of weakening of the initial correlations to the first approxi- 
mation in Tn) he (T, = ry/Yp)> one obtains Eq. (12.4). We re-write it here in 
the form: 


pee S Cae f\ (Pp, >t) f, (P25) 


2 d (2) ay SOt cal 
at i dt oe f,(0,>#) PP te ee) 
0 
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Boltzmann collision integral. The second term accounts for the contribution of the 
binary collisions to the non-dissipative characteristics. 

Consider now the triple-collision approximation. In this case we express 
the function fy, on the right-hand side of Eq. (17.4) through the functions fy» Tos 
G4 >I9,- The term involving I, is neglected, as well as other terms which differ 
from zero only when four particles are simultaneously together. Thus the function 


fie acted upon in Eq. (17.4) by the operator Bos is approximated by 


Q.4) 
FY = FFF, GF, (4) + FF, (2)9,08,4) + 


+ FOF, gq (2,4) +[F, (DF, 63) + 992,39) 99,4) + 
+ f,(2)9,0153,4) + f,(3)g,(152.4)- 


Here we retain only terms which are non-zero when the two particles | and 4 are 
close together. As will be seen, they compensate the t+ divergence in the solu- 
tion of the homogeneous equation (17.4) in the terms of order t(0/dt). Retaining 


only these terms we obtain 


aoe = f,(1,4) fi (2) fF, (3) 


Taking account of the analogous contributions to the other terms of the right-hand 
side of (17.4) and using Eq. (17.2), we obtain 


3 
Te=a hihi hy (17.6) 


and hence a closed set of equations is obtained for fy ; fy. f, ; 


From Eqs (17.4) and (17.6) together with the condition of complete weaken- 


ing of the initial correlations, we obtain to first order in T/T} * 


HN (x, sLy 5 5b) re eo) f (Pt) f,(P,>t) f,(P3 >t) 


3 d 
-2 J dt sD F,(pyst) f,(P2>#) F(R, >*) 


0 1 
ee Pee (17.7) 


This solution for ee is analogous to the solution (17.5) for the function is in 
the binary collision approximation. 

Consider now Eq. (17.3). The condition of the complete weakening of the 
initial weakening of the initial correlations of particles 1, 2, leads to the fol- 


lowing expression to the second order in the density parameter (nv3)? ~nri To/T eer? 
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2 2 
f(21 525057) = 8°?)(1,2) (-2+5-4, 2 MEAG Pst) f\(P,st) 
(17.8) 


T 
(2) Fe x 
+ nf dt’ faz, 8_14142)(8),+8,5) (1-4! a) Ae LsLy 004 ot). 


Using Eq. (17.2) for f,(P,> t), f,(P,, t) and taking the limit T+”, we rewrite 


this expression as 
foo} 


_ @(2) a (2) 4 4 ptr 
fy (a, st)5t) = 815° f,F, ee 1-1) {s@? (1,2) (G.a°* 955) bs 


ae C132) (Big at BP" (2,5) FG) (17.9) 
23 


If we neglect the terms in t(9/dt), which describe the retardation effects in the 


triple-collision approximation, taking account of the fact that g@) = ed 


_o» and 
substituting (17.5) and (17.7) (without retardation effects) into (17.9), cone latter 
reduces to (17.1). Substituting this expression into the right-hand side of Eq. 
(17.2) we obtain the Choh-Uhlenbeck kinetic equation. 

We come back to Eq. (17.9) and rewrite it in a form in which the contribu- 
tion of the binary collisions, with account of the retardation, can be clearly 


recognized. We add and subtract in (17.9) the term 
f Co ene Ae 


and use Eq. (17.2) as well as the identity: 


oo 


(2) (2)\ 9 _ 9 d (2) 
-| ar(s° -@)2p5-2fards fF. (17.10) 
0 0 


Finally, in the term containing 1(3/3t) we change sg hs 2) into ae (1,2). 
We thus obtain the following expression for f, in the triple-collision approxima- 


tion: 


aes (x, 2, >t) i (x, 2%, st) 


a 


(2) 4 tr 
nf dt faz, 5 (1,2) [(6, ,+6,,) 7% (1,243) 
0 


+ 


A be a be 
— 8, FP0.9) F,@ — 8, Po (2,3) 4,09 


4 8 (2) {(6 A 0 
n& fac f ae, x 5 (1,2) (8, ,+8,,)F 
0 


erate) Lea OR EAC Lt Wren ere) at) | am 
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The functions fo, fy are defined by Eqs (17.5), (17.7) without the time retardation: 
0 (2) 


fy = Sa filet) (py ot) » 
i On Ff (pst) f,(Py+t) £, (P3 2%) - (17.12) 


The substitution of any one of the expressions (17.8), (17.9), (17.11) into the 
right-hand side of Eq. (17.21), yields expressions for the collision integral 
describing triple collisions and the time-retardation. 

Let us show that from the approximate kinetic equation one can prove the 
conservation of the total (kinetic + potential) energy. The internal energy density 
thus obtained corresponds to the first three terms of its virial expansion. 


We substitute fis. from (17.11) into the expression 
Cr 
ies n{dz, Sie rs (17.13) 


which defines the collision integral in the present approximation. From Eqs. (17.13), 
(17.11), (17.12) follows 


n | dp, o(p,)r**(p, st) = 0 for ¢=1,p,. (17.14) 


These equations express the conservation of the particle number and momentum by the 
collisions. 
We now multiply Eq. (17.13) by np?/2m and integrate over P,- After inte- 


gration by parts and symmetrization we obtain ae 
12, 


tr n2 7 tr 
n fap, (p2/2m)I =— > fa, dp,dr,, (v, —¥,) Orin 2 (17.15) 


Consider the contribution of the various terms of (17.11) to 





where rig= 7%: 


Eq. (17.15). The first term defines the contribution of the binary collisions; 


hence, from the results (11.22) and (12.15), we can write 


[> faeycof amr], 


a n2 my — 0 
~~ 3E far, dp, dp, %, fF, (Ft= dt) FP, yetle AVieb) 


Consider the contribution of the second term of (17.11). We introduce the notation 
= a 6 tr 
A(z, s@,.t) = fae, [(8,,+8,,) fy* (1 22 +3) 
7 Biafra) Fl2)= Bo5f, (2 3) F,(1)| . (17.17) 


Thus from (17.15), (17.11) we find 


[+f dp, (p2 /am) 1% | si 
°° 12 (2) 


n? : 
dt{ dx dx,(v, —v,)* = § A(x,,x,,t). (17.18) 
2V J 1 2( 1 2 OFyp 7T 12572 
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Performing transformations analogous to those leading to Eq. (11.22), we obtain 
2 tr ] = 
[nfdp, (pj sam) 1* J, =0. (17.19) 


Consider finally the contribution of the third term of (17.11) to Eq. (17.15). 
We introduce the notation 


B(z,.0,,t) = | dz,{(8,,+6,,)°% (15233) 
5 &2(1, 2)]8, £2 (13) (2) +8)58%° (2.3)7,0)]}. (17.20) 


From (17.15), (17.11) (17.20) we obtain: 


[» f 40, ¢p2/2m re] 
a@ 


a 12 (2) 
DE DF [ ac f ax, dz, (v,~ Pied : ar, eae 52) B(x, sx,,t). (17.21) 


Performing transformations analogous to those leading to (12.15) we obtain 


[ofeotrsn 


3 
3 2 
--~ 2 [ at fae, de, o, 862 B(x, 2, ,). (17.22) 


Adding together Eqs. (17.16), (17.19) and (17.22), and using (17.20) we 
obtain the final result : 


5 ss Ss . se 
-s® (12)(8, 32 (1,3) +8) 962(2 3))| 


AA}. (17.23) 
The expression enclosed in curly brackets in Eq. (17.23) is identical to 
Eq. (17.1) which defines the two-particle distribution function fs to second order 
in the density. Hence, from the kinetic equation (17.2) together with the colli- 
sion integral ge we obtained the conservation of energy: 


a 2 i = 
ee { »| dp, (pj /2m) f +2{ dz, dz, 64} =0, (17.24) 


where the function f, is defined by Eq. (17.1). 
lows the expression of the 


From (17.14) and (17.1) fol- 


internal energy density in the triple collision 
approximation: 
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n? 
2V 


io 
ul 


(2) 
[ ae, dz, $4825 Pity 


3 

us (2) Neen (3) 

2V j de Ge *f [a [ ax, 51, 2) (85+ 955) Sie 
0 


+ 


(2) 7 (2) a (2 

= 682152) (4,,8@ (1,3) +8,, 5 (2,3))| Le r} : (17.25) 

This expression defines the first three terms of the virial expansion of the inter- 
nal energy for a nonequilibrium state of the gas. 


In the local equilibrium approximation (17.25) goes over into 
-o /kp? 3 -o k 
a2 +2 [ ar, dr, %,, € 12/ kp? 


2 
3 n a 
U= ng ker +s | dr, dr, 0), e oy 
{fer [ets #05 5)/Kp? - O1/Kpt _ se taalha } paar 
3 


It defines the first three terms of the equilibrium virial expansion of the 
internal energy density. 

If the Choh-Uhlenbeck kinetic equation is used, then Eqs (17.25), (17.26) 
contain only the first two terms, describing the internal energy density in the 
binary collision approximation. This is one of the aspects of the inconsistency 
of the Choh-Uhlenbeck equation, mentioned above. 

If the state of the gas is spatially inhomogeneous, there appear additional 
terms in the expressions for fe and pe? » 
Using the kinetic equation 

3 3 


— +ype-— weet — tr 
ot - or = Fy 9 ]f22 (r,p,t) (17.27) 


it is possible to derive the hydrodynamical equations in the usual way. The expres- 
sions for the coefficients of viscosity and of heat conduction coincide with those 
obtained by Choh and Uhlenbeck [5], but the pressure and the internal energy den- 
sity contain the first three terms of the virial expansion. Thus, the kinetic 
equation derived here leads to the hydrodynamic equations containing the effect of 
triple collisions in the dissipative as well as in the nondissipative quantities. 
We recall that in the approximation of binary collisions the viscosity and 
heat conductivity coefficients, n,« , depend only on the temperature, not on the 
density (see Eq. (7.19)). This follows from the fact that, e.g., n ~plvn and the 


mean free path 1 ~ no} 


and p~ 7, 
In the triple collision approximation, the viscosity and the heat conduc- 


tivity depend on the density in the form 


n= Np) ten, 


e= nr} (17.28) 


K, +eK 


Km Ko 1 
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where NpsKy are the corresponding quantities in the pair collision approximation. 


In the hard-sphere model one obtains the result [5]: 


n= 9.6 No * Ky =2.9 Ko: (17.29) 


The values of No »Kq were given in Eq. (7.19). 

The method considered here might be generalized to the derivation of kine- 
tic equations describing higher order collisions. However, this generalization 
does not deserve interest because of the divergence appearing in the next orders 
of approximation. 

In the next section we consider one of the possible methods by which 
the difficulties of the construction of kinetic equations for dense gases can be 


overcome. 


18. KINETIC EQUATIONS FOR THE SMOOTHED DENSITY OF A GAS 


In sections 3 and 17 the kinetic equations for nonideal gases were derived 
in the binary and ternary collision approximations. The construction of kinetic 
equations for denser gases, taking into account higher order collisions, cannot be 
performed according to this scheme, because the collision integrals so obtained 
diverge (cf. sect. 16). 

We saw that in the derivation of the kinetic equations one makes use of the 
condition of weakening of the fast (short~scale) fluctuations. The boundary 
between fast and slow fluctuations depends on the approximation considered. It is 
determined by the size of the corresponding physically infinitesimal intervals, 


(2) 3 


(see sect. 16). In the binary collision approximation 7 ~e’ tT T Ae Le 


ty rel’ "4 

From the discussion of sect. 16 it follows that the collision integral in the four- 
particle collision regime cannot be obtained by the method of perturbation theory 
in powers of the density; indeed, the quantities rw) ~ Trey ae ~ 1 and they 
cannot be considered as negligibly small. As a result, the collision integral 
depends explicitly on Tyg, (or 1). This leads to an additional dependence of the 
collision integral on the density. 

In other words, in deriving the collision integrals describing four-particle 
and higher order collisions, it is necessary to take properly into account the con- 
tribution of the binary collisions to these higher order sipressiore.* 

We start from the Liouville equation, averaged over a physically infinite- 
simal volume 13, defined in the binary collision approximation [23 , 24] 

(16.3) and the definition of sect. 2: te ~ fe! n (remember that ty ~ ef 1 <2). 


We denote this averaged distribution function by fy 


i We follow here reference [23]. A similar scheme for the ideal gas of hard 


spheres was developed in the work by Hopfield and Bastin [64]. 
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In order to obtain the equation for this function we proceed as follows. We 


represent the two-particle function f(z, 2f,,t) in the form: 
a Q) 
= + 
f, (2, 2, »t) qs 5 (18.1) 
where f, is the smoothed distribution function, describing the behaviour of the 


particles at distances | ra rl > 


$ 


C1) = 
f,° =0 ~~ for Ir, rl>t (18.2) 


oe 
If the condition of complete weakening of the initial correlations is valid, then, 


in the zeroth approximation in the density parameter, the function f, is expressed 


2 
in terms of one~particle functions as follows (10.4): 


fo (Ry stat) OL AP Hest) P58) (18.3) 
We recall that Py 2) are the initial momenta of two particles colliding at 
time t. 
If, instead, we use only the condition of the weakening of the short~-scale 


fluctuations, with Pr <l,Toor< Tpe1» then we obtain the more general expres- 


cor 
sion: 
fi (2, 2,8) Shak rioPis(-™), 1}, P.(-»),¢) . (18.4) 
Here fr, =r because in Eq. (18.3) one does not consider spatial variations of 


2 12 
the functions fy over distances of order ry the time .retardation is also neglec- 


ted. If these two effects are included (to first order in To/Tre1)> one must re- 
place (18.3) by the expressions (15.2), (15.4). Thus, the condition of weakening 
of the short-scale fluctuation is expressed by the more general relation 


F 3 
f(z, @,t) = (:- 2. ar, x) fy (rps Py) 5 ry, Py(-9,t) 





a eee re (r PAD hg BAKO #)s 
ot 2 ary 1? 1? 
(18.5) 

If we limit ourselves to Eq. (18.4), it will be seen that the effect of the 
binary collisions in the equation for the smoothed function i and in the corres- 
ponding equations for fy »f, fy > +++ appears only in the dissipative contribution. 
The use of (18.5) to first order in T/T ei ; r)/t includes also the correction to 
the nondissipative contributions. 

For simplicity we shall use the approximation (18.4). The nondissipative 
contributions of the binary collisions can be added to the final results. 

For [ei Fo < by the function ue 4) is a rapidly varying function of 
rT, and sev cguais to the function é a (18.1). For eas > a in (18.4) 
Pi io =P. io and f(z, oz, »t)= é (x, Z, »t), which follows already from the 
definition (18.1). 
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In the weak-coupling approximation the moments Piiae T) are defined by 
Eq. (13.7). Using this expression we find from (18.4) the following weak-coupling 


approximation form for fy 


f, (1 »@5t) = Playset) 


matt = B= yr th) : 

+ [ae Ar ee (2 - sh) Ff, (2, .2,54). 
0 ar, Pi °Py 
(18.6) 
The second term vanishes for [y= rol > Ly and corresponds to fie in (18.1) 
From the structure of the Liouville equation (3.11) 
G,, sey > a: fy a0 Cie 27) 
4 W apis tg 
1<t<g<N 


follows that in the pair approximation in each term LFF fy » the short-scale motion 
must be taken into account only for the particles <,j. We introduce the following 


notation: 


(td) _ ¢ 
Fy" = Fly verre tye Py veces Ppa Pg acces Syst) (18.8) 


One can set here r; =T5 as the nonuniformity on short scales can be neglected. 


Taking into account the fact that 


4 





ae: (i,3) 
a u es Aw ina a Lod 
84 fy = 955 fy + 8,5 f (18.9) 


we obtain the Liouville equation for the smoothed distribution function 


a a > 


ater FO) 18.10) 
17°" "N l<i<j<N 1<i<j<W 


Ong Sy 
Henceforth, the tilde ~ will be deleted over Oey and over the right-hand 
side in (18.10) whenever this does not lead to confusion. 
On the basis of Eq. (18.10) one can construct the hierarchy of equations 
for the smoothed functions f, =f, F fy>f, >++.. From Eq. (18.10) we obtain for 


the one-particle function: 


9 3 9 
94 i oe Pein A 
bs Bape UF Ge ee 


1 1 
eel) ee (1,2) 
2s J az, 8,, [7 (2, »t,st)+f, (2, .2,, 4) | (18.11) 
where, from (18.8), 
(1,2) = 
fo (eet eth = Fil PCs me Pom) st). (18.12) 


We rewrite the second equation of the hierarchy as 
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“0 ~ a oe qa,2) 
be +2 7,-8,, (F,+ 4; ) 
1 2 
_N-2 na (~ oe) a (F a) 
a J a2, [6,.(7, +4 t Oooh ae 3 (18.13 


Clearly, this hierarchy for the smoothed functions is not closed. Hence the prob- 
lem of its termination arises again: one needs approximation methods for obtaining 


closed sets for a finite number of smoothed distribution functions. 
(1,2) 


We introduce two-particle correlation functions corresponding to fy>f, a 


Using (18.4) we get 
f, (4, >",.t) =f, (@,>#) f,(22t)+G,(%,.0,t) (18.14) 


uae 2B st) = Fy(r ys Pym) st) Fy (rs P,(-m) st) 


+G,( ry oP)(—=) orysPO=) .t) . (18.15) 


If the correlation functions in (18.14), (18.15) were zero, the first equa- 
tion of the hierarchy, (18.10), is closed and corresponds to the Boltzmann equation 
with the collision integral (10.5) or (15.6). 

Thus, the same cut-off of the hierarchy for the smoothed distribution func- 
tions, corresponding to the complete neglect of G5» Garces leads to the Boltzmann 
equation for the ideal gas. The latter takes into account the dissipation through 
binary collisions. 

If instead of (18.4) one had used the more general expression (18.5), we 
would have obtained in zeroth approximation the Boltzmann equation for the nonideal 
gas, with the collision integral (15.5). . 

We consider now higher approximations for the correlation functions. On 
the small scales, the correlation functions I> can be neglected in (18.15). Indeed, 
on such scales (or order ry) the main role is played by the correlations due to 
pair collisions, but these are taken into account by the first term in (18.15). 

With these assumptions the first equation of the hierarchy (18.11), using 


(18.14) can be rewritten as 
3 r) 3 
eae 3 es og cS = 
(F "I ory Fo spy) f(y 9°) Ae 9*) 
= Ig(a, >) + I(x, >t) : (18.16) 


Here I is the corresponding collision integral. It consists of two terms: 
I, is the Boltzmann collision integral (10.5) or the more general collision inte- 
gral (15.5) - (15.8), and T the part of the collision integral defined by the long- 


range correlations : 
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~ N-1 9915 9: 
i= |az, “Or. OP. g(® >t 9t) - 
1 1 
Here (V—1)/V can be replaced by ”. Through this term the interactions 
of higher order than the binary ones can be introduced into the kinetic equations. 


We come back to Eqs (18.13) for i and express the distributions 
p09 p02) 
3 eg 


(2.5): 


through correlation functions. These relations are analogous to 


PP a ae oe) = f(r, oP, ot) f,(2,.t) Fy (ry Py?) 
+ Fhe »P, »t) 9, (2, TP, t) 
+ flay. t) Gy (rye Py ory» Py> *) 


+ fi(ry> Py» )9,(r oP Sv »P, >t) 


, 1 


+ 9,(ry>Pys Boh, > Py>t) (18.18) 


The expression for the function fe? follows from (18.18) by the permu- 
tation of the indices 1 and 2. In Eq. (18.18) the third and the last terms can 
be neglected, as the long-scale correlations are unimportant at short distances. 
After these simplifications. we substitute (18.18) and the corresponding expression 
of a? into the right-hand side of (18.13). We introduce the following symbol 


for the linearized Boltzmann collision integral (10.5) : 
bt. {orle, 2) =-- nf dz, 81 {hi [r, Pi (-) ,¢] of [r, en aa st] 


+ df[r,. P, =), et] fy [ry» Po(-=) ,e)} (18.19) 


The minus sign introduced in this definition is convenient for further use. 
A 
Consider the result of the action of the operator 6I on the correlation 


function In: For instance : 


= 90 | ae, 6,40, ( rp P (—°) >t) 9,( Las ry »P,(—»),¢) 


+ g,( ry P,(--) 2, >t) Fy (ry Py) #)} ; (18.20) 


An analogous definition holds for the expression bin {9,( Zio t)}. 
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Using these notations we rewrite (18.13) in the form 


~ —S__——$_— 


~ 


6 beat / an an ~ a an 
Le, = te (af, + 6%, ) 9, = Bio fy + BF Cr oP »t) f(r,» Pi»t) 


~ 2 [Ligl2, +8) f, (2st) + Ip(2,,¢) f,(2,>t)] 


r N—-2 





| (81, - 85) f, 
+ [Ip(a, >t) £ (x, 5t) + Ip (x, >t) f,(2,>%) : (18.21) 


The Boltzmann collision integral appearing on the right-hand side is 

I3(z, st) = | dx, bof (Fs P,(—™) ,t) Fury »P,(—#),¢). 

In (18.21) we separated from the last term a part proportional to 
1/(W-1) = 1/N. The meaning of such a separation will become clear below. We did 
not take the limit N+ ,V+o in order to leave open the possibility of studying 
the fluctuations in systems with a finite number of particles. One can however 
replace, of course, W-1 by N, as WP} 1. 

If Eq. (18.21) is multiplied by 1/V and integrated over Lys it coincides 
with the kinetic equation (18.16). In order to show this one must use the defini- 
tion (18.20) and the property (2.8) of the correlation functions. 

We continue the transformation of Eq. (18.21). We substitute into the left- 
hand side the expression Se £y + 9, for f, and eliminate the derivatives of fy by 


means of the kinetic equation (18.16). We obtain 


a9 a a \~ 
+ + 
(ee bI st, ) g,(152) 


= [87,120 4 f ae, {8,, 701.3) 4, (2) +8,, 22.9) 4,(0]} 


12°2 
#8 flrs Ppt) fbr, Pst) 
— (1, (2,5) (2) + 2h (2,04) AOI 
| dz, { 8] F,(1.2.3) = f,(143) #,(2)] 


+ 8 | F,(1 0203) - (253) £,0)]} (18.22) 


The second term on the right-hand side appeared because in front of the 


integrals containing e there is a factor (W-2)/V, whereas in (18.16) the factor 


is (N-1)/V. 
We eliminate the functions fo A I by means of Eqs (18.14) and the corres- 


ponding expressions for f3: 
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3 1. 1 1 1 2 


+ (2) 05,0193) $F, G) 950152) Fo (14245). (08s05) 


The bracketed expressions in the last term of (18.22) become 


Fi(bs2e3) =f 0s NF (2) =F, 1) 6, 2 8) FF 3) 9, (192) Fe, (1998) 


Fs HT, Os TF TSP) ee FE 9 a 2 oo) 


(18.24) 
We neglect the terms containing the function f,(3) on the left-hand side 
and use the relation (2.10) for the average force. Hence, on the left-hand side, 
instead of Las appears the operator £. It is defined by Eq. (1.8) in which the 


force Fy is replaced by F. As a result, we obtain the following equation for 9, 


a 


(ts, 2, ¢Ste,+ Six) 8,(152) = SQL) 4, (2) +99(102)] 


2 fae, (8,80) 2, (3) +8 0.3)] 4,02) + 


+ B5[7,(2) f, (3) +8, (2.3)] £,(} 

+ B12 F, (Py ot) f,(P, +t) — [Ble ot) fy (2) + Ig(e, ot) 7,01)] 

+ nf dey{,5[F, (1) 8, (2,3) +3, (1,253)] + 

#9[¢3(2) §,(153) +8,(1.2,3)]} Clacosy 


Let us discuss the role of the various terms on the right-hand side of this 
equation. The last term is proportional to m: it describes triple and higher order 
interactions 

The first four terms describe binary collision contributions. The latter 
can be split in turn into two parts. The first two terms define the contributions 


of the interactions at distances TY)» >t and the next two those at distances 


o? 
r,< ty: The second and fourth terms, proportional respectively to !/V and to 


1/N, ensure the existence of solutions of Eq. (18.25) for which 
1 = ] ed 
+ | ax, Jo(,.%5,t) = ii dx, g,(@,.%,.t) = 0 


The fulfilment of these relations is necessary for the consistency with the 
definition of the correlation function 9, [cf. the conditions (2.8)]. 

The contribution of the ternary and higher-order interactions enters the 
kinetic equation (18.16) through the integral i The latter is defined through 
I, » which in turn is determined through Eq. (18.25). 

We now compare Eq. (18.25) to the second equation of the BBGKY hierarchy 
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(1.20). For convenience we write, instead of (1.20), an equation for the correla- 
tion function 9, = i BP fie From Eqs (1.20), (1.19), taking into account (2.4) 
and (2.5) we obtain 


(ae 812) g2(1.2) = 8, F,(1) Fy (2) 
+ n | dz, (8,[ 4, (0) 9, (253) +9, (12,3) + 
+ 8,5 [7,(2) 9, (143) +9, (1423) ]} (18.26) 


Here, unlike (18.25), there are no terms proportional to !/V. 
In the binary collision approximation the equation for the function Jo 


{(2.19)] can be written as 


Cae 9,(152) =6,, f£,01) f, (2). (18.27) 


Comparing Eqs (18.26) and (18.27), we see that the contribution of ternary 
and higher order interactions is described by the second term — proportional to 
nm — on the right-hand side of Eq. (18.26). This term has the same form as the 
corresponding one in (18.25). 

It was said in section 16 that the density expansion of the BBGKY equa- 
tions leads to kinetic equations with divergent integrals. This statement changes, 
however, if the density expansion is applied to the solution of the hierarchy of 
equations for the smoothed distribution functions fi i: eee 

As in the Eqs (18.25) and (18.26) the terms describing the contributions of 
ternary and higher-order interactions coincide, the main difference between these 


equations consists in the replacement of the operator 


ee (18.28) 


in (18.26) by the operator 
L mies + Sly + Sly, (18.29) 


in (18.25). 
In solving Eq. (18.25). the solution of the homogeneous equation can be 


neglected: because of the presence of the terms 5 Izy. bigs the initial correla- 


(2) and the characteristic times of the 


(2) ,_2 
rei/€ 
In the solution of the inhomogeneous equation (18.25), the presence of the 


tion I> decays in a time of order Tel? 


triple and four-body collisions are of the order Tee 5T » respectively. 


Pid Gyiteey leads to a cut-off of the collision integrals at 


A A e 
terms (sf, + 6f,,) g 
3 i.e. at a time of the order of the mean free time for binary 


(2) 


atime t~T 
rel 


collisions. 


For instance, considering triple collisions in Eq. (17.9) we are led to 
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the change 
0 0 -t/t . 
J dt 8P(1,2) 0. J ae Miaabaee EG) eee (18.30) 
0 6 


In this way, the divergence in the collision integrals describing higher 
order collisions are suppressed as a result of the dissipative contribution due to 
the pair collisions. An analogous result can be obtained by means of the diagram 
technique. One must then sum the most divergent diagrams arising in the density 


expansion [22, 24]. 

(2) 
rel 
sity dependence in the collision integrals and in the corresponding transport 


The appearance of the new cut-off at t~T leads to an additional den- 
coefficients. 
For instance, for the viscosity n, instead of the alleged virial expansion 


in powers of the density parameter € = nr3: 


0 
n= ny (7) +en, (2) + e?n, (7) Pitta (18.31) 
the first three terms in the series are 
n=n,(2) +en,(7) + e? 2n(1/e) n/ (7). (18.32) 


In (18.31), (18.32), the coefficients No», are defined respectively by 
binary and triple collisions. The next term in the virial series cannot be found, 
because of the divergence of the integral describing four-body collisions. The 
divergence has a logarithmic character an(t/t,). Hence, in presence of the cut- 
off (18.30), &n(t/T,) can be approximated by 

an( 162) /t9)} = &n(1/e) (18.33) 
As a result, the third term in (18.32), describing the contribution of four-body 
collisions. is proportional to e? Qn(1/e) and hence depends non-analytically on 
the density parameter. The existing experimental data on the density dependence of 


the viscosity do not yet allow us to distinguish the logarithmic term [55]. 


19, ON THE STATISTICAL DESCRIPTION OF NON-EQUILIBRIUM 

PROCESSES IN DENSE GASES 

We considered the kinetic equations for nonideal gases in the approximations 
of binary and triple collisions. As shown in section 18, it is possible to derive 
kinetic equations also for denser gases, where four-body and higher-order collisions 
play an important role. Such a method of successive approximations is, however, not 
very effective. We need here some other scheme, analogous to the one used in the 
equilibrium statistical theory of dense gases and liquids (Sect. 9). 

For thermodynamic functions there exists a density expansion (Sect. 8): the 
virial expansion. But in practice only the first few terms of this series are used. 


The calculation of the thermodynamic functions of dense gases and of liquids 
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proceeds either via numerical methods (the method of molecular dynamics or the Monte- 
Carlo method) or through the (analytical or numerical) solution of model integral 
equations for the pair correlation function Gy: In section 9 we considered several 
such equations. All of them provide the exact value of the first three virial coef- 
ficients and give approximate expressions for the higher ones. 

An analogous procedure is possible also for the construction of the kinetic 
theory of dense gases. Instead of a single kinetic equation for the function fy> 
the description of non-equilibrium processes in such systems can be based on a set 
of two equations for fie q, or for fy fy: Let us consider one example of such 
a set. 

We saw that Eq. (17.11) for the function f, is defined through a sum of 
contributions of the binary and the triple collisions, with due account for the 
retardation. The contribution of the binary collisions is described by the first 
term in the right-hand side of (17.11): it consists in turn of two terms [see 
(17.5)]. The first one is of zeroth order in the density and describes in the col- 
lision integral the dissipative contribution, in the pair-collision approximation. 
The second term defines the contribution of the pair~-collisions to the non-dissipa- 
tive functions, such as the internal energy, under the (9/9t) sign. Formally, this 
term might be considered as a contribution to fy» of first order in the density. 
But, as shown in section 17, the consideration of the formal density expansion of 
a leads to an inconsistent description of the dissipative and nondissipative pro- 
cesses. 

Taking this fact into account we consider, for the generalization of Eq. 
(17.11), the expression i given by (17.5) as a zeroth approximation for f,- It 
describes the complete contribution of the binary collisions to the kinetic equa- 
tion. The first approximation is described by the remaining terms in (17.1!): they 
define the complete contribution of the triple collisions to the kinetic equation. 

Let us use for the distribution functions the analogue of Kirkwood's super- 


position approximation in the form 


elise) i fe fy (152) f, (1,3) f, (253) 


be be be Ga) 
f, (1,2) 5° (1,3) f (2,3) 
The functions ree es are defined by Eqs (17.5), (17.7). 
In first approximation, when [see (17.5)] 
_ pbe _ ,(2) at d (2) 220-4 sel 
fate Sa tty a, J atte sO nie hth. (9.2) 
we find from (19.1), (19.2), (17.7) & 
_ ptr _ ,(3) _ 2 d (3) = 20 1 
f, = fs = Slo ff, f, [ar T an out i hs La = a ae ‘ (19.2) 


ot 4 
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Consider the equilibrium state. As the position distribution functions are 


FPO ( ry 5 7) = exp (-4,,/ky?) 


tr og - 
FS (ryetgs Ty) = exp [- (0), +0, ,+9)5)/kg? | (19.4) 
we find for the three~particle distribution: 
fa (7 ys lool) = fy (7, >) fo¥yo%3) fol, 27s) (19.5) 


which coincides with Kirkwood's superposition approximation (19.1). 
In order to define age >» equation (17.11) which defines f, in the triple- 


collision approximation, can be changed into an integral equation 


i ¢ 
f,( 152) = £2(152) #£2(1,2) aa dt [dz, 3? (1,2)- 
F [(8,3 #895) fy (15253) ~ 613 £2 (13) F, (2) - Bg f,(2,3) £,(1)] 
aes = be | ae, T s@ (1,2) {(,5#8)3)[ 7, (1523) 9.1,253)] 
- 8 (1,2) [8,,{7,(1.3)- F203) } (2) + 
- 8,5 {f, (263) —£2(2,3)} £0} : (19.6) 


The functions ee fos fis entering this integral equation, are defined by Eqs. 
(19.2), (19.3) and fy by (19.1). 

In the triple collision approximation one must set under the integrals in 
Eq. (19.6): f, = fers pees and f, = fs pete, y+. Then (19.6) reduces 
to (17.11). 

Equations (17.2), (19.6) are a closed set of equations for the functions 
fy »f, . In equilibrium, Eq. (19.6) reduces to the corresponding equation obtained 
from the equilibrium hierarchy in Kirkwood's superposition approximation (sect. 18). 

One can use instead of (19.6) other types of approximate integral equations 
for f(z, 2250t) » which reduce in equilibrium to the Percus-Yevick equations (9.2) 
(9.3) or to Eq. (9.6). 


20 GENERALIZED KINETIC EQUATION 


In section 16 we noted already that in recent years there have appeared a 
series of papers in which one tries, by various methods, to obtain generalized 
kinetic equations describing correlations of arbitrary order. A simple and clear 
solution of this problem appears in the work of Zubarev and Novikov [52]. The 


essence of their work is as follows. 
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We express the collision integral through the phase-space distribution 


function Fy = aoe . Note the normalization 
| | ae, dz, F, = 1 
F porcees dey Py : 
V 
For spatially homogeneous systems we obtain from (2.13) 


of, 
ot 


3%), Fy 


1 
= = a we ete 7 
I(p,,#) n —WrF | az, > » day a, 5 (20.1) 





For the function Fy, the authors of reference [52] use the Liouville equation. 
Solving this equation with the condition of weakening of all the initial correla- 
tions, one can express Py in terms of one-particle distribution functions. Sub- 
stituting this expression into (20.1) one obtains a closed equation for the function 
fyi the generalized kinetic equation. 

However, the use of the Liouville equation for Fy leads to some difficul- 
ties in the passage to the usual (Boltzmann) form of the collision integral and in 
the derivation of the conservation laws. These difficulties can be avoided if one 


uses for F,, instead of the Liouville equation, the equation 
N Ny 
city) te ee 2 (eta ea, 
aos Fo= [2+ . + Fe .,t). . 
(2+i, yn Lot 2 "2 Or, on: Gieece ). (20.2) 
Lt g=1 


t=1 2 
This equation has the same structure as Eq. (2.18) for f, in the binary 








collision approximation, or of Eq. (17.4) with the right-hand side of (17.6) in the 
ternary collision approximation. 

Clearly, Eq. (20.2) is not the Liouville equation. It is the nth equation 
of the BBGKY~hierarchy in the approximation in which the collisions of N+1 parti- 
cles are neglected. We assume NV >}, 

Under the assumption of the complete weakening of the initial correlations, 


the solution of Eq. (20.2) for a homogeneous gas can be written as [25] 
us t d (WN) x 
s ? er; 
Py = 7 | fylepet) + fa 2 (3) ) [ [fyleget-t’). (20.3) 
t=1 0 an tal 


Substituting (20.3) into (20.1) we obtain the collision integral of the generalized 
kinetic equation. 

The previously considered kinetic equations follow from the generalized 
kinetic equation by using the virial expansion of the non-equilibrium distribution 
functions. This expansion was obtained in the work of Cohen [22] and other authors. 

The collision integral obtained in this way possesses the properties (11.5) 


for >= P)- For $= ee /2m, one obtains from (20.1), (20.3): 
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2 
Py n? a 1 
n [ az, a I(x, ,¢) ne oe ae a [ az, seve, Udy bi Fy - (20.4) 
Hence, the internal energy density has the following form: 
1 Pr Sg 
= as fe. Sea eas aeee 
U n 7 | dz, = ei + : Wal | dz, Nika dz y 15 Fy é (20.5) 


In equilibrium, Eq. (20.3) reduces to the Gibbs distribution function for W parti- 
cles. 
The generalized kinetic equations have not yet been used for the solution 


of concrete problems. 


CHAPTER 4 


Kinetic Theory of Fluctuations in 
Gases 


an EQUATION FOR THE SMOOTHED DISTRIBUTION FUNCTIONS 
IN THE POLARIZATION APPROXIMATION 


Let us consider again a gas which is sufficiently dilute for the binary 
collision approximation to be applicable. We recall that for the derivation of the 
Boltzmann equation the condition of complete weakening of initial correlations is 
used. Actually, as we noted in section 16, the weakening affects of the short-scale 
correlations with Ton ef te Pe et, Thus, in the derivation of the 
Boltzmann equation, it is essential to assume that the long-range fluctuations (with 
Teor * ety rea = eZ) do not play any role in kinetic theory. Only at that 
price is it possible to obtain a kinetic equation, i.e. a closed equation for fy: 

The long-scale fluctuations do not have time to decay during the relaxation 
time of fy: Therefore, when such fluctuations are present, one does not obtain 
from the BBGKY hierarchy (or from the Liouville equation) the Boltzmann equation, 
but rather a set of equations for the function ae and for the long-range correla- 
tions Gyros . This set can be replaced approximately by a Langevin equation for 
the random function fy» i.e. by a Boltzmann equation with a stochastic source 
y(a,,t). 

In this connection there arises naturally the question of the definition of 
the statistical characteristics of the random source. For the states of the gas not 
far from equilibrium, this question was first solved by Kadomtsev [25]. In his work 
the correlation functions of the random source y were calculated by using methods 
analogous to those developed for the Boltzmann equation itself. 

In the work of Gorkov, Dzyaloshinsky and Pitaevsky [38] the methods of 
Landau and Lifzhitz [56,591] and of Rytov [57,58] were used for the construction of 
the kinetic theory of fluctuations. 


The direct generalization of the work of Kadomtsev [25] to cover non- 
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equilibrium, but stationary, states of the gas was obtained in the work of Kogan 
and Shulman [39]. In the work of Gantsevich, Gurevich and Katilius [40,41] of 
Jigulev [43], of Sadovnikov [44], and of Kogan [45], the theory of equilibrium 
states and of stationary non-equilibrium states was developed on the basis of the 
BBGKY hierarchy or of the corresponding Green functions crane 

Here we shall proceed to the calculations of the fluctuations from the hier- 
archy of equations for the smoothed functions fs f ae >» (see sect. 18) and from 
the corresponding hierarchy for the phase densities N(x,t) [23,24]. 

Let us return to Eqs (18.11), (18.13), the first two equations of this heir- 
archy. For short distances (of order r,) the main role is played by the correla- 
tions due to binary collisions. Therefore, in Eq. (18.15) the contribution of the 
term g(r, ‘ Pi(-@), rie P,(-*) ) can be neglected and one finds for f, Eq. 
(18.16): 








3 3 3 ~ 
(2+ Vi ar, + F- rr ) f, (x, >t) = I(z,,t)=I,+I (21.1) 
1 
Here I, is the Boltzmann collision integral: in the absence of retardation 


effects and of inhomogeneity it is given by Eq. (10.5) and in the general case by 
Eqs (15.5)-(15.8). The second term is the part of the collision integral which 


is determined by the long-range correlations: 


i = Ja SP NO x,5t) (21.2) 
I=n x, ar, ap, py (£1 .%,.t). 
In the same approximation one can use Eq. (!8.25) for the correlation function 9, 
instead of Eq. (18.13) for the function f,- 

We already noted that in Eq. (18.25) the last term describes the contribu- 
tions of triple and higher-order collisions. These can be divided in turn into 
'polarization' terms (see sect. 3) which are defined by two-body correlation func- 
tions 9, (2,3); 75 (1,3), and terms containing three-body correlations. 

Here we shall calculate the fluctuations in the gas in the binary correla- 
tion approximation; hence we shall set g,=0 in Eq. (18.2). Besides, because of 
the smallness of the long-range correlation functions, one may neglect in Eq. 
(18.25) the term cee 9, as compared to Gp fy on the right-hand side. As a 


result, we obtain the following equation for the function Gos 


+ 


A thorough treatment of long-range fluctuations, from a very different point of 
view is given in the recent book by Nicolis and Prigogine [72]. (Translator.) 
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care + iy, + si, ) 9, (152) i 6 of) f,(2) 


A x o-oclcr,:mc eee” 
= Tf ey (8, 5 +85) £01) Fy(2) £03) + 8,9 Fy (rs Pet) Pyle, Past) 
— © [Egleyt) £,(2) + Iplegst) £,(1)] 
+n | 42 4(8,,49(2.3) £0) + 6,495(153) F,(2)] (21.3) 


This equation is analogous in structure to Eq. (3.5) for the pair correla- 
tion function 9g» (x 19% >t) obtained in the polarization approximation from the 
BBGKY hierarchy. 

The main difference with this equation lies in the presence, on the left- 
hand side of Eq. (21.3), of the additional terms 82n 19 ; bfa9,- They describe 
the dissipative and non-dissipative processes due to the binary collisions. 

The polarization terms, i.e. the last terms on the right hand side of Eqs 
(21.3),(3.5) have the same form. 

The first four terms on the right hand side of Eq. (21.3) are defined in 
terms of the one-particle distribution functions fy - They can be considered as 
sources in the equation for g,- The first term of the source corresponds to the 
source of Eq. (3.5). The second term compensates the first when integrated over 


z, or z,. The third term in the source has the form 


oT 
Bi of (ry. Py (-#) >t) £, (7, Pa (-), 4 . (21.4) 


There appears here the symbol of smoothing, i.e. averaging over a physically infi- 
nitesimal volume ty ~ (x fet)? > Bee 

In the state of local equilibrium, when fy a re the Maxwell distribution, 
the expression (21.4) goes to zero because the integrand is an odd function of rj, 
and the averaging integral vanishes. 

The fourth term in the source supplements the third. Together with the 
latter it gives zero by integration over x, or Zs just like the first two terms. 


1 
Hence, the equation for vif dz, gy is homogeneous and has the solution 


1 ~ 
1 dz, 6, =O. (21.5) 


The necessity of this condition follows from the definition (18.14) of the 


correlation function G,« 


22. EQUATION FOR THE SMOOTHED PHASE DENSITY. THE METHOD OF MOMENTS 
In sections 4-6 we used as a basis for the construction of the non-equili-~ 
brium statistical theory of gases the equation (4.6) for the phase density in the 


six-dimensional space of positions and momenta. Averaging that equation we obtained 
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a hierarchy for the moments of the phase density, which is equivalent to the BBGKY 
hierarchy. 

In particular, in section 6 we obtained Eq. (6.13) for the second one-time 
moment of the phase-density fluctuation (ev ON) oe! which is equivalent to Eq. 
(3.5) for the two-particle correlation function I» in the polarization approxima~ 
tion. It was also shown that, for the description of the processes in this approxi- 
mation, we can also take as a starting point Eq. (6.32) for the fluctuations of the 


phase density 6W. This equation contains a source 6NS°OUTCe | 


The correlations of 
the source fluctuations is defined by Eq. (6.33). 

Similar considerations can be applied to the study of the long-range fluctu- 
ations in gases. To this purpose we take, as a starting point, the equation for the 
smoothed phase density W(x,t) instead of Eq. (4.6). From the former we obtain, by 
averaging, a hierarchy for the moments, equivalent to the hierarchy for the smoothed 
functions fy . i, 7 f ere 


We rewrite the equation for N(x, t) in a form analogous to Eq. (4.7) 








3 3 3 7 
+p. + . 
ee v F Fy ) N(x,t) 


= fae! 8.) [i(a,t) Hla" ,t) + H(r,P (-~),£) ir P! (-»),t)] 


(22.1) 
where the operator Be! is analogous to the operator Cry (1.6) 
A ao(|r-r’ 36(|r—r’ 
ge ORCI 2 dee COME ZI), ses (22.2) 
ee: or ap or! op 


The last term in (22.1), describing the contribution of the pair collisions, 
is written in the ideal-gas approximation. If the retardation and inhomogeneity 


effects are taken into account to first order in T)/t ri/t » this term must be 


rel’ 
written as follows: 





[ ax’ 8, {(1 meaner \[A(r Pim) eile, P=) +2) 








~ = 9 vt! 39 F) F) ) 
ex! it pee ~4+F. +F ._2_ 
N(r,p,t) W(r,p’, )] (2+ 5 ae Mey, 


co 


; faceged (Pet). #) i(r,Pi(-t), )} (22.3) 


This expression is written in analogy with (15.6)—(15.8). Equation (22.1) for the 
phase density, in the special case £ = 0 and without the first term on the right- 
hand side was first used by Kadomtsev for the calculation of fluctuations in an 
ideal gas [2s]7 i 

t In a recent preprint of N.N. Bogolyubov [66] the equation for the microscopic 


phase density corresponding to the Boltzmann-Enskog equation (sect. 15) is con- 
sidered. 
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The equation for the smoothed phase density can be obtained from the exact 
equation (4.6) for N{x,t) by the same method by which Eq. (18.10) for the smoothed 
distribution was obtained from the Liouville equation. We now proceed to the 
averaging of Eq. (22.1). Hereafter, wherever no confusion can arise, the tilde ~ 
will be omitted over the function W(x,t), i.e. W(x,t)>W(x,t). 


The relations (5.1), (5.2), (5.6) hold true for the smoothed functions as 


well: 
(u(x,t) ) = nf, (z,t) (22.4) 
(®(2,t)N (x! ,t)) = mr f(ase'st) +f $(x—a') f ,(=,t) (22.5) 
w(W-1) ~ 
(S06), al ot = aon g,(x,x' ,t) 
+ Pl s(a-e!) fi (x.t)-4 f,(a,t) f,(2’t)] . (22.6) 
Here 
8N (x,t) = W(x,t) — (N(x,t)) (22.7) 


is the fluctuation of the smoothed phase density. 

The equation for the average phase density (w) [see Eqs (22.4), (22.5) ] 
corresponds to Eq. (18.11): the first of the hierarchy for the smoothed functions 
fi» fe »». » If the contribution of a, for distances of order 5 is neglected, 
as was done in the passage from (18.11) to (18.16), we obtain the following equa- 
tion 


c] c] p) < 
(2+y- Par 2) p (2,t) = 1, (2,2) +i(a,t). (22.8) 


This equation differs from (18.16) only in the fact that the contribution of the 
long-range correlations to the collision integrals is defined by the following 


equation {instead of (18.17) ]: 


1 3 
age ( oF én) 


et? (22.9) 
3 ? 


I(a,t)= 





[ ae’ 62) (OW 80), = 


As in (18.16), I; is the Boltzmann collision integral, defined by (10.5) in the 
absence of retardation and inhomogeneity effects, and by (15.5)—(15.8) in the 
general case. 


From Eq. (22.8), defining the relation between (sy 6) and g, fol- 


’ 
lows that there are two additional terms in (22.9) when Aoanare dee Gass, The 
second term on the right-hand side of Eq. (22.6) takes account of the self-inter- 
action; it vanishes upon integration over r’ in the integral can The second 
additional term (originating from the last term in (22.6)) takes account of the 
fact that in the expression for the average force (2.10) there occurs a factor N/V 


instead of (N—1)/V: this difference is compensated by this term. 
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Expression (22.6), just like the corresponding one (5.6), satisfies the 


condition: 
1 P wl = 
LY dot ( on 6H), arg = fae on OF) the 0 (22.10) 


which follows from the conservation of the number of particles. 
From Eq, (22.11) we now derive the second equation of the hierarchy for the 


moments of the smoothed phase density N. Omitting the tilde, we obtain: 


CL ee ee fax" {8c [ eww eas (wan) 5 9! pl el 


+8 [( WN) Sg! gle (NNW) | pi pel} (22.11) 


This equation corresponds to Eq. (18.1!) for the smoothed two-particle function es 

Let us show how we can make the transition from Eq. (22.11) to Eq. (18.13). 
This transition will allow us to establish the rule defining the action of the col- 
lision operator on terms containing singular functions. Such functions appear in 
the expression relating the moments of the phase density to the distribution func- 
tions, e.g. in Eq. (22.5). 


We write the corresponding expression for the third moment 


= N(N-1) (N-2) fF (2,2! ,2"',t) 


a 


y(N-1) " F ~ 
* ye [S(e-2 ) F(a! ot! ,t)+ &(x —2!"\ f(x" ,2,t) 


+ 6(2"—2) flz.2',t)| +26 (2-2!) S(2/-2")f, (x,t). 


(22.12) 
We substitute this expression into the first terms enclosed in square brac- 


kets on the right-hand side of (22.11). We neglect the terms describing self- 
interaction, we integrate the terms containing 6(2—-x2”) , 6(2/—x”) over x” and 


note that under the integrals in (22.11) 
(8,2 +80) 6(a2-a2')... = 6(2-2! (8,40 + Batglt Jere > (22.13) 
We thus find 
fae” [Bata a at et Borg (URW) sot al el 


N(w-1) (W-2 2 2 x 
= N ) ) dx" San! + Ot gl f, (2,2! se" ,t) 


y3 


N(N-1 , . : 7 
a y2 {3 §(x—2') faz"[6.0 fi (aa" ot) +6 Bla! a” 4) | 
* Baa! Folare’ st) } : (22.14) 
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The factor ; before 6(x—x’) appears from a symmetrization (with respect 
to 2«,2') of the expression enclosed in square brackets on the right-hand side of 
(22.14). 

Consider now the remaining two terms in (22.11). They differ from the pre-~ 


vious ones only in the following change of arguments: 
a,c > r, Pyr,P” , a! ja" > 7! Pir! PY. (22.15) 


Clearly, this change effects only the arguments of the distribution func- 
tions of the interacting particles. Thus the substitution (22.15) into Eq. (22.11), 


combined with (22.12), does not change the arguments of the delta functions, and we 
obtain: 


| do [6.40 (WNW) pl, p",t + br WNW), P,P’ 4| 


N(N-1)(N-2) K ~ Z 
= MO) fae [Be0” f,(P> a!,p" »t)+ Ol gt f(x, P’ ’ P”,¢)| 


v3 
N(N-1) a 2 = 
+ oe {3 6 (aa! ) | ae” [a.2" f,(P.P",t) + 8o/ al! f, (P! ‘ P",t)] 
+6 : (P, Pse)} . (22.16) 


We now transform the left-hand side of Eq. (22.11). We substitute into it 
Eq. (22.5) and consider the contribution of the second term of (22.5). Performing 
a symmetrization and using the first equation of the hierarchy for the smoothed 


functions, i.e. Eq. (22.8), we obtain 


roar % 6(a-e! [A le.t) + F(a". t)] 


= 5 6(x—a! )[1° fase ty (ese) | 
v(W—1) Se ~ = 
ad ; ei 6(x—2x’) faa” {8 [F,(2.0" ’ t) +f (P.Pt) | 
+ bau [Fp (2! 2” .#) + f(P!, pe” ,e)]} (22.17) 


Using (22.14), (22.16), (22.17), we find from Eq. (22.11) an equation for 


f, identical with Eq. (18.13), i.e. the second equation of the hierarchy for the 
smoothed functions a rfyvee . The same procedure applies to the remaining equa- 
tions. 


Thus, the hierarchy of equations for the momenta of the phase density 
W (x,t) » obeying Eq. (22.1), is equivalent to the hierarchy for the smoothed dis- 
tribution functions which follows from the Liouville equation for ee We note 
again that in the proof of the equivalence, the substitution (22.15) appeared in 


the moment equations only in the arguments of the distribution functions. 
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From the proof of the equivalence it follows that, in the polarization 
approximation, we obtain from the moment hierarchy an equation identical to (21.3). 
We rewrite it in a form better adapted to the moment method. Using Eq. (22.6), we 
can group together on the right-hand side of (21.3) the last term and the first two 


terms. The equation then becomes (21.0550 


a m4 ae ~ 
(E50 eee sf, ) I (a,a/,t) 


: . 
-1 | dz!" [8, 0 ( 6a Sat alt og filet) 


<a Se = = 
. Br git (8 8M) on! st f,(24t)| + Be! FUPot) f,(P' st) 


3° x,x',a!) 


1 |r(252) f,(2',t) + I,(',t) f(2.t)] . (22.18) 


We continue the transformation of this equation. We multiply Eq. (22.18) 


2 


by n“, add to both sides the expression 


(2,9 + 6I, + sir) n[ 6 (2-2! ey (x,t) +3 


i 
ie t)] (22.19) 


and use Eq. (22.6) together with the relation between SF and 6M: 


aeant ’ ' 
6F(r,t)= + | az ey 6N(ax’,t). (22.20) 


As a result we obtain the following equation for the second moment (88 bu) 2! tt 
3 > 


Eo ss + 61+ Tr )( 6 6M) 5 a! 


anf, (z,t) 


anf. (a’ ,t) 
2 - + (60 6F) tot 


+ (6F 6N), Ay he PE 


= A(x,x’,t), (22.21) 
where 


A(x,2’,t)= Gane + 6r+ 63,))n[6(a—«! ie -tF, (x,t) f,(2’, t)| 


+n? 60 Fy(P,t) f(P!,2)— SB [r9le. td Fes 2) +I,(2! 2) F(e.t)]. 


(22.22) 

The function A is defined by one-particle distribution functions, and thus 

plays the role of a source in the equation for the second moments. We have in this 

respect an analogy with Eq. (6.13). Let us transform (22.22). Assuming, as before, 

that under the action of I, ; 62,1 » the change (22.15) effects only the arguments 
of the distribution functions, and using Eq. (22.8) for f, we find 


Aten tj t)=a =n{6(2-2') Fx,t)-t[7(«,2) fla! st) + Fa’ se) f, (=e) : 
(22.2 
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It follows that A obeys the conditions 
| az a(2.2! ,t) = | dx! a(z.2! 52) =0. (22.24) 


We note that the right-hand side of Eq. (6.13) can also be brought into the form 
(22.23): using Eq. (6.2) we obtain 


1 (6m Yana en = n{o(a—2/)I (x,t) 


- 7 [z(2.e) f(a! t) +1(2!,2)F,(2,¢)]}. (22.25) 


We see that the source (22.23) is expressed in terms of F » the part of the 
collision integral related to the long-range fluctuations, as is to be expected. 
Indeed, when T=0, i.e. when the long-range fluctuations are not taken into account, 
the Boltzmann equation, in the approximation considered here (see sect. 10), gives 
an exhaustive description of the kinetic processes in gases in the binary collision 
regime. 

Equations (22.8) and (22.18) form a closed set of equations for the func- 
tions froG,: They can be taken as a basis for the description of non-equilibrium 
processes in gases, taking into account the long-range fluctuations. Alternatively, 
we may use Eqs (22.8) and (22.21) for the functions fy> (6 BY)! ott 

From the set of equations for fe g, (or fy, (6 6y)) it is impdseibie to 
obtain a closed set of equations for fy> 2 e. a kinetic equation, without further 
simplifying assumptions. The efdeiens to a kinetic equation is possible if the 
function a (x,t) changes slowly over distances of order 2 and times of order 
Tel’ In that case we may, as in the derivation of the Bol teminn equation, use 
the condition of weakening of the initial correlations, express I> in terms of fy 
and thus obtain an explicit expression for the collision integral in (22.8). This 
will be done in Chpater 1], in the case of plasmas. 

We may drop still another limitation (condition 4 of sect. 16) which was 
necessary for the derivation of the Boltzmann equation. It was assumed that the 
collision process of any atom within a physically infinitesimal volume element can 
be considered as a continuous process. Actually, the collision process is dis- 
crete ('shot effect'). 

The discreteness of the collision process leads to an additional contribu- 


tion to the source on the right-hand side of Eq. (22.21) 

A(z,x’ ,t) = A(z,x’ ,t) + A® (2,2! ,t) (22.26) 
A is expressed in terms of the collision integral I (see (22.23)). The second 
term differs from zero even if I=0. As will be seen, it is defined by the same 


processes as in the collision integral I, : we therefore use the superscript B 


for this term. 
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The shot effect, i.e. the discreteness of the collision process, is taken 
into account as follows. In the function (22.22), whenever the operators act 
explicitly, the substitution (22.15) must be made in all arguments involved in the 


collision apensur We thus find, instead of (22.23), Eq. (22.26) together with 
AP(z,2" t) =n? [ de!" {8.0 [6(r/-r) (6(0!-) ~ 6(0’—P) ) 
sae ai a )(sta"-»"”) - (o'-P"))| f,(P.t) £(P", #) 


+ (rsp >r'p)} F (22.27) 


Clearly, AP =0 if the substitution (22.15) only affects the arguments of the dis- 
tribution functions. The function AB satisfies the conditions (22.24). 

In the equilibrium state the function A=0, because I=0. But the func- 
tion AB ¢ 0 even in equilibrium, because the fluctuations due to the discrete 
collision processes exist also in equilibrium. In this case the expression (22.27) 
simplifies [the terms containing the functions 6 (p’/-p), S{p’—p”), &(p—p”) 


vanish]: 


wana? | de” {Bo u[ 8 (2-2) 8(0! -P) 
+ 8(r! =r!) 6 p/—P”)] FCP) FP) 


t(rsper’sp')} : (22.28) 
A different form of AB will be convenient for further use. It follows 
from (22.27) upon integration over r”,p” in the terms containing the functions 
S(r’—-r”) 8(p’—p"), S(r—r") &(p “Pe } and upon putting the functions 
S(r’—r) &(p’ —p) and 6(r—-r’) &( p—p ') under the 6. el? 6 gl operators; 


we obtain 


AP (x,a',t) n &(x~-a' )Ip(x,t) + nT, 


xx 


| ax!" {a,g[6(r/-r) &(p’ —P) 


+ 8(r!—r") 8(p'—P")| F,(P.t) (Ps £) 
+ (rp or’ spy} (22.27)9 
where I, (x,t) is Boltzmann's collision integral, and 
| > 
a ! 
Ege an Or PAP ey (P's 2) (22.29) 


+ This amounts to admitting a variation of the function fy over the range ~ly, 
i.e., over the ‘width' of the 6-functions. 
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It then follows that 


[ ae’ Le ie I,(x,+) 3 [ ae aN I, (2’ ot). 
In equilibrium, the first two terms of (22.27) vanish, and we are left again with 
(22.28). 
Finally, still another form of the function AB (an yx! »t) is useful: it 


helps in understanding the physical meaning of the source of the fluctuations: 
A?(a,2’,t) = [(6T, + 67,,)- (82, + 67,,))] n 6(a-a!) f(a,t). (22.27), 


The subscript 0 means that the corresponding operators act only on the distribu- 
tion function f(x,t), and not on the 6-function. 
ea eye * : a B 
In equilibrium, the second term in (22.7) 3 vanishes and the function A 


reduces to 
AP(x,2! ,t) = (62, + ér )n6(e—2’) f(x,t) . (22.28) 5 


This result was first obtained by Kadomtsev [25] . 

The formulae obtained here can be studied also for model collision integrals. 
For instance, in the v-approximation, a vanishes, but it is different from zero 
for the Bathnagar-Gross-Krook collision integral. 


For the Fokker-Planck collision operator, when 


~ 2 
st=-(02, ie vp) 


ap2 ap 
D= Ymk,t 
We find from (22.27)3: 
2 
AF-P . 2p —2— 8(r-r’) 8(p—p’) flr pst) 
op ap! 


Thus, in equilibrium A =0, but AB 40. Such a disparity is quite natural. 
It is due to the fact that in the hierarchy for the smoothed functions, or in the 
corresponding moment hierarchy, the dissipation is due to the short-range fluctua- 
tions which define the Boltzmann collision integral. The present equations define 
the statistical properties of the long-range fluctuations. The spectral density of 
these fluctuations will be studied in the next section. It will be seen that the 
collision integral I can be expressed through the latter, if the characteristic 
scales T, L for the functions fy Satisfy T > Tel ,>£>t2. This occurs, for 
instance, in the passage to the hydrodynamic description. Naturally, in the hydro- 
dynamic equations, the dissipation due to both the short-range and the long-range 
fluctuations is taken into account. In other words, the dissipative contributions 
will be expressed not only in terms of the Boltzmann collision integral I, >» but 


also in terms of I. 
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For the calculation of the space-time density of the long-range fluctua- 
tions we need an equation for the two-time moments or their corresponding correla- 
tion functions. The equation for I, (x,t,2’,t’) in the polarization approximation 
can be obtained by analogy to Eq. (22.18) for the one-time function I> (2 a’ ,t). 
It has the form 


rae, ae 1 a 
(z+ 6f,) G,(e. t,x! »t’) = | da" Ocal (sy éw) 1 ¢,a! yt! f, (x,t) 


+ | ac" 8 a! fy, (r ,P,t) F(z’, t’,r,P”,t) 
| 
— ay Iple>t) fy (x! »t’) > (22.30) 


where the function Fi (a,t,2! »t' ) was defined in Eq. (5.11). 

Equation (22.18) for the one-time correlation g(a a! »t) can be obtained 
from (22.30). To this purpose, one must write the second equation (22.30) for 
g, (x! »t,x2,t’), combine the two equations and take the limit t’/+t. This limit- 
ing process in the second term of the right-hand side of (22.30) is performed as 
follows. We introduce the retardation and inhomogeneity, and at the end take 
T=0, ryer: 


a | de,8,,f,(r,>P),#) Fi(a, at ty hot = 7) 


| y8,9 1 (rs Pys #) 8(r5— 05) 6(Py—P3) fy ( 75 Py 9t1) Eps 
25 122s 


855 Fy(r oP ot) f(r, > Pot). (22.31) 


We rewrite the two-time equation by using the following equality: 


N(N-1) 2 
{ 6 BN hc wt! = TE g,(x,t,0’,t’) 
+n[F,(xst,2/,t") -t Plast) f(2'.!)| (22.32) 


which, for t/=t goes over into (22.6). We multiply (22.30) by M(W—1)/V2 and 


add to both sides the expression 
Re "6 1 
(,+ of) n [A (ese2/s#/) mer fi(,t) f,(2’ »t! | ; (22.33) 


We thus find an equation for the two-time moment: 


Be ode anf, (x,t) 
(+ sf.) (80 6M), gt et AGF ON) og at ge <3 


= A(x,t,x’ ,t’) (22.34) 


where the two-time source is given by 
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nw nw ] 
A(z,t,2’,t’)= (i+ sf) n[P,(2st52! st’) ari (x,t) f(z’ st! )| 
9 a 
+n | ae” Ball fi (7 Pt) Fy(a’ t',7,P",t) 


= Ip(x,t) f,(2',t’) . (22.35) 


Equation (22.34) corresponds to Eq. (22.21). Let us transform expression (22.35) 


for the source A(z,t,x’,t’): we use the equation for the function Files tan’; t? )": 


in N-1 A 
i,F- | ae 
xzo1 Vv 


vol! [9 (29.2 att > alt >t) 


+ F(rsPsts2! st')F,(r,P"t) | * (22.36) 


This equation follows directly from the Liouville equation for the two-time 
smoothed distribution function (sect. 18) or from the corresponding equation for 
the phase density W(x,t,x’,t’). The latter differs from (22.1) only by the 
change W(x,t) > W(x,t,x! st): 

Let us write explicitly the expression for 61, F, in (22.35) 


A v-1 x 
$1, Fi(z,t,2',t’) or as | ax” 8 el [F, (rep ete! wt!) f(r Pt) 


+ f(r .P,t) Fy (rR! ,t2',t")| ‘ (22.37) 


Using this expression and Eq. (22.36) as well as the kinetic equation for 


fi» we obtain the following expression for A: 
A(z,t,x2’,t') =n? | a0" bea" |S (x,t,2’ ,t’; 2”,t) 
- 3G, (2,2",¢) A(z! ot’) | : (22.38) 
It then follows that the source A obeys the conditions 
| ae’ A(z,t,2’,t') = | dz A(x,t,x2',t’)=0, 


analogous to the property (22.24). 

From the expression (22.38) follows that the source A(z,t,2’, t’) is of 
order nI own fT 6) ; hence in Eq. (22.34) there are two relaxation times, Ther’ ts 
the right-hand side of (22.34) can be neglected. Thus, 


el’ 
For "rel < Tye1’ 
A(z,t,2’,t’) =0 (22.39) 


and therefore (22.34) is a homogeneous equation: 
(i + ef.) (om én) 
x x, 


a,t,a’,t’ 


anf, (x,t) 


~ 22.40 
pidge! #! op 0 (22.40) 


+ (6 én) 


We arrived at a situation similar to the one prevailing in the description 
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of the short-range correlations in the polarization approximation. The difference 
between Eqs (22.21). (22.40) and the corresponding equations (6.13), (6.31) lies 


only in the substitutions 


B> 


i ge ee 
xx! Pal ér, él,» 


Lo z + éI ‘ 
x x x 
Thus, Eqs (22.21) , (22.40) take into account the damping due to the short-range 
fluctuations, which define the Boltzmann collision integral . 
As in section 6, it is necessary for determining the two-time function 
(sw 8M). 4 ya! aad 


avoided if, instead of the latter, one uses for the definition of the correlations 


to solve Eq. (22.21) for the one-time correlation. This can be 


the equation for 6W, which is equivalent to the set of Eqs (22.21) , (22.40): 
(e + ot, {am(as¢) - swtouree( ze) | 


on f,(2,t) 


+ 6F(r,t) + ; 
Pp 


0. (22.41) 


The correlation of the source fluctuations is defined by the equation 
a K source 
Lo +6F ) 6N ON = 0 22.42 
( x z ( ear : } 
which must be solved with the initial condition 


source me x + \-l ! 
(ow ara | ee (Boe! + 62+ 8i,1) A(x,2’ ,t) (22.43) 


where ee ie is the inverse operator. The function A is defined by Eqs (22.22), 
(22,26), (22,23), (22.27),. 

If the contribution of the long-range fluctuations is not taken into 
account, the last term in (22.41) can be neglected, and in (22.26) for A one may 
put A=0. From (22.41) follows then éwW = 6wS°UTce 
(6w én) coincides with (22.42): 


3 hence the equation for 


x,t,x’,t! 


(Z,+ sr) (én 68) en! ae So (22.44) 


Equation (22.44) also follows, of course, from (22.40). Equation (22.21) reduces, 


in the same approximation, to 


(i ce 61,1) (ov 6M) or 4 = Alan’ st). (22.45) 


i Equation (22.40) corresponds to Onsager's assumption about the time-evolution 


of the long-range fluctuations (see footnote on p.26). 
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The set of equations (22.44), (22.45) can be replaced by the equivalent 


Langevin equation 


(i+ sT,) Si Gg thea ee) (22.48) 


which represents the linearized Boltzmann equation with a random source y(zx,t). 
Such an equation was first considered by Kadomtsev [25]. He obtained from it 


expressions for the spectral density of the random source in the equilibrium state. 


23. RANDOM SOURCES IN THE BOLTZMANN KINETIC EQUATION 
AND IN THE HYDRODYNAMICAL EQUATIONS 


Let us determine an expression for the spectral density of the source of 
fluctuations in the linearized Boltzmann equation. We assume that the gas is 


spatially homogeneous and that I=0. Then Eq. (22.8) becomes 





= I, (pst) (23.1) 


where Fy) is the external force. 

Using Eq. (22.45) we write an equation for the spatial spectral density 
(6 SMe pp, t? assuming that the distribution function Ey changes slowly over 
an interval Trey? the characteristic time of the long-range fluctuations. In zeroth 


approximation in T,,,(0/3t) we get from (22.45) 


; Range B 
{ex . G9) +848, Mow Oe) gpl ee A (ksp,p'’,t). (23.2) 


Here, as in references [40,41], we introduce the notation 
Om Per ae a hae (23.3) 
Pp 0 9p P 


The time dependence in Eq. (23.2) is through the functions fy (pst) and F(t) . 
Using Eq. (22.27), we find an expression for the spatial Fourier comiponents 
of ABir—r’, P,p',t)- To zeroth order in k Ly (Ly being a physically infinitesi- 


mal length element for the Boltzmann equation, see sect. 16) we obtain from (22.27): 
A™ (ks psp! ,t) = n° [ar ap" {8 sa [sw — P") + 8(p'-p) 
— p'—P") ~6(p!—P) | F,(P 8) (PSE) 
+ 85g [SP —p")+ 8(p—p')— 6(p—P") 
— 3(p-P')| FCP ey 5 (eof (23.4) 


We see that in this approximation the right-hand side is independent of k . 
Let us perform the corresponding transformation of Eq. (22.27)5. As a re- 


A S : B 
sult we find an alternative form for the function A : 
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AP (ks psp! »st)an [6 (p-p’) In(p >t) + Iyp'] 


n? | ar” dp {8 an [8(0! —P) + 60/—P”) | P,P. 8) F(R" 52) 


+ 


bt yl [s(o-P’) +6(p— P) | FP! ot) f,(P", +} (23.4) 2 


where Ip! = fd(r-r')r oy » the function In! being defined by (22.29). 

Thus the spectral density (6N 6N”) k.p.p'.t is defined by Eq. (23.2) with 
oJ > si 

the right-hand side (23.4), or (23.4). 


We now write the corresponding equation for the space-time spectral density 


(6N éN) epaptst in zeroth approximation with respect to T,,,(9/9t) from 
(22.44): 
eo 
= tu(t—t! ) 
(+) = [ a -2/(sw sw), , ; e 
(6a ON akon ape we 4 t-t ok 5p,p at 
6N 6M 
= ( rere ot 
—t(w—-kev) + 4, 
We then find: 
i(kep —kep! £ E 7 
[t(kev —kep ) +E, + Fy }( 8" 8") pp’, t 


(é6y 6”) = 


/ a x (23.5) 
OrKePeP st [ia(w—o kev) + B] [-c(w-kew') + 2, J 


which expresses the space-time spectral density in terms of the spatial spectral 


density. Using Eq. (23.2) we can rewrite (23.5) in the form 


AB (k,p,p! ,t) 


(ON) ee si ee 
»KsPs ’ [—z(w-k-v) +2 ][-c(w—kev’) + FJ 


(23.6) 
Thus, we succeeded in expressing the space-time spectral density of the fluctua- 
tions of the smoothed phase density through the function AB (k, p.p’, t) which, in 
turn, is expressed in terms of f,@,¢) by Eqs (23.4)1, (23.4)5. 

At this point it is not difficult to find the spectral density of the ran- 
dom source in the linearized Boltzmann equation (22.46). From Eq. (22.46) we find 
an expression interrelating the densities (6 SW) ky P,P’ ,t and (24), kp,’ tt 


(Yu ky psp! ot 


(6N 6N) 1. a = (23.7) 
© sk >PsP’st (—z(w—kev) + #,] ([—t(w—kev’) + #1] 
Equating expressions (23.6) and (23.7) we find 
(YY) a kep.pl se 7 A (PoP! st): (23.8) 


Here we took into account the fact that, in zeroth approximation in k Lys the func- 


tion AB(k,p,p’,t) is independent of k. 
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Thus, the spectral density of the random source in the Boltzmann equation 
is defined by Eqs (23.4), or (23.4)9. 
As the right-hand side of Eq. (23.8) is independent of w and of k, the 


space-time correlation of y is given by 


_ 7B 
a ae —r’,p,p!' Zt SA (p,p’,t) 6(T) 6(r—r! ) ° (23.9) 


Thus the random source, in zeroth approximation with respect to k Ly and 
to the retardation, is S6-correlated in space and time. 
In the equilibrium state the first two terms in the expression (23.4)5 tend 


to zero and the spectral density (yy is defined by the last term on the 
Wy y 


k,p,p’ 
ti ae 
right-hand side of (23.4)»5, where I; is the Maxwell distribution. Using the defi- 
nition of the operator sf, (22.37), this spectral density can be rewritten as 


follows in equilibrium: 


(yy) = (81, + 6ip/) 1 6(p—P’) f,(P) . (23.10) 


w,k,p,p’ 
This result was first obtained in Kadomtsev's paper [25]. 

In a non-equilibrium state, the following equation can be used instead of 
(23.8), (23.4)9: 


(Ya kyp,pi,t ~ S(P-P') mig(p.t) +n lpg (t) 
+ (SF er 7) n 6(p—p’) f,\(P>t) » (23.11) 
where 
fp i n [ a(r-r’) Bip PUP xt) FARE). (23.12) 


Following the terminology of ref. [40], this expression might be called 'the incom- 
plete collision integral’. because f dp’ Ipp! = In(p, t). 

In a steady state, when the function f, is independent of time, Eq. (23.31) 
coincides with the one obtained by Gantsevich, Gurevich and Katilius [40,41]. 

In the work of Gor'kov, Dzyaloshinsky and Pitaevski [38] the spectral den- 
sity (23.10) is expressed through the transition probabilities. The corresponding 
result for a non-equilibrium stationary state was obtained in the work of Kogan 
and Shul'man [39]. 

We note again that Eqs (23.4),, (23.4)9, (23.11) are only valid under the 
condition that the contribution of the long-range fluctuations to the kinetic equa- 
tion (21.1) are negligible, i.e. T=0. In that approximation, the terms in 6F, 
describing the long-range fluctuations of the force, can be neglected in Eqs (22.40), 
(22.41). These limitations will be lifted in Chapter 1], treating the kinetic 
theory of fluctuations in a plasma, 

We consider now the general properties of the spectral density (23.8), 


which are analogous to the properties (11.5), (11.7) of the Boltzmann collision 
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integral. For the function AB(p,p’,t) we use Eq. (23.4). 
We multiply that function by 6(p),wW(p’) and integrate over p,p’. We 


introduce the quantity 


1, y(t) = | ap, dp, o(p,) ¥(y,) (yy) , (23.13) 


Ok» Dyrt 


After symmetrization in P,>P, we obtain: 


1, g(t) = = | ar, dp, dp, [o(0,) + 6(7,) IL¥(P,) + (P91) 
A 2 
81, f,(P, +4) 4, (7,0) | ar, ap, ap,{lo(,) + 40) ] 


BiolviP,) +¥(P,)]1 FP ot) FP, 4) + (oe wht. (23.14) 


Here we used the expression for the Boltzmann collision integral IB and 
Eq. (23.12) for the 'incomplete collision integral’. 

The form (23.14) corresponds to the Bogolyubov representation. For finding 
the general properties of (23.14) it is more convenient to use the Boltzmann form, 
We therefore substitute in (23.14): 

12 Os et ay 915 3 


a a 
6,5, = o—— + —— + —— —> bv, + —— +9, > —, (23.15) 
12 7 9r.. oP, ar, aP, ea oO Ors 





As in the passage from (10.10) to (10.!8), we use the cylindrical coordinate system 
2,0, with the z-axis along the relative velocity vector YVi—Y>- Equation 
(23.14) takes the form 


eo co 27 
2 
Ty lt) oe: | dz | aoo| da | ap, dp,|¥,— | {Lo(p,) + o(7,)] 
-0 0 0 
= 3 [v(p,) + ¥(p,)—0(P,) + 0(P,) FCP, st) £,(P, »#) 


+ (6 > v)}. (23.16) 


We integrate over 2 and, as in section 10, consider two types of collisions. For 
P > 
eA Pye 
of type a@. For z2=+, P ee 2 and Py 2 are the momenta after the colli- 
> ’ p 3 


Z=—-0 (see (10.16)), and pi 5 are the momenta after the collisions 
E 


sions of type b (10.17). We thus obtain 





co 27 
Ty a(t) = dp pe | da | ap, dp,|¥,-¥, ‘ 
3[(o(,) + o0,) (v(m, ) + ¥(,)) F094 8) f,(p4>t) 


- (6(7,) +6(7,) (vl 1) +¥(7,)) F400, 98) £, (7, 5*) | 
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- [(6(0,) + 6(0,))( vl.) + ¥ln4,)) # (4 st) F, (04+) 
— (6(7,) + 6(7,))(v(e,) + ¥(P,)) Fy (Py ot) Fmt) | 
toewh. 


We now transform the expression enclosed in curly brackets. After reduction and 


symmetrization with respect to P,>P, and P’ »P, we get 
{ }=2{[e,)+60,)][v@,) + ¥e,) | 
2[o(04) + (04) |] vir.) + vl.) | 
[omy + oe) |[viei y+ voir] +o + vb At) 0,02) 


+ 


[o0m,) + (7) (74) — 6(>4) |[ He ,) + ¥le,) — v(04) — ¥(04) | 
iy fy (p, >t) f,(p, >t). 


As a result ms on 


2 
I, Ke) = mY do p J do | dp, dp, |v,—», |f,(P,>#) f, (Pot) 


0 0 
+ [o(7,) + (7) — (74) ~ (04) |[ vie.) + ¥(0,) ~ ¥(04) — 9104) | 


(23.17) 
From this expression follow immediately the properties: 
(t) 4 for ¢=1,p,p2/2m, and arbitrary pia 
aL = 21 
w ,k for Y= 1,p,p2/2m, and arbitrary > ( 7 
and 
ix xt) 20 for =, in particular for $= =—kp &nf\(P, t) (23.18) 
> 


The equality is valid only in the equilibrium state. 
Hence, in going over from the Boltzmann equation for the random function ¥ 


with the source y: 


(2 + potas aie *) N(z,t) 


= | ae’ 8 a! N(r,P,t).w(r,P’ ,t)+y, (23.19) 
to the hydrodynamical equations for the random functions + 
2 
p(r,t) =m apy, ou=[dppw, w= Jap by. (23.20) 


t+ 


Upon averaging, these functions go over into (7.1). 
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we can see that 
2 
m | ap y(rsp,t)=0, [ape y(r,p,t)=0, | @ - y(r,p,t)=0. (23.21) 


Hence the y does not enter explicitly the equations of balance of the par- 
ticle density, of the momentum density, or of the kinetic energy density. But the 
transport equations are not deterministic, because they involve the functions ie ; 
Sao i.e. the viscous pressure tensor and the heat flow vector (see Eqs (15.27) - 


(15.29)). Calculating these functions, e.g. by the Grad method, we find the expres- 


sions 
T.2 =n fa ved - 2 6... oe uy) + 67... 
td ar; ory ud ar, Ud 
Edie Ode 
Ss; =-K ar, + és. > (23.22) 


which aiffer from Eqs. (7.17), (7.18) by the presence of the random sources 


»6S The spectral density of these sources are expressed in terms of the 


ome 1 
spectral density of the source y in the Boltzmann equation (23.19): 


hd 
(on, Sut )ok =m | ap, dp, 5%, ; 5¥) 5 S¥54 821 y kp op, 


mév- mév> 


= 1 
(85,653) = Jam dr, 843 5¥ 5 ; ; (Vy kp, oP, (23.23) 


where 6vy=v—u is the peculiar velocity. 








In Grad's thirteen-moment approximation, Eqs (23.23) reduce to 
2 
("55 omy). ; = 2nk,t & 3x7 Sok S51 Sy Sag 541 | a (23.24) 


2 
. 6S. = maths ; 
(6s, ) Bed 2K KT S54 (23.25) 


These expressions are identical to those obtained phenomenologically by 
Landau and Lifshitz [60]. 

Thus in the hydrodynamical equations for the ideal gas, the random sources 
enter the expressions of the viscous pressure tensor and of the heat flow vector 
(23.22). For nonideal gases these statements might be modified, because the proper- 
ties of the function Ty y(t) are different. 

The property (23.18) is important for the study of the evolution of the 
entropy fluctuations. 

In concluding this chapter, we note that when the contribution of the long- 
range fluctuations are retained in the Boltzmann equation, i.e., for IT=0, there 
appear new dissipative terms in the hydrodynamical equations. These are correc 
tions to the viscosity and heat conduction coefficients due to the long range fluc- 
tuations. As a result there exist additional terms in the expressions (23.24), 


(23.25) for the spectral density of the sources 67 6S ;. 


ig? 


PART II 


Kinetic Theory of Nonideal Fully Ionized 
Plasmas 


INTRODUCTION 


In gases, the fundamental parameter is the density parameter € = nn? . When- 
ever this parameter is small, it is possible to replace the hierarchy of equations 
for the distribution functions fy> f, »-+- by a closed kinetic equation for the 
one-particle distribution function fy . To first order in the density parameter, 
i.e. in the binary collision approximation, this equation is the Boltzmann equa- 
tion. 

When € <1, the number of particles in a volume r is much less than 
unity. In a plasma, the situation is different. The role of the range of the 


effective interactions of the charged particles is played by the Debye radius Py» 


OT es 2 
r= egtf(and en n,) . 


a 


defined as 


In most plasmas, the number of particles in a Debye sphere is very large, i.e. 


nr3 > 1. This means that each particle interacts simultaneously with a large 


number of other particles. The smallness parameter for plasmas is thus 
eral: 
ned 
which is called the plasma parameter. 


From the definitions of the quantities wu and Y follows that 





i1.e., the plasma parameter is of the order of the ratio of the interaction energy 
at distance ry, to the kinetic energy. 


Along with wu, another parameter appears in the theory of plasmas: 
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2 r 2 
B= spp we we 
r P r 
av B av 


the interaction parameter. It is defined as the ratio of the interaction energy at 
the distance rey to the kinetic energy. For §<« 1, the role of the interactions 
is small, the plasma is close to ideal (—<0), and the plasma can be considered as 
weakly coupled. From the definition of the parameters follows that whenever 
Piy < Up» we have u<&. 

The possibility of obtaining a kinetic equation for the plasma is not due 
to the smallness of the density parameter as in gases, but to the fact that each 
particle interacts simultaneously with many others. As a result, the density fluc- 
tuations (as well as the electric and magnetic field fluctuations) in any volume 
element, large compared to ros are small. The zeroth approximation in the plasma 
parameter corresponds to the neglect of these fluctuations. 

The modern kinetic theory of plasmas is based on the work of L.D. Landau 
(1936), A.A. Vlasov (1938) and N.N. Bogolyubov (1946). Landau derived from the 
Boltzmann equation a kinetic equation for charged particles. The derivation of 
the Landau equation is based on a perturbation expansion in the parameter €. How- 
ever, perturbation theory is not sufficient for the description of a plasma. This 
becomes evident by noting that the collision integral in the Landau equation diver- 
ges logarithmically. 

The divergence at short distances (large wave-vectors) cannot be cured in 
the framework of perturbation theory, because at short distances the interaction 
energy is not small. To remove this divergence, one must sum an infinite perturba- 
tion series. For a dilute plasma, the result obtained in this way corresponds to 
the binary collision approximation, 

The divergence of the collision integral at large distances is due to the 
fact that in using perturbation theory (to lowest non-trivial order in §&), one 
does not take into account the collective character of the charged particle inter- 
actions, i.e., the fact that each particle interacts simultaneously with many 
others. As a result, the Landau collision integral does not display the plasma 
polarization effects. 

In order to construct a kinetic theory of plasmas, it is more appropriate 
to use UW as a perturbation parameter. This corresponds to a perturbation theory 
in the fluctuations, or more precisely, in the correlation functions. 

The zeroth approximation corresponds to the complete neglect of the corre- 
lations. In this approximation (section 29) one obtains a self-consistent set of 
equations for the one-particle distribution functions fa (where a is the index 
labelling for the species of particles) coupled to the Maxwell equations for the 


average electric and magnetic fields. The charge and current densities in the 
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Maxwell equations are defined in terms of the distribution functions fa: These 
equations were first derived by A.A. Vlasov in 1938. 

In the Vlasov equations the correlation effects are completely neglected. 
As a result, they do not describe dissipative processes, and conserve the total 
entropy of the plasma. 

In Bogolyubov's book 'Problems of dynamical theory in statistical physics' 
it was shown that both the Vlasov and the Landau equations can be obtained 
as particular approximations of the hierarchy for the distribution functions, 
fa fap? Tipe >»... Of the charged particles. 

The derivation of these equations is based on a perturbation expansion in 
powers of €. The Vlasov equation corresponds to the first approximation, and the 
Landau equation to the second approximation in €. In order to take into account 
collective effects, Bogolyubov introduced a perturbation expansion with respect to 
the plasma parameter (the polarization approximation). To first order in uU he 
obtained a closed set of equations for the one-particle function fa and the 
two-particle correlations Jab: The equation for the latter differs from the 
corresponding equation in the binary collision approximation by the presence of 
additional terms, accounting for the plasma polarization. 

In the work of Lenard and Balescu the equation for Gap was solved, with 
the assumption of complete weakening of the initial correlations and the neglect 
of the retardation effects and of the spatial inhomogeneity. As a result, they 
obtained an expression for the collision integral taking into account the polariza- 
tion of the plasma (sect. 37) [5,6]. 

The Landau and the Balescu-Lenard kinetic equations take into account the 
effect of the interactions only in the dissipative characteristics of the plasma. 
In that sense, they are kinetic equations for ideal plasmas. In Chapters 9 and 10, 
generalized kinetic equations will be derived. These yield the complete contribu- 
tion of the interactions, to first order in U. These are kinetic equations for 
the nonideal plasma. 

In refs [1,4-6] the kinetic equations were derived only for the case of 
Coulomb interactions (Coulomb plasma). The Bogolyubov method can be used also in 
more general cases, in which the complete electromagnetic interactions are retained. 
However, this method becomes very complicated for the description of such a plasma. 

In these cases it is more convenient to use as a starting point the set of 
equations for the microscopic phase densities of each plasma component, W, (x,t) 
and the microscopic electric and magnetic fields (sect. 24). The use of this method 
simplifies the solution of many problems. This is due to the fact that, instead of 
solving complicated equations for the distribution functions and for the field quan- 


tities, one is confronted with simpler equations for the moments of the phase 
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densities and of the microscopic fields. Even simpler is the use of the equations 
for the random deviations of these functions from their average value (sects 34,35). 

The Landau equation and the Balescu-Lenard equation have a common insuffi- 
ciency. In both collision integrals there appears a divergence at large values of 
the wave-number. This corresponds to short distances between the particles. On 
the contrary, if the Boltzmann equation is used (in which € is not supposed to be 
small) the collision integral diverges at large distances. 

For a description of the non-equilibrium processes in a plasma it is neces- 
sary to possess a kinetic equation which correctly describes the interactions of 
the charged particles at both long and short distances. As a result, there appears 
the problem of deriving a generalized kinetic equation for the plasma, taking into 
account both the collective interactions and the binary collisions. 


The possibility of the construction of such a theory is shown in sect. 56. 


CHAPTER 5 


The Microscopic Equations for a 
fully Ionized Plasma and their 
Average 


24, MICROSCOPIC EQUATIONS FOR A FULLY IONIZED PLASMA 

In the first part, two methods were considered for the description of the 
non-equilibrium processes in gases. One of them took as a starting point the 
Liouville equation for the distribution function of the positions and momenta of 
all the particles fy(2>t). From the Liouville equation a hierarchy can be 


derived for the reduced distribution functions fi> f . The approximate solu- 


wie 
tion of this hierarchy under specific conditions ee to the kinetic equations for 
gases, i.e. closed equations for the one-particle distribution function fe 

The second method takes as a starting point the equations for the phase 
density in the six-dimensional space of position and momentum, i.e. for the func- 
tions N 

N(x,t) = > s[e-2z,(t)], z=(r,p). (24.1) 
t=1 
The evolution of the phase densities is defined by Eqs (4.6) or (4.7). 

From the equations for the phase density, a hierarchy can be derived for 
the moments of this density. This hierarchy is equivalent to the one for the func- 
tions fy> Paves 

The state of a fully ionized plasma is defined not only by the values of 
the coordinates and of the momenta of all the particles, but also by the values of 
the microscopic amplitudes of the electric and magnetic field in every point of 
space. Therefore, the description of non-equilibrium processes on the basis of the 
Liouville equation for the distribution function of the particle variables and of 
the field is very complicated. It is more convenient to use the equations for the 
microscopic phase densities of all the particles and the microscopic fields. 


We denote by ey 


In a fully ionized electron-ion plasma the index a takes two values: 


2m, the charge and the mass of a particle of species a. 
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a= e,t (e, = e,e;=Zle|). 


n, is the average 


qv, denotes the total number of particles of species @; w/v _ 


concentration of particles of species a. 


The condition of electroneutrality of the plasma can be written in the form 


> 2% = 9 or > ee (24.2) 


a a 
The phase-density of particles of species a in the corresponding six-dimensional 


space « = (r,p) is defined byy 


a 
Ng(rspst) =>, S(r—r,, (t)] 6{e -p,, (t)] (24.3) 
t=1 
or, more briefly 
Ng 
WV, (x,t) = s[x-a,,(t)] * (24.4) 
“=1 


From these definitions follows that N (2,t)dx equals the number of parti- 
cles of species a, the positions and momenta of which are in a volume element dx 
around x at time t. The integral over the whole phase space equals the total 


number of particles of species a: 


| xu, (2, ) = Ws 
The evolution of the phase density WV (ast) is determined by an equation analo- 


gous to (4.6): [v =p/n,] 


oN 
a a M a 
— + y+— +F (r,t) +—=0. (24.5) 
at or a ) oP 


The force F* is defined as follows 


PM or +e EM, t)+ “2 [ x BM (r,t) ] (24.6) 
a ag a 3 /e@ ¥ ua . 


where Fay is the external force acting on the charged particle, and EM p™ are the 
amplitudes of the microscopic electric and magnetic fields, 
The microscopic charge and current density qt ; are expressed in terms 


of the phase density: 


q@(r,t) = > 2a [ap NiCr 2p>t) 

a (24.7) 
Oe) ee > e, [dp » 1,75 pst) 

a 
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The equations for the microscopic fields, i.e. the Maxwell equations, are then: 


m_ 1 OEM oan 
VxB Sa ae oe: 2 ea Ja» Nj(r, Pt) (24.8) 
M 
vxeM = _+ =~ (24.9) 
v- BM _ (24.10) 
M 
V:E = 41 > e, | Na(ropst). (24.11) 
a 


Equations (24.5), (24.6), (24.8)-(24.11) are a closed set of equations for the 
microscopic functions Wg(z,t) » EM(r,t), BM(r,t). 
Instead of the equations for the functions Em ,B" we can also use a set of 


equations for the potentials r wae ae 


oA (24.12) 


The well-known arbitrariness in the choice of the potentials requires the formula- 
tion of additional conditions. 

The microscopic equations (24.5), (24.6), (24.8)-(24.11) can be used for 
relativistic plasmas as well, provided we change the relation between momentum and 


velocity p =m_V¥, into the relativistic relation 


a > 
p =mv(1—v2/c?) 4 = yng? . (24.13) 


In fact, 
Nalrs»p,t) drdp (24.14) 


defines the number of particles of species @ in the volume element drdp and does 
not depend on the choice of the reference frame. As the phase volume element drdp 
is invariant, the function W,(r,p,t) is therefore also invariant under a change 
of reference frame (more details are found in refs [8,9]). 

For the description of a relativistic plasma one may also use, instead of 
Ng (r,p,t), a phase density in an eight-dimensional space spanned by the four- 
position @= (r,¢ct) and the four-momentum P = (p,7&/c). The function W,(@,P) 


is defined by 


Ng 


W,(@.P) = > | ds 6[@-0,,(87)] 8[P—Pyqlsz)] (24.15) 


t=1 


where 5, is the proper time of particle t, of species a. 
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Instead of Eqs (24.5), (24.6), (24.8)-(24.11) we may then use a set of equa- 
tions for the functions W,(Q,P) and for the tensor Hips the components of which 
are the amplitudes of the microscopic electromagnetic field EM, BM, This set of 


equations is: 


a a M a 
u; 20. + ae P ek uy oP. = 0 (24.16) 
oP 
aad 4n > ea | dp d@u,N,(@,P) (24.17) 
k a 
orm ogrMoopM 
DR EE ie EE on (ZRSESA Eas} (24.18) 


3a, a@, Qy 
where u, is the four-velocity vector u=(Yyr,iey). 
The relativistic invariance of the set of equations (24.16)-(24.18) is mani- 


fest. This set can be obtained by means of a variational principle [8]. 


25. MICROSCOPIC EQUATIONS FOR A COULOMB PLASMA 
In the cases where one can limit oneself to the contribution of the Coulomb 
interactions among the charged particles (Coulomb plasma) Eqs (24.5), (24.6), (24.8)- 


(24.11) can be considerably simplified and reduce to: 


aN aN, 7 aN, 
—— +p> —— E foe x 
a: eared + (e, + Ea) - 0 (25.1) 
vxE™ =0, Vets ee ea | dp N(rspst). (25.2) 
a 


In Eq. (25.1) we introduced the external force: 
2a 
Aa 2 Fy t a (vy XBo) (25.3) 
Ey» By being the amplitudes of the external electric and magnetic fields. 
The set (25.1)-(25-2) is a closed set of equations for the phase density 
Nz and the potential electric field EM =— yom. 
In the Coulomb plasma the state of the system is completely determined by 


the values of the positions and of the momenta of the particles. Therefore, the 


field e” i completely determined by the functions Nj (@.t). Indeed, from Eq. 
(25.2) follows 
EM r jt) =- 7 amr, e) 
ee as Gilt ee eh) (25.4) 
bor b ? . . 
b Jr —r’| 


The electric field can be eliminated from (25.1) by means of this equation. As a 
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result we find a closed set of equations for Ni (=,t) 4 








oN aN aN 
a pe . a 
at or a0 op 
ee ov 
- 2 2+ | ae’ —2 2 » (2! ,t) —2 = 0. (25.5) 
p or lr — r’| op 


This set is analogous to Eq. (4.7) for the phase density of atoms in a gas. 
For an electron-ion plasma, (25.5) is a set of two equations for the phase densi- 
ties of electrons, W,, and of ions, Ny. 

Because of their complexity, the microscopic equations cannot be used 
directly. We therefore go over to the equations for the moments of the random func- 


tions N, JE". 


26. AVERAGING OF THE MICROSCOPIC EQUATIONS 
We average Eq. (25.1) and use the definition of the distribution function 


oe and of the average field E: 


(¥Q(25t) ) =n, f(a,#) 


a 
(EM) = E(7,t) (26.1) 
and the identity 
(E* W(2,t)) = E(r,t)ngf,(a.t) + (SE ea) . (26.2) 
»Ly 


As a result we find the equation for the distribution function 





af af af 
ao eye" Beh + Pops 2 ae Oe SRE Se) = 1 (x,t) 
at ar ? a0" ap n, oP Orage 

(26.3) 


VXE=0, V+E= 41 > e, n, | dp fal2.t). 
a 


Equations (26.3) are analogous to Eq. (6.2) for the gas. By analogy, the right- 
hand side of (26.3) will be called the collision integral. This name is only given 
by analogy but does not reflect the essence of the matter, because in a plasma each 
particle interacts with a large number of other particles. As a result, the model 
of binary collisions of charged particles (which is the source of the name 'colli- 
sion integral’) is not accurate in a plasma. 

For convenience we introduce special notations for the operators be Dini 
for instance, 


a a a ) ) a 
L = (2 + Ve py! o-—— 4+ KF -— + -—) 26.4 
ab at ar gp! Op *» op’ 
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a 
We denote by om the same operator in which the external force Foo replaces the 


average force F, . Equations (26.3) thus take the form: 


A ée 3 

Lf =--4 2-(ésE 6y = I (x,t) 

a‘a 2, 3? ( Pas a 

VXE=0, Gee in & enn, | oP fy - (26.5) 
b 


These equations are not closed, because of the occurrence of the second moment 
(6E 6Nq) . Using Eq. (25.4), the latter can be expressed in terms of (54, 8M, ) $ 


t) ! 
(8E 6.) $8 | az’ 2 1. (6, 6, (26.6) 
a Beit b p ar |r—r’| . ee 
We now derive an equation for (oN, 5M, ) es We first consider the 
yx 
fluctuations oa 
6N, = 0, — (Wg) = 0g - Ngha- (26.7) 


From (25.1), (25.2), (26.5) we find the equations for the random functions Nv, >» OE: 


an _ f 
oa a’a a 
i ,5¥ +e, Mea ee ae {oe oN, ~ (8 aw,) } 
Vx éE=0, V-sE=41 De, | dp en,- (26.8) 


a 
We multiply both sides of (26.8) by 6, (x! »t) and average. The corres- 
ponding equation for oN, is multiplied by 6N and is also averaged. Adding the 
two equations results in an equation for (éy, 6M) - Using the notation (26.4) we 
find 


_ an f 
a“a 
Hy (88g My), + ea (SE my) 4 
an, f. 
Peak 2) 
+e, (ow, SE) pig ai 
3 3 
=e, — + (6E6W, 6W. —e, —> +(e 6E én 
“a Op ( . OSs “b ap’ (a Deas 


(26.9) 

This is the second equation in the hierarchy of moment equations for 6¥y: 
It is analogous to (6.6) and is not closed either, because of the occurrence of the 
third moment. 

From the hierarchy of moment equations, one can go over to the hierarchy 
for the distribution functions Ly Sap 7 Fobe s+.. OY to a set of equations for the 
one-particle function fe and for the correlation functions Job? Fabe?*'* * We 
now exhibit the formulae relating the second and third moments to the functions 


fa Jab? Gabe: These formulae are analogous to (5.6), (5.10): 
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6N_ 6N = 4 g_,(«,2' ,t) 
( a Bais v2 ab 


N 
+46 ,[o(e-2") fy(2.¢) — 45, (2.8) fy (2! +2) | 


(26.10) 
Hence, in the limit N*+~ ,V+~% ,N/V=n=const: 
{ 8, Le e = 14M, 9, (2.2! x) +n, 6, 8(a—2') fi (ast) (26.11) 
In the same limit, and for nN =Npan: 
(ow, éN, ae) sith =n3 Fabel ® »', a! ,t) 
+ n? [556 (2-2!) g, (x',x",t) +6h0 &(a2'—2"’) Goa (x,x",t) 
$8 6(x—2/") Tapia >t! » t) | +64 Sh, 6(a—-x') 6(x! — 2") f(a" »t) 
(26.12) 


These equations will be used in the next section. 

In the general case, when the full electromagnetic field is considered, one 
must start from Eqs (24.5), (24.6), (24.8)-(24.11) for the random functions Nas EM, BM. 
Averaging these equations and using (26.1), (26.2) and the corresponding equations 


for the magnetic field, we find 





of of of 
a a a 1 9 
~2,y. 2% 4 pp 241 2. gp gy = I (x,t 26.13 
eee ae ear (8F, ee qg(tt) ¢ ) 
é@ 
F_=F_ +e E+—4 (yxB) (26.14) 
a ao a e@ 
eq 
SF, =e, 56 + (vx 6B) (26.15) 
ec 
_190E , 40 
WxB = 3 tT 24%, | apy f. (26.16) 
veel eee (26.17) 
2 ot 
VE =4n 2 ea", | dp f, - (26.18) 


As before, these equations for ae >£,B are not closed, because of the occurrence 
of the second moment (SF, sv) . The latter is defined in terms of the correla- 
tions of the fluctuations 6N,, SE, 6B. 

We now write the equations for oN, , 6E, 68. They follow from (24.5), 
(24.6), (24.8)-(24.11), (26.13)-(26.18): 
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i, oN, + a, 72°8 22. for, 81, (68, 5.)} (26.19) 
VX6B = poe > ea| dpv én, (26.20) 
a 
VX6E --i 38 (26.21) 
V°éB=0 (26.22) 
V+ 6k =4n > e,| dp 6, . (26.23) 
a 


From these equations one can derive an equation for the second moments of 
the fluctuations 6N,,6£,6B which, of course, will contain the third moments. 
We thus obtain an infinite hierarchy of equations for the moments of the phase den- 
sities and for the electromagnetic field amplitudes. 

We now show that, to first order in the plasma parameter (in the polariza- 


tion approximation), this hierarchy is limited. 


27 APPROXIMATION OF BINARY COLLISIONS AND POLARIZATION 
APPROXIMATION FOR PLASMAS 


The equation for (8, 8M,) et in the polarization approximation is 
x 





ot 
analogous to (6.13): 
‘ ( ant 4 
Lat 8m, 8Mp). os oe: (6F, ae wea 
an, f, A source 
+ (6m, 6F,) -— PP 7, (ou, 65) (27.1) 
xz,x' ,t ap! x,x! ,t 


(6W, 6M, 


i souree = ng 8,5[8(e-2") f,(#5) -= filet) fle! t)]. (27.2) 


Lest 
In the limit V+~7,V+” , N/V=n, Eq. (27.2) becomes 
source 
= ary, 
(su, éW,) | = Ng bgp 8(2—2') f,(2,t) (27.3) 
Lhe gt 
We recall that the superscript ‘source’ denotes the fact that the right- 
hand side of (27.1) is independent of the second moment, and is completely defined 
by the one-particle distribution function fa: 
Using (26.10) and (26.13), we may write, in the same approximation, the 


equation for the correlation function Jap? 
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a 


Lap Gapltie st) = 8 (2,6) Ale se) 


x 6 u" ’ 
4 > na | dx" [Biodople =! yt) f,(=>t) + 80 Jag (Boz >t) file .2)| 
e 





(27.4) 
where we introduce the operator [see (1.6) ]: 
a6 aod 
a a a 
8 ob = ab o— + __ab . (27.5) 
or ap or’ op’ 
with 
ee 
©. = pees Be 
jp—r'| 


Equation (27.4) is analogous to (3.5). The second term on its right-hand 


side, proportional to ”,, accounts for the polarization effects, as will be seen 


e 
later. In perturbation theory this term can, to first order in €, be neglected. 


As a result, the equation for Job to this order reduces to 
- / 28 / 
Lap Fab (x2,02',t) = 8 ob fi, (2st) fy (a >t) (27.6) 
and corresponds to Eq. (3.4). 
We shall not write here the equations for the two-time, one-particle func- 


tion Po (x,t,2’,t’) and for the two-time moment (6m, 6M, they 


begat a 
correspond to Eqs (6.24), (6.17). Thus, just as for the gases, the difference be- 
tween the polarization approximation and the second moment approximation is the 
inclusion of source terms defined by the one-particle functions ty Fi 

On that basis, just as in section 6, we introduce a corresponding source 
term in the equation for the fluctuations ON In the second moment approximation, 
the right-hand side of (26.19) is set equal to zero. In the polarization approxi- 
mation, there appears a source term corresponding to the source term in the equa- 


tions for (6u, 5M, ) oe! 2 and (6u, 6N,) 


, jal gene! 
~ os Ty os) ource 
L,6N.+6F. +2 2-7 6y% : (27.7) 
ab-a a aa 
op 
The correlation of the source fluctuations is defined by the equation: 


- ( eee 
L ASN. SN. =0 (27.8) 
ava "'b az,t,x’,t’ 


with the initial condition 





(sw én ee 
Be peat Bile oa 
=n, bap | (2-2) f,(est) — 4 f,(#.t) fy(2’.#)| (27.9) 


KTNG - E 
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which in the limit ¥V+~,V+o,N/V=n. reduces to 


source 
6N_ ON. =n. 6, &(x—-2')f (x,t) (27.10) 
( a eee ¢! =¢ a ab a 


In the general case, Eq. (27.7) must be completed with Eqs (26.20)-(26.23) 
for the fluctuations of the electromagnetic field amplitudes and the relation 


e 


6F, =e SE + “4 (vX6B). (27.11) 
a e 


a 


In the case of a Coulomb plasma, we only need the equations 


VxXéE=0 
Vi6E = 4n > ea | dp 6N, (27.12) 
a 

together with 

SE. = 2a 6E, (27.13) 

The results obtained here will be used in the derivation of kinetic equa- 

tions. 
28 TRANSPORT EQUATIONS FOR THE DENSITY, THE MOMENTUM DENSITY AND THE 


ENERGY DENSITY OF THE PARTICLES. TRANSPORT EQUATIONS FOR THE ENERGY 
DENSITY AND THE MOMENTUM DENSITY OF THE ELECTROMAGNETIC FIELD 


For the derivation of the transport equations we use the set of equations 
(26.13)-(26.18) for ee E,B. 
The total mass density, the total momentum density and the total kinetic 


energy density for the particles of all kinds are defined by analogy to (7.1): 


p(r,t) = a mn, | ap fi, 
a 
Sate Shel 0 
a a 
w(r4t) = > ra | dp : (28.1) 


Multiplying Eq. (26.13) by ngm,, integrating over p and summing over a, we find 


the continuity equation for the total density of the plasma: 


oe(r,t 
BONE) aes Sp =0. (28.2) 
3t aa 
a 
We consider now the momentum balance of the plasma. The momentum flux ten- 


sor Ty3 is defined as follows 


Ts = a mn, | dp,0;f, 2 ee alee Sa (28.3) 
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where a) is the pressure tensor 


- = (a) 
Pos = >a" | dp 8; 04; f4 => P33 (28,4) 
a a 


x (a). . 
wl ~=vi.— > Pies So 
th 8va5 tat? ig is the pressure tensor of component a ust as in the 


case of gases, the pressure tensor can be represented as follows 


PD 265 .. pi + ni 
td td tj 
1 
p= 2 p@ (28.5) 
(a) , , (a) 
where Dp is the scalar (hydrostatic) pressure of component @ and ue the 


corresponding tensor of viscous stresses. 


We finally introduce the definitions of the charge and current densities, 


q= e4"a | i 
a 

i => 4% |e fy: (28.6) 
a 


We now multiply (26.13) by "Ds integrate over Pp, sum over a, and per- 
form the transformations leading to Eq. (7.9). In the result, we obtain the balance 


equation for the total momentum density of the particles, analogous to (7.9): 
3 3 ( (a) 2) 
— u_. + — u_.u.+6.. + 1. 
jt > °a at ar, > Pa Mat aj td P td 
a a 


= ly; 
=qE,+— (i xB), +> 7,| dp Pt, - (28.7) 
a 


The first and second term on the right-hand side represent the th compo- 


nent of the force density: in order to derive this expression we used Eq. (26.14). 
The third term on the right-hand side defines the contribution of the collision 
integral to the momentum balance. It can be written in a more convenient form. 
We use the relation of the collision integral I, to the correlation of the force 


fluctuations and 6M a3 as well as Eq. (26.15) and the definitions 


8a = Se, [ ap 6M, 


a 
éf = e | @» 6éy. 
p2 a a 
We then find 
> "a | dppI,= (64 SE) + 4 (8 x 6B) (28.8) 


a 
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We now consider the kinetic energy density balance. We multiply Eq. (26.13) 
by NqP*/2m,, integrate over p, sum over a and perform the transformations leading 


to (7.14). As a result we find: 





, P 
=j- E+ dn, | ee I, (28.9) 
a 


where qr, is the temperature of component a, Ss. the heat flow vector of component 
as 
Using the definition (26.13) of the collision integral, the second term on 


the right-hand side can be rewritten as 


p2 
dn, | 4 sav la = (84° SE). (28.10) 
a a 
From Eqs (28.8), (28.10) one sees that the contributions of the collision integral 
to the momentum and energy balance of the plasma are expressible in terms of the 
correlations of 6q,6j and 6E£, 6B. 

We now consider the equation for the momentum balance of the electromag- 
netic field. To this purpose, by using Maxwell's equations (26.16)-(26.18), we 
transform the expressions of the electromagnetic forces appearing on the right- 
hand side of (28.7): 


1 is 
qE + = (ixB) 


= L(v-ec)e+—+ (vxa) xB —-—L (24) xe. 
47 4v 4nme \ 3t 
Hence, from (26.17) 


aE ; (XB) = oe [E(V +E) +B(V-B)] 


pphi2. oles, a 
+1 {(vxe)xe + (Vx) xz} ae (EXB). (28.11) 


We now use the vector identity 
A, (V+A) + [(VxA)x A] 
r) 2 4 A) 3 2. 
=— |A -—-=A + —(A_A +—(A 28.12 
ax ( xu 2 ay x y? a2 ( oY ( ) 


Substituting successively A,=E, and A, =B, » and adding, we transform 
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Eq. (28.11) into 

(EXB). 

3 L e) 1 

— —— + — 7,, = -qE,--(j : 28.13 
at ate an, td qe, —— (i XB); (28.13) 


The tensor Teg is called the electromagnetic pressure tensor or the Maxwell tensor 


and is defined as follows 


1 EB? + Be 
T.. =-— -E.+B.B,.—6,., ———— }. 2 
ud qu («, d 18; Oa 2 ) (easly) 
From (28.13) follows that the vector 
1 
— 28.15 
ae (EX B) (28.15) 


defines the momentum density of the average electromagnetic field. 

Adding term by term the particle momentum balance (28.7) and the average 
field momentum balance (28.13) we obtain the total momentum balance for the plasma 
and the average field: 


= ae } 
as < — (EXB). 
ot 2 Pa tia 4te ( ); 


: Pon} Zal 

+2 {Dd (0, Mar Mag + OS +f), => 2, dp P,T, (28.16) 
a a 

The right-hand side of this equation can be transformed by using Eqs (28.8) and 


(26.20)-(26.23). Performing a transformation analogous’ to the one leading to Eq. 
(28.13), we obtain instead of (28.8) 


> | 4p 0;7 ie De codiad Kk. (28.17) 
% a ta ot 4te or td 
where we introduce the tensor Kye of the electromagnetic pressure due to the field 
fluctuations: 2?) : (5°) 
Keg =i (sz, SE; ) + (8B, 6B,) a $5 As) sont) (28.18) 


Combining (28.16) and (28.17) we find 

3 I 

2{ Pgtag + Tao (EX B), + (6E xB). I} 
a 

+ ELS [og mee hag + PO] + eg + Key} = 0 (28.19) 
J a 


It thus follows that the total momentum density of the particles and of the fields, 
including the field fluctuations, is defined by the vector G: 
1 
G= > 0,4, + hae {(e xz) + (se x5B)} 


a 
> egt, + aes (EN xe™). (28.20) 
a 


4te 
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The expression appearing in (28.19) under the action of 0/ar defines the 
total momentum flux tensor of particles and field. 

We finally consider the electromagnetic energy balance. Multiply (26.16) 
scalarly by E and (26.17) by B, subtract the second from the first and use the 
identity: 

V+ (EXB) = B+ (VXE) — E-(VXB). (28.21) 


We thus obtain the energy density balance for the average field 


2 2 
0 FE +B e 
— ——— +V-— (EXB)=-j°E. 28.22) 
a 8n Ta ) GceE ( 


Ce 


is the energy flux vector of the average field, i.e. the Poynting vector. We now 


add Eqs (28.9), (28.22): 





a 81 
pur 3p 
7 a {> [x (24 24_A2z op +p) + 0) u +5] 
or. aj 2 2m. Ba jn an J 
joa a 
e p? 
+2 texm,}= Sn, [ a 2 z,. 2 
(EXB) 2", Dee, (28.24) 
a 


On the left-hand side there appear the total energy density and total energy 
flux density of the particles and of the average field, without accounting for the 
fluctuations. The contribution of the latter is contained on the right-hand side, 
through the collision integral, just as in the case of the momentum balance. 

We transform the right-hand side of (28.24) by using (28.10), (26.20) and 


(26.21). Proceeding as for the derivation of (28.22), we obtain: 


2 2 
2 SE )+(6B 
es . asso ROE Ae) (or) a 
2 n, | dp me 1, = (87 + 8£) = a = V+ = (SEX8B). (28.25) 


Substituting into (28.24) we find the exact balance equation for the total 


energy density of particles and field, including the effect of fluctuations: 


(3 [ +72 a0] % a (e+5°) + + (687) +( 58%) )h 





ot 





a 
p ue 30 
3 aa a (a) (a) 
bi or {> [Hae er keg oe )+ "eg “ag . 542 | 
toa a 
(e ce = 
+ & (exa), +2 (se xse),} 0. (28.26) 


For the case of a Coulomb plasma, the balance equations are simplified: 


6B =0 and B reduces to the external magnetic field, By: 


CHAPTER 6 


Kinetic Equations for the Plasma in 
the First Moment Approximation. 
The Vlasov Equation 


29. KINETIC DESCRIPTION OF THE PROCESSES IN A COLLISIONLESS PLASMA 

We introduce the well-known relaxation time of a plasma, T 61> defined as 
the time necessary for reaching local equilibrium; lrel is the corresponding 
length. In the case of ordinary gases we had called the corresponding quantities: 
Trel (the average time between two successive collisions) and 2 (the mean free 
path of the atoms). Sometimes, we shall use this terminology also for plasmas. 

The plasma consists of several components. In the simplest case, there 
are two components. It follows that the relaxation processes in a plasma proceed 
in several steps, characterized by different relaxation times, Tap: For an elec- 
tron-ion plasma, a=e,7, hence there are four of these: Toe? Tor? Tye? Tyee 

The relaxation processes are caused by the existence of fluctuations. Their 
contribution to the kinetic equation for the functions La is determined by the 


collision integrals: 


1 9 : 
iy #9. Sp » (8F, 6) 
ea 2 1 \ 
--22. {(se 6Wq)+ Lex (SB BW.) f (29.1) 


We used here the definitions (26.13) and (26.14). 
The kinetic equations for plasmas are closed equations for the one-particle 
distribution functions Ape and for the average fields, E,B3; the collision inte- 


grails therefore depend on these quantities 


T= 1 (f, +8 +B) . (29.2) 


If the fields are not very strong (see sect. 37), the collision integrals are prac- 


tically independent of them: 


5 iene bt (29.3) 
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The relaxation times are defined in such a way that 


1 1 1 
IT,w~—fe, == sae (29.4) 
eg 2 Ta 2 ab 


In section 38 it will be shown that the shortest relaxation time Tey and 


the corresponding shortest relaxation length Lie are defined in terms of the quan- 


1 
tities YT), U and vz as follows : 


Lt ~Py/u, T 


$61 = Leip ~ Pil Up 3 (29.5) 


rel 
Therefore, for a dilute piasma, for which yw «1, we have 


L el > ae > r/%p ‘ (29.6) 


The relaxation length is much longer than the quantity r,, which defines the corre- 


D 
lation radius of the density fluctuations, as well as the effective interaction 
range of the charged particles. 

If the characteristic dimension of the volume enclosing the plasma, LZ, and 


the corresponding time 7 are such that 


lel >L>pr Tee >T> ry/Un . 


D’ 


then, to zeroth order in L/L T/T the term of Eq. (26.13) containing the 


rel? rel’ 
fluctuations oF ; 6M, can be neglected. In other words, the contribution of the 
second moments can be disregarded. As a result, we obtain a closed set of equa- 
tions for the first moments of the random functions Ng, EM, B", i.e. for the func- 


tions f,= (a) / ng, E,B: 


of. of ) 
—fyy. 24 fF .-2%2Q (29.7) 
ot or a op 
e 
= a 
F,= ay Pea" a (» XB) (29.8) 
1 0E£ 4n 
ESS ne ean] Pf, (29.9) 
__1 3B 
VXE=-— 3 (29.10) 
V-B = 0 (29.11) 
VeE=41> ean |” ee (29.12) 


This self-consistent set of equations was first studied by A.A. Vlasov and was given 
his name, 


For Coulomb plasmas, Eqs (29.8) - (29.12) simplify to: 
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Fo = F 50 + ek (29.13) 


VXE=0, V-+E=4n> ea%g|4Pf, : (29.14) 
a 


Instead of the Poisson equation for E it is sometimes convenient to use 


the equation for the total current. Equations (29.14) are then changed into 


oE 
= aden =0. . 
VxE=0, = an > ean [apy t, 0 (29.15) 
a 

Equations (29.7) - (29.12) are also valid for relativistic plasmas, provided 

the relation p =m,v is changed into the relativistic relation p = m,Yv. 
In the first moment approximation, the correlation effects are not included; 
therefore these equations cannot describe dissipative processes. The total entropy 


of the plasma: 
S(t) =k, dn, far dp f, mf, (29.16) 
a 


is therefore constant: 
ds/dt=0. (29.17) 


In order to prove this result, it is sufficient to multiply Eq. (29.7) by 
—kp ny info» integrate over rf and Pp and sum over a. 

In the language of gas theory, Eqs. (29.7) - (29.12) correspond to the com- 
plete neglect of the collisions of the charged particles. They are said to describe 
processes in a ‘collisionless plasma'. 

For a collisionless plasma we may use the balance equations for the mass, 
momentum and energy densities, obtained in section 28, provided we neglect all 
terms involving the integrals L and the correlations of the fluctuations 6q, Sj, 
SE and 5B, 

Because of the neglect of dissipative processes, Eqs (29.7) - (29.12) cannot 
be used to describe the approach to equilibrium. As a result, in the absence of an 
externa] field (E,, =0), the solution of Eqs. (29.7) - (29.12) with E=0, B=0 is 


any arbitrary function of the absolute value of the momentum, ue Ipl)}- 


30. THE LINEAR APPROXIMATION 
The set of self-consistent equations, in the absence of external fields 
(FE . = 0) has a particular solution: 
f,-f2(|pl}, E=0, B=o. (30.1) 
Indeed 
q=>, 24% | fo(p) = > 4% = 9 (30.2) 
a a 


as a result of the overall neutrality of the plasma, and 


KTNG - E* 
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_ 0 = 
i D cata | ap» rele) <0: (30.3) 


Thus, the equations for the fields are homogeneous and have the solution E=0, B=0. 


We now consider a solution of (29.7) - (29.12), close to the particular solu- 


tion (30.1). Thus, 
eo Ae 1 1 0 
te Ee NEP ees tf <f, 
E=E'}, B= B} (30.4) 


From (29.7) - (29.12) we get the following equations, linearized in i , BE}, B: 


af) af} fe 
a Gp oh IB tae 1 (30.5) 
at or a Pp 
xg) 13 eat 24% | 4 vf (30.6) 
~ @ at e > ag) FP’ Ja : 
a 
VxE) = 1 3B! 
v-B! =0 (30.8) 
1 1 
V-E =40 > ea%y | af : (30.9) 
a 


F , To 5 
We used the fact that the term involving B- in (30.5) vanishes, because: 


af? (p) 
xp lis —2 = 
op 


In the case of the Coulomb plasma we get instead of (30.6) - (30.9): 


VxEl=0, VE =4n> ey%g| apr, (30.10) 
a 


and from (29.15): 


VXE! =0 Lae Ja ae 
=0, — 4+ > 24%, pyf, = (30.11) 


From here on, we shall omit the superscript 1 on fy, EB}. 


Sometimes, instead of the differential equations (30.5), we may use the 
corresponding integral equation. In order to derive the latter, we transfer the 
last term of (30.5) to the right-hand side, and consider it as a source term. The 
solution to the equation for Le can then be represented as the sum of two terms: 
the solution of the homogeneous equation, corresponding to the initial condition 
f =f(roP ,»0) for t=0, and the particular solution of the inhomogeneous equa- 


a 
tion, which vanishes for t=0: 
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f,(ropst) = f(r —vt, p,0) 


t 0 
: af (Pp) 
- [ ae! ely -v(e-2), of] 8 — F (30.12) 
#4 op 


It is easily shown that this equation is equivalent to (30.5). Its right-hand side 
depends on 7 through E, hence it is an integral equation. 
From the structure of (30.12) follows that the charge and current densities 


can be represented in the form: 


q=4 +q > f=) +f (30.13) 


The first terms are defined as follows: 
ext 
c=) ea%g | oP fal —vt, p,0) 


a 
i = Den, | wr ig(r—ve, P,0) (30.14) 
a 


they are given quantities (or ‘external’ quantities), because the integrals only 
involve the given initial value of F,( r5p30). 
The second terms in (30.13) are proportional to the field E, hence they 
are called ‘induced’ quantities: 
t 0 


of 
ind __ 2 / ae pl 77. a 
q 2 ef n, | dp | dt' E[r —v(t—t'), t’] op (30.15) 
ae af? 
pol. > e=n dp y { at! E[r —v(t—2'), t/] pat (30.16) 
aa ap 
a 0 


When the expressions (30.14) — (30.16) are substituted into (30.6) — (30.9) we obtain 
a set of linear inhomogeneous equations for the fields. Their source terms are de- 
fined in terms of the external charge and current densities (30.14). 

The corresponding equations for E in the case of the Coulomb plasma are 
obtained by substituting (30.13) into (30.10), (30.11). 

We shall study the corresponding homogeneous equations for E, B, in order 


to derive the electromagnetic properties of the collisionless plasma. 


31. ELECTRICAL CONDUCTIVITY AND DIELECTRIC CONSTANT 
OF A COLLISIONLESS PLASMA 


The expression of the electrical conductivity of a collisionless plasma 
will be derived as a limiting value of a more general, collisional, expression, in 


ls, 0 is made to approach zero. To this pur- 


which the collision frequency Vy = Ty 
pose, we introduce into Eq. (30.5) an additional dissipative term =o a on the 


right-hand side: 
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of of af? 

a a a ‘ 
teat . +e E*—-=-y =-\y 31.1 
ot ‘ or a op ata 1 : : 


We assumed here that v, is independent of the subscript a. In the final expres- 
sion, we let v>O. 

We note that Eq. (31.1) does not make sense for finite v, as it fails to 
satisfy the continuity equation. In order to avoid this difficulty we should intro- 
duce a dissipative term which vanishes as v>O but also satisfies the continuity 
equation for finite v. However, we need not dwell on this general problem here, 
as we are only interested in the limit v>+0. 

As for Eq. (30.5), the solution of (31.1) can be represented as a sum of 
two terms, similar to (30.12). Here, we shall only consider the terms proportional 
to the field, i.e. the induced parts of q and j. 

We look for a solution of (31.1) and (30.6) - (30.9) in the form: 


f(r oP >t) = f,(wsksp) exp —t(wt—-kr)t+e.c. 
E(r,t) = E(w, k) exp -t(wt—kr) +c.c. 
B(r,t) = B(w,k) exp —t(wt —kr) t+c.c. (31.2) 


Substituting these expressions into (31.1), (30.6) - (30.9) we find a set of 
equations for the complex amplitudes fi(oskep)s E(w,k), B(ws k): 





af 
—t(w-k-ev + tv) pee, fs a (31.3) 
exe ae (31.4) 
Cc Cc 
i(k XE) = 2B (31.5) 
ti(k+B) = 0 (31.6) 
i(k +B) =41q (31.7) 


We introduced here the following symbols for the Fourier components of the charge 


and current densities, q(w,k), j(w,k): 


q =De,n, | @ f,(wsksp) (31.8) 
a 

eee n, | doy fylw,ksp). (31.9) 
a 


Equations (31.3) - (31.7) being linear, the vectors E(w,k) and B(w,k) can 
be represented as follows: 
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k k ll 1 1 
BS Ree Bans Blea e +E > B=B ‘ 
(kxE")=0, k-El=0. (31.10) 
The superscripts Il ,1 , denote, respectively, components of the vectors parallel 


M will be called longitudinal, and the fields 


and perpendicular to k. The field E 
E1, Bp}, transverse. A similar decomposition is performed on the vector j: 


1 1 
p24! si ; exj" =0, k-j =0. (31.11) 


Corresponding to this decomposition, the set of equations (31.3) ~ (31.7) 
can be split into two subsets. The first involves the longitudinal field E! and 
the corresponding part of the distribution function, ag (through Eq. (31.3)). 

The second involves the transverse fields Ell ; B* and the corresponding part of the 
distribution function, f_ . 


a2 
The first set of equations is 


uv Fe 
—t(w—k-evt+tv)f  =-E + — (31.12) 

al op 

: on oat caglly 
tk-E"=0, ikeE w 67 Degg | oP Say (31.13) 
From (31.13) we get 
Ik 

Ev =-7% 2 2 sreqa] dp Pore (31.14) 


The second equation (31.13) follows from the Poisson equation. From the 
Maxwell equation (31.4) we may obtain an alternative form for E! . Taking the 


scalar product of (31.4) with k, we get 


Wh 4nt ot at k 2 
Ev = Tape = re ee n| 4p ew (k i Bn é (31.15) 
a 

In the last term, we used the fact that /!! =k(ke i) ik. The set of equations for 

fay» Ey B is af? 

° * ae i. a 
-—i(w-k «vy +iv) Tom e,F fan: (31.16) 
i(k xB) = -tBet +S yt (31.17) 

t 

i(k E+) == B (31.18) 
tkeB=0, tk-E=0. (31.19) 


An2 3 P P a 
Eliminating the vector B from (31.17) we find an equation for E : 


k 
{u* =07 2) Et eer ag =— 41tw > ea"a| dp [» =a (k -»)| T5 (31.20) 
a 
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where we used the propertv jis —kkj)/k . 
Eliminating now ta from (31.14) we find an equation for E! , which we 


write in the form: 


el (wy &) E(w, &) =0, (31.21) 


where ( 0 
ke (of /dp) 
e"(wsk) =1+> - en, | dp er es, (31.22) 
a 


w-key tiv 
This function is called the longitudinal dielectric constant of the plasma. Indeed, 
the Poisson equation for the Fourier-transformed electric induction in the absence 


of external charges is: 


ESD late) te (ask) (K+ E(w, k)) =e e(w,B) (ke BM) =0  (31.21)5 
i 


The comparison of this equation with (31.21) justifies the name given to € 
Had we used Eq. (31.15) instead of (31.14) for the field E, we would have 


obtained the following expression for ec" (w, k): 





4ne2n (kev) ke af? /3p 
aa | dp (31.23) 
k 


eM(w,k)=1 +>, 
a 


Ww w-kevtiv 


It is easily seen that this expression is equivalent to (31.22) in the limit v>0. 
We now substitute ce from (31.16) into the last term of (31.20), which 


becomes: 


[v —k (kev) /k? ] E> + (357/20) 


S 31.24 
w-kevt+tv f ) 


2 
-w > 4me, na | dp 
a 
We integrate this expression by parts, noting that the derivative of the denomina- 
tor yields a vanishing contribution. In calculating the derivative of the numera- 
tor, we recall that k+ Et = 0. As aresult, (31.24) reduces to 
2 0 
4meon f. 
a : 
w > 2-4 [dp fa a (31.25) 
a Na w-kevtitv 


We substitute this expression into (31.20) and rewrite the result as: 


[w2 e'(w, k)—c? k2 J E(w, k) = 0 (31.26) 
where: 
Ll 5 ita" fi (p) 
E »~k) =1- 22/4 + - 31.27 
(w ) wm p W-k ev tity ) 


a a 
ae 1 ; a 
From (31.26) it is clear that € = n, where ” is the refractive index for waves 


i, e ci 
of frequency w and wave vector k. Thus € is the transverse dielectric constant 


of the plasma. 
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If we do not perform the decomposition of the set (3!1.3)-(31.7) into longi- 
tudinal and transverse parts, we can still find a general relation between the 
vectors D and E, This relation is of a tensorial nature; thus the electromag- 
netic properties of the plasma will be characterized by dielectric tensor Eg g(wsk). 
We shall derive an expression for this tensor and show that it is wholly defined 
in terms of the scalars el and et . 


We substitute ce from (31.3) into (31.9) and write the result in the form: 

J, (wrk) 7 o,;(0>k) E (wk). (31.28) 

We introduced here the electrical conductivity tensor of the collisionless plasma: 
v, (@f9/9P 5) 


w-keyp + ev 


& 2 
o,-(w sk) =-7¢ > an n, | dp (31.29) 
a 
In order to define the dielectric tensor, we note that, in the absence of 
external currents, the right-hand side of (31.4) can be represented in terms of the 


electric induction vector D(w,k): 


’ 7 47 
~=2 p(w,k)=- E(w, k) +— (wk). (31.30) 
e e e 
On the other hand, by definition of the tensor Enz? 
D;(w,k) = ens (w ,k) E.(w,k) (31.31) 


From Eqs (31.28), (31.30), (31.31) we find the relation 


amt 
fs4 = 844 + Sane OFF (31.32) 


Using (31.29) we obtain the explicit form of the dielectric tensor of the colli- 


sionless plasma: 


0 
4ne2n v.(af_/ap.) 
¢ | fe a (31.33) 


--(w, = 6..+ pein iake 
epg fw k) 8 a5 > : 
a 


In the absence of an external field, the right-hand side depends on a single vector, 


w=kevtiv 


kK. The tensor Eye is therefore defined by two functions of w and [kl , which can 











be chosen to be el _e . Indeed, Eng can always be represented as 
ear | he \s a 
eo ee e+ ir a 7 € (31.34) 
with 
a kaky me al 
€ =e Sag? Sea Oe 2 Pe ee (31.35) 


Substituting (31.33) into the first of these equations we obtain an expression coin- 


ciding with (31.23). The second equation (31.35) similarly yields: 
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2metn ((kxv)Xk + (af? /ap) 
2 | a Allah ESSA (31.36) 


1 > 
€ (wk) = 1 4+ —4 
wk? w—kep tty 


where we used the identity: 


(kK xXv)Xk =kKy—(kev)k (31.37) 


An integration by parts proves the equivalence of (31.36) with (31.27). 

The functions el ee depend only on the absolute value k, not on the com- 
plete vector k; this is due to the fact that the function fe depends only on the 
modulus p. 

We now use the expressions of the dielectric tensor and of the electrical 


conductivity for an analysis of the wave properties of the collisionless plasma. 


32. WAVE PROPERTIES OF A COLLISIONLESS PLASMA 
In the absence of external charges and currents, Eqs (31.21) and (31.26) 
are homogeneous.: They possess non-trivial solutions whenever w and k are related 


by the dispersion equations: 


e! (w,e) = 0 (32.1) 
wet (usk) —o Rk =0 , (32.2) 


(32.1) is the dispersion relation for longitudinal waves, and (32.2) the dispersion 
relation for transverse waves. 
If the electromagnetic properties of the plasma are described by the dielec- 


tric tensor es9 >» (32.1), (32.2) can be grouped in a single dispersion equation: 


we egg (wok) 65)? + ky k; =O. (32.3) 
This form is more general, because it holds even when the plasma is anisotropic 
(e.g., in the presence of external fields), and the tensor ers is not of the 
simple form (31.34). 

The dispersion equation determines the relation between the frequencies and 
the wavevectors of the longitudinal and transverse eigenmodes of the plasma. If 
there are waves with real k in the plasma (for instance in an infinite plasma, or 
in a plasma contained in a resonator), the dispersion equation yields the depen- 


dence w=w(k). In general, the eigenfrequencies will be complex: 
w =o! +t0” = wl —- ty, (32.4) 
We thus obtain from the dispersion equation two functional relations: 


w’ = w’ (k) (32.5) 
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y =yY¥(k) (32.6) 
defining the frequencies w’ and the damping rates Y of the eigenmodes, as func- 
tions of k. 

If the plasma is inhomogeneous, e.g., because of the action of the bounda- 
ries, there may exist stationary states for which w is real. From the dispersion 
equation we find in that case the dependence on w of the projection of k on an 
arbitrary axis. 


Let us consider the case of weak damping: 


Y <w’. (32.7) 
In that case we find from (32.1): 


»k)-iy —=0. (32.8) 


Ml 
mL 

~ 
€ 


ell (w’ — tY,k) = 


: : ee s ll 
We see that the dispersion relation involves the function e€ (w’,xk) for real values 


of w’ and k. It is a complex-valued function, defined by (31.22): 


e! (wk) = Rec! (wy k) + Ime! (wu k). (32.9) 


We thus obtain 





2 0 
4nme on k-(af /ap) 
peel (wk) eae D> —2-4 plap —_—_4+_ (32.10) 
a k2 w! —kep 
2 0 
4neon of 
incl (u! k) =- 2 —24 | ap d(w! —kev) ke —*. (32.11) 
a Ke oP 
We used here the relation: 
lim = 5 =P L-in6(x). (32.12) 


y>0 x+tv 


The symbol P means that the integration over the singularity at the point x=0 
must be understood as a principal value. 
Because of the condition (32.7), we may retain in the second term of (32.8) 


q . We thus get, to first order in Y/w’, the two 


only the contribution of Ree 
equations: 
Ree! (w/,k) = 0, (32.13) 


Im c4 (uw! k 
— mel(wl,k) . (32.14) 


are c! (wk) /au’ 
The first equation provides us with the relation w’ = w’(k). Knowing the latter, 
we find the damping rate Y(k) from the second equation. 
Performing similar transformations on the dispersion equation for trans- 


verse waves, we find the following two equations from (32.2): 
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1 
w'? Ree (w’,k)— e?k? =0, (32.15) 


12 a, 
I ok 
Y= w!* Ime (w’,k) (32.16) 


d[w’2 Re et ]/aw! 


where , ' 
4tmeon f. 
L 
Ree -1- > —*4 P| ap 2, (32.17) 
wm w —kev 
a a 
2 
4m etn 
i 
Ime -> —44| @ S(w! —kew) fo. (32.18) 
w’ m a 
a a 
We now consider several concrete examples. 
I. The cold plasma (f,=0). In this case: 
fo = 6(p) . (32.19) 
From (32.13), (32.14) we find 
ii 2 we . yY=0, (32.20) 
where wr is the Langmuir frequency of the plasma: 
2 
4neon v3 
= pave 
w= (2 a ) 2 (32.21) 
7 a 


We see that in a cold plasma there may exist undamped oscillations of frequency Wr 


This frequency is independent of the wavevector. 





2. Waves in an electron plasma. 
a 
O Bs: 2 o_ 
f, = (20m, kg?) exp [—p /2m, kT] ‘ AS 6(p). (32.22) 
If w/k> ne? (i.e., the phase velocity of the waves is much larger than the ther- 
mal speed of the electrons), we find from (32.13), (32.14), (32.10) and (32.11) 
72 _ 2 + 242 a 
wi = wel 3r7k ) (32.23) 
4 wo 
y= (2) 2 exp (—1/2 r? k”) (32.24) 
8 3 13 e 
r~k 
e 
where 
wo = (4ne2 n/m 3 
e ee % 


7 2 2, \3 
PS Vp./W, = (kp? /4me n,) 


are, respectively, the Langmuir frequency and the Debye radius for the electrons. 


The damping rate y defined by (32.24) is called the Landau damping rate. From 
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(32.11) we see that the damping rate is related to 


0 
afo(P,)/8P,| , > felPy) = | dey dp, fle) (32.25) 
v_=w' /k 
x 
i.e., to the derivative of the function fo(P,) at a value of , equal to the 


phase velocity of the wave. 


3. Longitudinal waves in a non-isothermal plasma, when T, > T, » for the range 
oe fe . 1 ° 
of phase velocities: ne >w’ /k > Ung: In this case 
ws ne Ke 
w/ 2 = —=— 
14+ r2k? 
e 


me w? v2 x? 
bis (z) Pay aes pee rene (22528) 
(kpr,/m,) k(1 + rok ) 


where w, is the ion Langmuir frequency. For long wavelengths (kr, <1) these ex- 


pressions reduce to: 





m3 
12 _ 42.2 _({t ve\’ kv 
wW k v3 7 a (Z ) s (32.27) 
where 
k,T,\3 
. be 2) (32.28) 
s ms 


is the sound speed in the collisionless non-isothermal plasma. From (32.27) we 


. 3 / : ‘ 
find the ratio Y/W for the ion-acoustic waves: 


re 2 or 5 m 3 ws 
wi? = we, Y= (z) (x4) aaa (32.29) 
e 
These are oscillations whose frequencies equal the ion Langmuir frequency. 


4. Transverse waves in a Maxwellian plasma, for w/k > Wn: Tf Vple €1, 


i.e., in a non-relativistic plasma, Eqs (32.15) yield: 
we? swt +072, y = 0. (32.30) 
L 
The vanishing of the damping rate of transverse waves can be understood as 


follows. From (32.18) follows that ine: is proportional to fy(P,)> (where xi k), 


for P= mw'/k. However, from (32.30) we see that the phase velocity is 
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(w/ /k) = e(1 tw2/e? x2)8 >e (32.31) 
thus 0 
‘a (Px) = 0 ’ 


lp =u! /k 
x 


hence the damping rate vanishes. 


5. The screened static field in a plasma. For w=0O and a Maxwellian distri- 


bution, we find from (32.1) and (32.10): 


= (32.32) 


In the one-dimensional case, this dispersion equation corresponds to the 


following equation for the electric potential $(z) : 


22 
a 
os Bs Oo. (32.33) 
dx? re 
D 
The solution of this equation with the boundary conditions: ¢ = ae for x = 0, and 
¢=0 for x=, is 
(x) = 6, exp (-2/r)) . (32.34) 


It follows that the static field in the collisionless plasma is screened at a dis- 
tance of the order of the Debye length. 

We discussed here a few examples which will be useful below. The detailed 
investigation of the wave processes in a plasma is outside the scope of this book., 
The study of these processes can be found in many books [8-28]. 

Further below, a few additional results of the theory of waves in plasmas 


will be needed. They will be introduced at the appropriate places. 


CHAPTER 7 


Kinetic Equations for the Ideal Fully 
Ionized Plasma 


33. LIMITATIONS NECESSARY FOR THE DERIVATION OF KINETIC EQUATIONS 


According to (26.3), the collision integral I, for a Coulomb plasma is 
e 
I,(z,t)=-—~4+(8Nn SE : (33.1) 
a\"? Ne ( Qa Ve nes 


We use the spectral representation for the second moment of two arbitrary random 
functions A(r,t), B(r’,t): 


(48) 


(48) 
Pigt 6 3 e! rr’, t-t', r,t 


tI 


(27)7" | aw dk (AB) exp [—tw(t-t/) + tk-(r—7’)] 
W,k,t,r 
sk aaa (33.2) 
As (4B), jr’, t! is a real function, (AB) ig tyr has the property 
* 
AB) sector = (48) 


? (33.3 
-w,-k,t,r ) 
From (33.2), for t=t’,r=r', we fina’ 


AB = (20 “fa dk Re (AB ‘ 33.4 
(48), gg = (2m) | dwdk Re (4B), yy, (33.4) 
Using this equation, we rewrite the collision integral as follows 
e 
a 3 
I, (x,t) = -———— 


2. | di dk Re (6N, 8E) 
(20) *n, op . 


= 2a ) 


Wk ar, p,t 
ng(27)? ap Jax Re (5% SE pat 


(33.5) 
ui Note that Im (AB) 


soe hor is odd in the variables w,k. 
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In order to derive a kinetic equation for fo we thus must express the spec- 


tral function (6 Nq SE) in terms of fa: To find such an expression 


o,kK,r,p,t 

in the polarization approximation, (see sect. 27), we must either solve the set of 

hg? (8, Sy) op a’ tt! oO 
’ ’ » ’ 

solve the set of equations (27.7), (27.8) for the random functions 6g. The latter 


equations for the second moments (6m, 5M). 


method, which is much simpler, will be used here 


We rewrite (27.7), (27.8) explicitly for a Coulomb plasma 








on f. 
a ) ) source ava 
ee eos Re es = ee 
(Fr op 7a 7) (30, Na ) “a SF —ap 
VX6E=0, V8 an D eg [ ap si, . (33.6) 
a 
The source correlation function is defined by (27.8) 
5 5 ‘Gaae 
—t+pys. +F 6W, oN. = 0. 33.7 
ioe "or 0a ‘aay ble ta! ,t! ee 
In (33.6), (33.7) the average force F is defined by 
= 2a a, , 1 , 
Fy = eg Ey + @ (¥XBy)—eg 5 >, | a Tory fo! >t) (33.8) 
b 
Grouping the first and the last term we can also write 
F,=e, E+ 2 (yxB)) (33.9) 


a 


where E is the total average field, due to external (E,) and internal sources. 
If instead of the Poisson equation one uses the equation for the total cur- 


rent, then the equation for 6£ is written as 


96E 7 
VXéE=0, <= +4m 2 eq] dev si,=0. (33.10) 


In order to define the collision integral it will be sufficient to know the spec- 
tral functions in the frequency domain w PV and in the range of wavevectors 


k >127!, thus the initial conditions for (33.7) can be defined in the form (27.10) 


6, gy, ) Source 
( be t,x!’ ,t’ 





bgt nr, Sap &(x-2x’) fi (2's t) (33.11) 
In a plasma, as in a gas, one needs for the derivation of kinetic equations 
some well-defined assumptions about the character of the relaxation of the correla- 
tion or spectral functions. 
We denote the relaxation times of the distribution function hee by Ta? and 
Zt = Vz7,T is the corresponding length. In 


rel? rel T rel 


section 29 it was already stated that Liel ~ ry/u >t 


the least relaxation time by T 


“ea V/o,u and thus, for a 


dilute plasma, when wu <1, 
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boy ~ rp fu > Py» ae l/a,u> i/o, . (33.12) 


As the collision integral is expressed in terms of spectral functions, we 


must compare 1 with the correlation length and time 2 


5% >t : 

rel rel cor cor 

In a state close to equilibrium, Le is defined as the length over which 
the field of a charged particle is screened, i.e., the Debye radius % (see sect. 
32). This means that the main contribution comes from a range of wavevectors 
k>r, ive, kk. wr, 

bp? 28? “nin D 
The correlation time for different spatial Fourier components is different: 


ie atone Toor (k) F (33.13) 


One of the assumptions necessary for the derivation of kinetic equations is 
that the spectral functions for k< an give a negligibly small contribution to 
the collision integral, [see (10.3) ]. 

The correlation time Toor (k) usually decreases with increasing k; the 
previous assumption then means that, in deriving the collision integral, one only 


needs to consider fluctuations with correlation times such that 


Teorl*) “ Tax ~ LF ee (33.14) 
For systems close to equilibrium: 
r 
1 D ] 
“max ~ Ko, ~ 0, a, * ae) 


min’? (Op Me 
Combining this result with (33.12) we find that, for W <1, the assumption corres- 
ponds to assuming 
(33.16) 


T = Tt (k.j)<t 


-l) on 
max cor Kota "D bs One 


min rel’ 1 

As a result of these inequalities, in solving the equations for the corre- 
lation functions, or the corresponding equations for 6N,, 6E , one may neglect the 
initial correlations. 

Thus, as in the case of kinetic gas theory, in the derivation of the 
kinetic equations for plasmas, one assumes that the long range fluctuations, with 
tas P Thel and Lon P bos , do not significantly contribute to these equations. 

As in the theory of gases (sect. 16) we establish the limit separating 
short-range and long-range fluctuations from the condition of continuity of the 


change in the functions resulting from collisions. As in section 16, we denote by 





ty rTy a volume and a time interval which can be considered as physically infinite- 
simal in the application of kinetic theory. Thus, a ~ Ln: By analogy with 
(16.2) 
T Lt T v Lt 
4 
ee hence u= a t e ret : (33.17) 
n 3 T 
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3 
As 2 ~rp/u and YW = linn), 


rel 
= a 
Ly = (2003/7) rm: (33.18) 
The number of particles in the physically infinitesimal volume is 
3 3 
ne, nr = W/uPrd. (33.19) 


Thus, we may take fr. as a limit between long-range and short-range fluctuations. 


D 
The corresponding time interval is 


Ty, ~ r/o ~ I/w, . (33.20) 


This choice agrees with condition (33.15), (33.16). 

Giving up the condition of complete weakening of initial correlations leads, 
as in the theory of gases, to the possibility of a kinetic theory of fluctuations 
(see Chapter 11). 

In the kinetic theory of plasmas, when the equations for the spectral func- 
tions, or those for the fluctuations 6N,, SE are solved, the time delay and the 
spatial variation of ie can be neglected over intervals Ppl Pp ~ I/w, and ry res- 
pectively. 

The introduction of a boundary between long-range and short-range fluctua- 
tions allows one to give a meaning to the words ‘strong’, 'weak', 'slow' fields in 
connection with the solution of the equations for 6Ng > SE. 


An electric field is weak when 


> D 
See = a Is (33.21) 
A magnetic field is weak when 
ae eB <r 
Lee T% ~wW, . (33.22) 


An electric field entering the collision integral I, is considered slowly varying 


when its frequency Wy satisfies 
-1 
w, < Ty Wy - (33.23) 


When the average fields E,B are weak in the sense (33.21), (33.22), then 
the following simpler equations can be used for the calculation of the spectral 


functions [29]: 


an f 








3 3 jource a‘a 
—+tpe =_ =— Y an & 
(3 v *) (on, éNe ) e, 6 Tr (33.24) 
9 3 ) source = 
mi e N N = 0 (33.25) 
(E+ ar (6H, 8 eae 


These are the equations used in the next sections. 
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34. SPECTRAL DENSITIES OF THE SOURCE FLUCTUATIONS IN THE IDEAL PLASMA 
We look for an expression for the space-time spectral density 


source 


6M, SW. é 

( a bay coc? 

We start from Eq. (33.25). In order to eliminate directly the correlations with 
-1 : : nt os : source | 

Tass > - Ye » we introduce in (33.25) a dissipative term a(en, 6) 

assuming Too <A< vs . As Ty 


function fa» we let A +O in the final result. Thus (33.25) becomes 


3 3 
(2+ ras a) (6, 5M, 


which must be solved with the initial condition (33.11). 


is physically infinitesimal in relation to the 


yeouee shi 
v,t,o!,t! (34.1) 
According to the discussion of section 33, for deriving the kinetic equa- 


tion we need the spectral densities for 


=) 
q w 
t < wy <T 


cor oor & %D . tél * (34.2) 


rel’ 


In constructing the kinetic equations for ideal plasmas, the time delay and 
the spatial variation of si are neglected. This means that we consider the zeroth 
approximation in the parameters Tiel Co Poor! pel 5 
late the spectral densities, we may consider the function fe as independent of r 
and t. 

The solution of (34.1) with the initial condition (33.11) is 

; = _yl 
(ow ON. ) = 6, 8(r—r’/—v(t—-t’)) 6(p—p’) e A(t-t ys f, (x! ,t"). 
a b , t ab b “b 
Bb yt (34.3) 


In other words, to calcu- 


source 


We introduce the change of variables 
r—-r' =r, t-tl=t, (34.4) 


For stationary and homogeneous processes, (34.3) reduces to: 


source ~AT 
= = =pl 
(on, M5), he 1 Sap ir —¥t) (p—p)F,(p)e (34.5) 
We introduce the Fourier transform with respect to r: 
= Lker 
éy_ 6W = (27)73 | dk (6N_ 6N ev . (34.6) 
(oN, Becta apt ( (80, Dk tp, p! 
We thus obtain the spatial spectral density from (34.5): 
source —At—ike vt 
= =, 
(ee pp! 1, Sap S(P p')e fglP). (34.7) 
In order to calculate the space-time spectral density, we first introduce 
the function © 
+ tWT 
(6v, 6N,) | dte (év_ 6y,) (34.8) 
a ake yp! aE" kt P,P! 
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and then use the relation: 


+ + x 
6v_ SN, ) = (6V_ ov + [ (ow 6N, ) ] s (34.9) 
( a are ere (6M, Ba Ep" a-“b'w,k,p,p’ ey 
valid for stationary processes. From (34.7), (34.8) we obtain 
+source _ mee, t 
(6v, 6N,) es 14 Sop &(p— p’) Rares | f,(P). (34.10) 
w,k,P,p 


From (34.9), (34.10), in the limit A > 0, we obtain the desired expression for the 


space-time spectral density: 


source - Sg ee 
Ney gg) = 7, 5op 6(p— p’) 20 6(w—ke v) £,(P) : (34.11) 
We now look for the spectral densities (SN, SE) kop and (SE SEV 
We therefore use the following relation, obtained from (33.6) : 
E aS dp 6N_(w,k 
6 Oe eter 3 4m e, p oN (wo, »P) (34.12) 
a 
From (34.11), (34.12) we thus get: 
k 
(6v_ 66 )8°U*® = ¢ — ane 20 b(w—kev) f (P), (34.13) 
a wk x2 a a 
? »~P 
(41)? en, 
(56 -seyourc® = 44 | aprnd(w—kev) fp). (34.14) 
w,k e k a 


We see that the spectral densities (34.11), (34.13) have a resonant character (they 
are different from zero only for w= k+v), The width of the resonance is of order 
A~ oy and goes to zero as A>0O. 

From (34.11) - (34.14) we may obtain, by integration over W, the spatial 


spectral densities; for instance: 


source -l source 
6N_ 6W = (2 | a 6N_ 6N 
( a D espa p! a ( a Badeenipt 
= qb, S(p — P’) £(P) (34.15) 


If this expression is substituted into (34.6), one finds upon integration over k 


an expression which is identical to the initial condition (33.11). 


35. SPECTRAL DENSITIES OF FLUCTUATIONS IN THE IDEAL PLASMA 





We introduce a dissipative term A(6u, —6w poure’) into (33.24), as in Eq. 
(34.1): 
on. f 
3 3 ) source a*a 
—tp-. + A) (6V_—6N =—e 6E +——— 35.1 
iG: ar es a ae ap a, 
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We now easily obtain the solution for the Fourier transform 6W,(w,k, p), 


in the approximation that fa is taken as independent of r and ¢t: 


te, én f 
bE(w,k) »-—2 2, 


deg (ri 
w—kev +7 9P (35.2) 


6W,(w,k,p) = 8g »ksp) — 


Equation (35.2), combined with (34.12), form a set of inhomogeneous equations among 


which 6, can be excluded. We thus obtain: 


e(w,k) 6E(w,k) = bE OF (yk) (35.3) 
where the Fourier transform of the source of the fluctuations is 
ourc tk oure 
éE* “(wsk) = Fy > ane a | ap ov so "(w,k 5p) (35.4) 
a 


and the dielectric constant is 


4ne2 n k-(9f-/dp) 
es J dp ——_2—_ (35.5) 


cust) = 1+ Y —$-4 
a w—key +tA 


Equation (35.5) has the same form as (31.22) defining the dielectric constant which 
relates the average fields 6D and 6E in the approximation of the first moments. 

In (31.22) fy 
neglecting completely the correlations. In (35.5), Ii is a function obeying the 


is a particular solution of the equations for 1% E, obtained by 


kinetic equation, which includes the collisions. Equations (35.5), (31.22) are 
both valid for values of w,k such that w>v »k> w7} 7 
rel rel 

From (35.3) and (34.14) we obtain the space-time spectral density of the 


electric field fluctuations, for a Coulomb plasma: 


source 
(SE +6E)800 


(SE+ SE), ce I? 
4 
5 ye wi ea “2 | ap 2m S(w—k+¥) f. (35.6) 


le(w, rT 


From this equation we obtain the spatial spectral density of the electric field 


fluctuations for the Coulomb plasma: 


2 2 
(4m) en f{P) 
(6E +SE), = > —i-4 | 4 __ ; (35.7) 
a k le(kK-v,k)| 
We now consider the spectral density (6v, SE) | rar which defines the 


collision integral. From (35.2), (35.3), recalling that 6£ is parallel to k, we 
find 


(88a kp ee Beto se), ge Wey MeO 
ae wo kevtia mak op e*(w,k) 


(35.8) 
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With the result (34.13) we get 


7 tei, k of, 
(ON OE ge gee ee ee cz (SE + SE) ea Sara 
a ae ea er ws ap 
ok fi(p) 
+2 az 4ne nm, 278 (w— kev) ——.. (35.9) 
k e*(w,k) 


We separate out the real part, which defines the collision integral of the ideal 
plasma (35.5): 





k of, 
Re (6N, 54), gp SMe. ns 6(w — kev) me (SE -€8), ke as 
4ne n, Im e(w,k) 
- 2 k 20 6(w-k +v) ————> f(p). (35.10) 
k le (wk) | 


In a similar way, we obtain an expression for the more general spectral density of 
the particle number fluctuations 


(6. 6M 
a 


hii. apap? = 206, 6(w-—k-v) 6(p—p’) nf, 


peel ana mee (em Fa 





kK? (w—k ev +744) (w—k + v/—7ZA) ap! 
_ ft a"a%h"b | 2m6(w-ksv!) I -(t-=8) 5 
2 w-kev+taA e(w,k) ap b 
2m 6(w—-k ev) 3 
Bi iach Cana mee (« : Sb p (35.11) 
w-kev!-iA e*(w,k) op’ 7 4 


The functions e(w,k), (SE°SE),, x entering Eqs (35.9) —(35.1!) are defined 
by (35.5), (35.6). 

From these results we can obtain expressions for the spatial spectral densi- 
ties of the fluctuations. We consider in particular the function Re (ov, SE), ip 
which defines the collision integral according to (33.5). We introduce (35.6) into 


(35.10) and integrate over w: 


Re (54, bE} p 
16m en, P , O(kev —kev!) af, af, 
=- 22k 2D fn, | dp’ ——————_ k- Sp ob ap! 1a 
k b le(k+v ,k) | p 3p 


(35.12) 
The expressions for the spectral densities depend on r and on t through 
the functions fa: The latter obey the kinetic equations which will be derived in 
section 37. Thus the expressions found for the spectral densities are clearly non- 
equilibrium quantities. 
The kinetic equations describe the processes of relaxation towards equili- 


brium. In the absence of external forces, the latter is characterized by a Maxwell 
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distribution. If this distribution is used in the formulae for the spectral densi- 
ties, we obtain the corresponding equilibrium expressions. These will be studied 


in the next section. 


36. SPECTRAL DENSITIES OF THE FLUCTUATIONS IN THE EQUILIBRIUM PLASMA 
We first consider Eq. (35.6) for the spectral density (SE -5E) | ke In 


equilibrium we can write: 


af, kyr 
&(w -k+¥) f= 5(w—k +9) a ame * (36.1) 
Thus (35.6) can be written as 
1 (4m)? e2n of 
(6E* SE) , =-7>, 7? 2-8 an | dp 8(u —ke vk 
wW,k fe(w, k) | 2 ake op 
(36.2) 
However, from (35.5), we have 
2 2 
41° ein of 
ae a fw—k- ie 
Im e(w, k) = 2 rr | 4 S(w—k +r) k ip (36.3) 
Hence 
I 
(SE +6E), , = 2 Soe pluie) : (36.4) 
wi W Je(wsk)|? 


Comparing (36.4) and (36.5) we also find the expression of the spectral density of 


the source fluctuations in equilibrium: 





(SESGE) = an Im e(w,k) ky? (36.5) 
> 
Using the formula which relates the dielectric constant to the conductivity 
4ut 
eCapk) sl tic o(w, k) ’ (36.6) 
we also have 
2 
(8B -6E)S0NC® = cu Re o(w,&)K AT . (36.7) 
’ (0) 


This formula is analogous to the well-known Nyquist formula for the spec- 


tral density of the electromotive force &, equivalent to the thermal motion: 


2 = 
(a°) , = 2R(w) kyr (36.8) 


where R(w) is the ohmic resistance of the oscillating circuit. 
From (36.7) we may obtain the formulae for the source fluctuations of 


charges and currents. From Poisson's equation we obtain 


gq Petter (w, k)= = k 6 F50urce (36.9) 
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From (36.9) and (36.7) we obtain the spectral density of the source fluctuations of 


charges: 


source 242 


2 pee = 
(84 ers ea Re o(w,k) kr Im e(w,k) kp? . (36.10) 


a 
27w 
From the charge conservation equation follows 


source ,source source Sw OE source 


w dq =k-Sj or 41 Oj = tw (36.11) 


and thus 


: r source 
(oj° SA k = 2Re o(w,k) kpr. (36.12) 


We now consider the spatial density of field fluctuations in equilibrium. 
From (36.4) we find 


(SE+ 6E), 


Daeg [du 8 Ime(w,k) 
27 B 


® Je(wsk){? 








4m 1 1 ] = + 
ue | au tke? | + | [* (wk) —-f (44) | (36.13) 


where 
+ 1 = 1 
f’ =1 -———, f=1--—-— 36.14) 
E(w,k) ” e*(w, k) 
f and f. are analytic functions, in the upper and in the lower half-plane, respec 


tively. Using the Cauchy formula for lim f(w) = 0, 


wo 


- shy | ae’ FY, oe hg 


277 owl 4:24 
Fry 
Soe [ ao! fe id Cs ee (36.15) 
we find ne w—w! + tA 
1 
6E°SE), = onli - —1_|k vias (36.16) 
. e(0,k)J 8 


From the expression of the dielectric constant (35.5) follows that, in 
equilibrium 
i 
242 
rk 





e(O,k) = 1 + (36.17) 
Combining with (36.16) we obtain the final form for the equilibrium spectral density 
of the field fluctuations 4n ka? 


(SE* SE), = (36.18) 


242 
+7 
1 oe 


Comparing Eqs (35.7) and (36.18) we find that, in equilibrium, the follow- 


ing relation holds: 
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f r2 K2 
2 | a 2 D 
eon ee > en ———— (36.19) 
aa le(kev,k) |? a Mee se 


This result will be used in section 47. 
From Eq. (35.11!) we find the following expression for the spatial spectral 


density of fluctuation of the particle numbers in equilibrium: 
= ney, 
(6a, ON eps pe Sap S(P Dp )n, f(P) 


eenn 
a bab 


= FP) iP’) (36.20) 
2 2 b 
y re a - 
e 
where Lawdy are Maxwellian. 
Noting that 
2 
(47) ee 
; -> > ab / 
(SE 6E), 2,2 i | ap dp NT a eee (36.21) 


we see that (36.18) follows directly from (36.20). 
Comparing (36.20) and (26.11) we get an expression for the Fourier trans- 


form of the correlation function Iop in equilibrium: 


ea °b F(P) f,(P') 














g..(k,p,p') =- (36.22) 
we y etn 1+ 2k? 
Bee D 
From the integral formula 
. -r/ry 
(20)73 | dk ether —; = wh é 5 (36.23) 
l+rpk amr) 
we find the equilibrium correlation function 
oe -r/r 
a be D 
Iqp(t > Psp’) =— kp? fi(P) fp(P’) (36.24) 


Thus, the Debye radius plays the role of the correlation length: for r>ry 
the correlation function vanishes. 


The two-particle function fap is given by 





Lp igl ast eae (36.25) 
and thus ae -r/r, 
fp = (1- #22) ae (36.26) 
ab k,P r a°b ‘: 


For r mE Jap 7? and i ae fa fy: 
From (36.24) we see that, for charges of the same sign, the correlation 
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function is negative (fap < fa F,)> whereas for charges of opposite sign it is posi- 
tive (fap > a f,). 
For short distances, r < Tp» Eq. (36.26) gives a condition under which the 


second term is small compared to the first. Thus, (36.26) is valid only for 


kr (36.27) 


i.e., for distances where the potential energy is much smaller than the kinetic 
energy. For the Fourier transform, this implies that (36.22) is valid for wave 
vectors such that 

KA? 


k< (36.28) 


le, 2, 
This condition will be used in the derivation of the collision integral qa: 
From (36.3) follows that, in equilibrium, the imaginary part of the dielec- 


tric constant is 


2 2 
4nein m 3 mW 
Ime(w,k)=7 > a 2 (5 e ;) exp (- —_,) (36.29) 
a k kp? T Kp 2k,? k 





Thus, for w #0, Ime(w,k)—>0 as k>0. Using the equation 


- A 
lim ——~, =76(o(2)) , AO (36.30) 
A>0 $°(x) + a7 ee 
we find from (36.29), for small Ime: 
SIMS EE 7 aheeeluen] kf. (36.31) 
lw e(w , k)|? 


Thus, for small k, Eq. (36.4) for the space-time spectral density of field fluc- 
tuations reduces to 
2 
(SE ° SE), = en 6[wRee(w,k) ]ka7 - (36.32) 


Thus, for small k, when Ime is small (region of transparency), the spectral den- 
sity is different from zero only for values of w,k related by the dispersion rela- 
tion 


Ree(w, k)=0. (36.33) 


In zeroth approximation in k, we find from (35.5) 


we 
L 
Re e(w,k) = 1-4 (36.34) 
w 
We make use of the equation 
b(a~—z_) 
(eke > ——= (36.35) 


s |¢’(z,)| 
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where =, are the simple zeros of . We find from (36.32), (36,34), (36.35): 


(SE* SE) 4 = an [5 (w—w,) + S(w+u, )] kf (36.36) 


Thus, the spectral density differs from zero only for w= Or and is independent 


of k. The spatial spectral density following from (36.36) is: 
(SE - sé), = 40 ky? (36.37) 


which agrees with the limit of (36.18) as k>0. 

More detailed investigations of the theory of the equilibrium properties of 
plasmas can be found in references [4, 8, 46, 47] é 

In sections 33-36 we developed the theory of short-range fluctuations for 
which a wr ye se < r)- We shall see that these fluctuations define the 
collision integral in the kinetic equations of plasmas. Besides the short-range 
fluctuations, an important role can be played in non-equilibrium plasma by long- 
range fluctuations: these can define, for instance, the turbulent state of the 
plasma. They also contribute to the dissipative state of the plasma. They may 
thus contribute important terms to the collision integrals and to the kinetic 
coefficients (see Chapter 11). 

We shall see in Chapter 1! that the spectral density of the long-range fluc- 
tuations depend themselves on the form of that part of the collision integral, which 
is defined by the short-range fluctuations. On the contrary, the spectral densities 
of the short-range fluctuations are independent of the collision integral, as 
we just saw. 

In a collisionless plasma, where the characteristic scales 7,2 are such 


that T< Thel? Lé< ae ,» the short-range fluctuations, clearly, play the dominant 


1 
role. In that case the spectral densities can significantly depend on the boundary 
conditions. The calculation of the spectral densities, taking the boundary condi- 
tions into account, was studied in the works of Ichimaru and Yakimenko [51] (see 


also [52, 53]). 
37. THE BALESCU-LENARD KINETIC EQUATION 
The collision integral is obtained by substituting (35.12) into (33.5) 


kk, S(k ev —keyp! 
L(r.p,t)= > 26% e& n st | ak dp’ Zh EEE 
a > a bb 


OP, kX le(ke vw, k)I? 
of (r,p>t) of. (r p' t) 
a 1 = b > > 
ape De »t) Op fi(r>p >t) 
(37.1) 


This expression was first obtained in the works of Balescu and of Lenard 


[5,6] and is therefore called the Balescu-Lenard collision integral. 


KTNG - F 
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In Eq. (37.1) the variables r,t enter as parameters. As the spatial varia- 
tion of fa» fy is not considered in the derivation of the collision integral, these 
two functions are evaluated at the same position. 

We consider now alternative forms of this equation. From the first expres- 


sion (33.5) and (35.10) we obtain 


2 
We *fa , 81 Ime(w,k) ke } 
a 


ma 
Peaye 8) ay ah Slincibs {(s2, 58;) ag Bm IME e 
al 16 73 8p, ( ”) tI yk aes je(w, k) [2 Ke f 


(37.2) 
SE, 8E;) 
(82; ee 





where 


kik. 
= Jd (ce: 6) : (37.3) 
k k? W,k 


Thus, we expressed the collision integral in terms of the spectral density of the 
field fluctuations and of the dielectric constant. These functions are related to 
Fe by (35.6), (35.5). 

The representation (37.2) of the collision integral is quite convenient for 
the study of the relativistic kinetic equation (see section 39) and for the non- 
ideal effects (Chapter 9). 

The collision integral can be written as a diffusion operator in momentum 
space: 
ive Ss 


a td 9 oP. 
oP ; i P, 


f 


of 
=~ 7( “a, 3 Oe 
t a 


) . (37.4) 


The coefficients of diffusion and of friction are obtained for instance fron 


(37.2): 





2 
e 
(a) a 
oe = d —k-e 6E. OE. * 
Di (p) 2 | w dk 6(w 0) ( 5 Dade (37.5) 


2 
AD (p) = ee | aw dk S(w—kev “i uae Ey (37.6) 
t 20 k le(wsk) |? 

Equations (26.3) with the collision integral (37.1) or (37.2) or (36.4) are a closed 
set of kinetic equations for the plasma in the polarization approximation. The 
Balescu-Lenard collision integral in the form (37.1) was first obtained by solving 
the integral equations for the correlation functions Fab (27.4) (see [5, 6, 8, 10]). 

We now consider the general properties of the Balescu-Lenard collision 
integral. 

We first show that on substituting the Maxwell distribution for fi> the 
collision integral I, vanishes. This follows from the simple property of the 


Maxwellian 
af, af, (k .v—kev! ) 
b(krv— key!) eee a = ge ee ae 


and from the definition of the 6-function 
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xé6(x) = 0. (37.7) 


Thus, the Maxwell distribution is a stationary solution of the kinetic equation. 


Consider now the integrals 


(r,t)= > ny | a og(P) I(t) , (37.8) 
a 


where $,(P) is an arbitrary function. We substitute (37.1) into (37.8), integrate 


by parts on p and symmetrize with respect to a,p; b,p’ 
3b, ao kk. 
a 
I(r,t) = 2 2% : eon 2 n, [ dkdp dp' (spr =) 
z 


8(k+v —ke v!) (ra _ of, 
ikaw BV N2 b 


pera (37.9) 
‘ 2 ap, “4 
je(k-v,k)| j 
It follows that 2 
P 
I(r,t) =0 for ,(P)= 1,7. 5—- (37.10) 
a 


The derivation of the first two properties is obvious; to derive the third one, 
one uses (37.7). The properties (37.10) of the ideal plasma are analogous to those 
of the ideal gases (11.5). 

We now show that, taking into account the correlations which define the 


collision integral, the total entropy of the plasma: 
S(t) =- ; > [ae fon cm (37.11) 
a 


is growing and tends to a constant in equilibrium. 


We substitute into (37.8) the function 


o, =— kp inf, (37.12) 
and introduce the vector 
A= Sint, - sar anf. (37.13) 
Then (37.8) becomes 
(k +A)? 


(r,t) =k 22 ern n | ae ap ap’ a 
B b b 2 
22 a Rle(k +v sk) 


S(k-v—-kev’) ff, 20 (37.14) 
because the integrand is positive. The value zero is attained when 


Sus 2 _p! 
3p a 3p! in f, = a(P Pp ) ’ (37.15) 
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where @ is a constant, independent of the indices a,b. If this condition is 
satisfied, then not only I(r,t) but the collision integral itself vanishes. 


The solution of Eq. (37.15) is 


inf(p) = Zap? + Bp t+ (37.16) 
hence £,(P) is the Maxwell distribution 
( n\? (p—mgu)” 
f,(p) = 20M, ky?) exp rere . (37.17) 


From (37.14), using the kinetic equation, we easily establish: 


dS/dt2>0. (37.18) 


The entropy reaches the maximum value when the distribution functions f,(@>¢) 
attain the equilibrium, i.e. the Maxwell distributions for all components of the 
plasma, with the same T and &, 

We note that the integral over k in (37.1) diverges logarithmically at the 
upper limit. Indeed, for k+o (k> rs €+1 and the integrand behaves like ke, 

The cause of this divergence lies in the fact that for small distances 
(r< “,) the polarization approximation becomes identical to the weak-coupling 
approximation. The formulae obtained here are therefore valid only under the con- 
ditions (36.27), (36.28). The limit of integration over k can be approximately 
defined by: kat 

~—_ . (37.19) 
max le, en! 
As the divergence at large k is logarithmic, the exact value of this cut-off has 
only a small influence on the result. 

When the nonideal effects are taken into account, the additional contribu- 
tions to the collision integral display a stronger divergence at small distances 
(large kK). In the same time, the contribution of the small-distance interactions 
to the thermodynamic functions is important. Therefore, in the kinetic theory of 
nonideal plasmas, the contribution of the short-range interactions (r < Be) to the 
collision integral must be investigated more precisely (see sections 55, 56 in 
Chapter 9). 


38. THE LANDAU KINETIC EQUATION 

The Balescu-Lenard collision integral is quite complicated, as the distri- 
bution functions La enter not only explicitly (in the bracketed terms in (37.1)) 
but also through the dielectric constant, which defines the polarization of the 
medium. Because of this, an important role is played by simpler expressions of the 
collision integral, which however, retain some of the main features of the Balescu- 


Lenard equation. 
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An example of such a simpler collision integral is provided by the Landau 
equation. In order to derive it from the Balescu~Lenard equation, one proceeds as 
follows. 

In Eq. (37.1) the polarization is defined by the dielectric constant e(w,k) 
at the frequency k+v. One may say that (37.1) takes into account the dynamical 
polarization of the plasma. We shall now consider only the static polarization. We 
therefore replace e(w,k) in (37.1) by e€(0,k), the latter being evaluated in 


equilibrium. Thus, from (36.17): 
1 


F 38.1 





e(0,k) =1+ 


As the dielectric constant appears in (37:1) in the denominator, the main 
contribution to the k-integral comes from the region where k > a We there- 
fore set €=1 in the collision integral, but introduce the following limitations 


on the bounds of the k-integration: 
rp <k < knay = (kgt/le, 2,1) - (38.2) 


Then the collision integral takes the form: 


of of 
7 ee re oie ae ene 
q, = > 1 3p; | dp a4 ap; fy ap’. a (38.3) 
b J 
with 
kk, 
gt) - rere? | ax 44 2 8(k+y —k+v’) 3a) 
ag . ke 


where the integration on the absolute value of :k is done between the limits given 
in (38.2). 


Performing the k-integration in (38.4) we find 


21e%e2 r kt 

ee pee ie { |» -»7| 833-4); (vy (38.5) 
ab 

The equation for the distribution function with the collision integral 
(38.3), (38.4), is called the Landau kinetic equation. It was first derived [1] 
from the Boltzmann equation applied to a system of charged particles. However, 
we know that in a plasma there are many particles in a Debye sphere. Therefore, 
the use of the Boltzmann equation for the derivation of the Landau equation is not 
adequate. This can be seen from the fact that in obtaining (38.4) from the 
Boltzmann equation, there appears a logarithmic divergence at both ends. One must 
therefore make additional assumptions for a small —k cut-off. 

The use of the Landau collision integral considerably simplifies many calcu- 
lations, e.g., the coefficients of viscosity, of heat conduction, of electrical 


conductivity, etc. 
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However, the use of the Landau equation instead of the Balescu-Lenard 
equation is not always possible. For large departures from equilibrium, when the 
contribution of the spectral densities in the region of transparency (small k) is 
important, the role of the dynamical polarization cannot be neglected, and the 
Balescu-Lenard collision integral must be used. Some examples of that kind are 
given in refs. [19, 30]. 

In conclusion, we now estimate the electron-electron and ion-ion collision 


frequencies, Vv_, Ver . For an electron-ion plasma (a= e,7) the collision inte- 


ee 
grals can be written as follows: 


DiS Tact DP, (38.6) 


where Ij(2,4) is the contribution of the electron-electron (electron-ion) colli- 
sions to the complete electron collision integral. Similarly, I, (I,,) is the 
contribution of the ion-ion (ion-electron) collisions to the ion collision integral. 


Equation (38.3) defines all four collision integrals. We first estimate 


the electron-electron collision frequency Voe = 1a We set in (38.3), (38.5) 
for I 0 ip~m, Vp and obtain 
1 
De as Tee (38.7) 
with 
4 
e 
ee ee (38.8) 
ee me (k an)? 


L= &n ("p igre “) is the Colteae logarithm’. Noting that r= (k,7/81e oa 


w= (406° n/m ay ; = (n r3)7! , we may also write for v,,: 


Vee V WH > (2,, = VplVo5 ~ r)/u) 5 (38.9) 


As the plasma parameter is small for a dilute plasma, t1<1, it follows that the 
collision frequency Ves is much smaller than the electron Langmuir frequency, and 
the mean free path is much larger than the Debye radius. 

To estimate the quantity Vit we may use Eq. (38.8), changing m,>™m; (we 


assume tr, af, » i.e., an isothermal plasma). Thus (for singly charged ions) : 


ein m, 3 ) 
Vee ™ 5h ~(-2) veo <V (38.10 
tt i (k. 7)? m; ee 2e 
41° B 
Using also Eq. (38.9) we obtain: 
m, 3 
vee ~ (52) wou =W;u (38.11) 
t 
where Ww, = (4027 n/m, 3 is the ion Langmuir frequency. 


ine piper collisions define various processes, such as the equaliza- 


tion of average velocities ust, 


‘ the equalization of temperatures T, »f. the 


tL 
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electrical conductivity. 
The process of velocity equalization proceeds in a time scale of order Toe? 
i.e., its characteristic frequency is Veo The same frequency also enters the 


expression of the electrical conductivity. The process of temperature equalization 


is defined by the electron-ion collision frequency we (The superscript T refers 
to the temperature equalization rate): 
m mm 
yD) ww 2 y ~ (22) v,,- (38.12) 
eu m. ee me} tt 
L L 
As mM, < Mss we have 
(T) (T) 
Vy > Vig > Vor? 3 < Th < Toy (38.13) 


Thus, there exist several stages in the relaxation processes in a plasma. Ina 
time of order Too? a local equilibrium distribution is established for the elec- 


trons, in a time of order Ty >T the ion local equilibrium is reached. Thus, 


ee’ 
the ion and electron Maxwellians may have different temperatures T,>T,. The equa- 


lization of the temperatures is a much slower process, proceeding on a time scale 


(T) 
Tot ® Tee Tit 
39. SPECTRAL DENSITIES OF FLUCTUATIONS IN A RELATIVISTIC PLASMA 


For the calculation of the correlation of the fluctuations of phase densi- 
ties oN, and of electromagnetic fields 6E ,6B we use Eqs (27.7), (26.20)—(26.23). 

We first consider the case of a spatially homogeneous and isotropic plasma 
for which: 


f, = f,(lpl.t) . (39.1) 


In this case (see Eq. (27.7)): 


e 
3 
= (vxsB) “ap fal lpl-#) =0. (39.2) 


Adding to (27.7) a dissipative term (sw — su source 


) we obtain an equation identi- 
cal with (35.1). We may thus use Eq. (35.2) to obtain 

6N_(w,k,p) = 6yeource — ee ioe SE(w,k) » Ba : (39.3) 

g a w—-kev+ita op 

The difference with respect to (35.2) is that now 6EF = you + bE i.e., that 
the electric field has both longitudinal and transverse components (with respect to 
the wavevector k). From (26.20) — (26.23) we obtain the equations for the fluctua~ 
tions SE(w,k), SB(w.k) : 


thx 6B =-*2 66+ 42 Se, [ap » on, (39.4) 


a 
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tk x 6E = 1 gp 


tk + 6B = 


0 
tk 6B = 4n> e, | a 6m, 


a 


(39.5) 


(39.6) 


(39.7) 


Because of its linearity, this set can be split into two sets. for the transverse 


: L 1 a ? % 
fluctuations 6E , 6B , and for the longitudinal ones, sE! >» respectively. 


therefore represent the vectors 6£,6j as follows: 


6E = 6E' 46k! , x xéeEll 


0, k+6E1 =0 


Sf Sap ORG. ERE SO) VR 0k 


For the longitudinal part we find from (39.4) — (39.7): 
. 5 MI 
ikXS6E=0, tk + SE =4n > e, | dp on 


or, using the equation for the total current : 


: I spe cae ae Sete aes kev 
ikX 6E' =0, —tuwéE =—4ngj'=— 47 >, 2, ar SM. 
a 
The equations for the transverse fields become : 
; __ tw pl . 4m (kxXv)xXk 
tk Xx 6B= eee +22 Se, | ap 2 - 


a 


ikx SE => 8B, ik*$B=0, ik-SE=0. 


In Eq. (39.12) we used the following identity: 


A +A 


ie Ke Ke ke 
Eliminating 6B from (39.12), (39.13) we obtain: 


twee) bet SHGaiw 8p" 
KXv)Xk 
=—41tw > dp ee 6W 
P k 


6B =< (kx6E*) 


LUA), 4 RUA) REE A) | CAD 


We 


(39.8) 


(39.9) 


(39.10) 


(39.11) 


(39.12) 


(39.13) 


(39.14) 


(39.15) 


(39.16) 


From (39.11), (39.15) follows that the fluctuations of the transverse and 


ei 3 : ‘ Pee : 
longitudinal fields are expressed in terms of 6/ wort, respectively. We now 


express the latter in terms of the source fluctuations. We substitute (39.3) into 


the expression of the current : 
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Si(w, k= De, [dp » o¥,(0, kp) (39.17) 
a 


and rewrite the expression obtained in this way as 


my -source 

od; = Ges ane + J; (39.18) 
where 
v..(of_/op.) 
° 2 L a Jd 
O..=—-72 eon dp ————_—_—_— 39.19 
td 2 a A : w—-k -v+ZA : , 
a 


is the tensor of electrical conductivity, and 
gj Source T > e [ap y Sy zource (w, kp) (39.20) 
a 


is the Fourier transform of the source of the current fluctuations. 

Equation (39.19) has the same form as (31.29) for the conductivity tensor 
of a collisionless plasma. Therefore (see (31.32)) we introduce the dielectric 
tensor by: 


2 
. 4me in 
4114 a a | 
a SO FS 6 hee Cs + = 
or ee ring? ae > w dp 
a 


The difference of these formulae with (31.29), (31.33) is in the fact that here i 


v,(9f,/8P;) 


w—-k «py +a 


(39.21) 


is defined by a kinetic equation, taking into account the collisions. 




















For an isotropic plasma, the tensors Tn 7 €ng can be represented as follows: 
Boker at « (s BY 
tJ Ki td 2 
(39.22) 
ie kee ltg ies 5 EE 
td K2 tJ ne / 
from which we find F k. kj 
€ = 
ye (39.23) 
=1(s,,- os “i) 
2 td K2 td 
and similar relations for ol! > er 
From (39.19), (39.21), (39.23) we find 
4te2n (k-v)k-(3f /3p) 
eM (a, k) = 1+ Dee oe [a aa een aS (39.24) 
. k2w w—kep+ia 
2 
Inenn [(kx v) xk] + (af /dp) 
L aa | a 
e-(w,k) = 1+ ———— dp > 39.25 
( > kw e w—kep+id ( ) 


Equation (39.24) differs only in the writing from (35.5). 


KTNG - F* 
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Coming back to (39.18) and substituting into it Eq. (39.22) for Ong. we 
obtain 
6;! _ ol! se! ~ 3;! source 
(39.26) 
ay 7 ot set aye source 
Mere source 
g; |! source io k(k+ di ) 
/ = 42 
(39.27) 
; source 
.1 source (k Xej )Xk 
éj Ty 


k 
We can now derive the expressions for the components of SE by substituting 
(39.26) into (39.10) and (39.15): 


SE source : w? 6E 1 source 


U Ok (39.28) 


SE = 


cla, k) w? n= ek 
where we introduced the notations 
gg || source __ Ane sj! source get source _ _ Ane gj tsource (39.29) 
for the sources of fluctuations of the longitudinal and transverse fields. 
From (39.28) we find: 
(4n)2 e2 n 
(se! . sz") os et | dp 2n6(w—k-v)f. 
meh fet (wk) | q 
? (39.30) 
2 
4m)” en 
1 1 1 ( aa. 2 
(SE *S6E°)) ) = —————_—-— ——— [dp 2n S(w—k-v) |kxv| 
w,k Jw? eb (wyk) 07k? |? 2 Ke a 
(39.31) 


where we used the following expressions for the spectral densities of the source 


fluctuations of the fields: 


(sel. gE! source - = Ory ea" | dp 27 6(w—k-v) f (39.32) 
w,k Ke P a : 
a 
(4n)2 e2 n kxvl? 
Gen el Jap 2nstu—aev) MAT (39.33) 
a 


which follow from (39.29), (39.27), (39.20), and (34.11). 
In an isotropic plasma, the transverse and longitudinal components cannot 
be correlated with each other, therefore the tensor (Sz, SEs), , can be repre- 
> 


sented as follows: 


ee ae 1 
(8, 8E4),, 4 = (88; SEy), + (8B; SE ack (39.34) 
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where 


(8) 82+) = £5 (ant. seh) 
bE; Ws, k K2 7 w,k 
(39.35) 


L 





k. 
ee | ai Ltd i. 
(88; 685), 4-4 (6, : \ (E SE’). 


Thus, in the isotropic case, the two spectral densities (39.30) and (39.31) fully 
define the tensor (8, SE, XK . Note that (39.30) coincides with (35.6). 


We now derive an ss for the spectral density (6a, SE) See which 
defines the collision integral. We therefore multiply (39.3) by 6£. as k) and 
average. We note that, through Eqs (39.28), (39.27), (39.20), the Fonecioa 6E(w,k) 


source | 
can be expressed in terms of én, 


k(kev 2 kXv)Xk 
eB(wk)=- 4 De, | ae eile + aE ah ong oaks) 
a kee (w,k) k wie (wu,k)— ek 
(39.36) 


Using this equation, we express the spectral density (SN, SE ) in terms of 


wo, kp 


source . 
(Sy, ON esp spt defined by (34.11): 
ten, af, 
(v @ Fs), Sey aoe (82, a a 
4nen w (kKXv)Xk 
+i $2 a8 (u— kev) {qa + at a 
e (wu,k) we (w,k)-— oe ki ; 
39.37 
from which results 
af, 
Re (64, SE). penis 5(w—k +v) (SE, SE kg ay. 
d 
4me n k Ime!l w,k 
-~—$4 ani —K ov) {are Orb) + 
k le (w, k)| 
w[(kXv)Xk] Ime! (w k) 
z bela eZ } a (39.38) 
Jw? e* (w,k) — oe? k7{ a 


In a similar way we obtain an expression for the more general spectral den- 
sity: 
(6v, 6N,) , = Sop 8(p—p’)218(w-k ev) nf 

: 2,2, My (SF, SEs), of, af, 


(w—kev+72h)(w—kev’—7th) 9Py oP 


O,k pp 


J 
7 ane, epn,m2md(w—kew’) | k, . w[(kXv/) Xk]. af, 
2 5 ll 21 2421p. fy 
k“(w—kev +7) e(w,k) wie (w,k)—e% k*} OP 
_ hme ey Mg Mp 278(w—Kk*v) k, : w{(k xv) xk], bes 
k? (w—kev!— iA) se) ute ick) =e K’ fap! °¢ 


(39.39) 
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We see that the spectral densities (6V,5E and (6N_ 6N 
if (8Nq SE), ky p (80, 59), kp ap! 
are expressed in terms of the spectral density of the electric field fluctuations 
(SE, Fy x and of the dielectric constants ell Je 
> 
Integrating these expressions over wW we can find the spatial spectral den- 


sities; for instance 


(Sm, 64 = (2n)7} | du (8N, 8¥,) 


b) kp. p! w,k,p,p! 


Ve now consider several concrete examples, for the case of an equilibrium 


state. We substitute into (39.30), (39.31) the Maxwell distribution and use the 





expressions: 
av en 
ime > = 2 | dp S(w—k+ v) ke —% 
k 
2 42 
2m etn af 
Ime! =— > — | a S(w—k + v)[(KX v) Xk] > —2 (39.40) 
a wk 3 
which follow from (39.24), (39.25). We thus obtain: 
lI k 
(6! gel) ae a (39.41) 
mm Jer (wk) | 
3 1 
167w° T +k 
(se. se) fle ie SO pe (39.42) 


= B 
is |w" e (wk) ere |* 
Clearly, (39.41) is identical with (36.4). For small k one obtains (36.32) from 
the latter equation. Similarly, one finds from (39.42), for small k, (in the 


region of transparency) : 


(se! SE’), k 16 72(sign w) 8(w? Re et —¢? k?) kT (39.43) 


or 


(6B SE"), k 8 r* [8(w—w,) + 6(wt wx) ] kg? (39.44) 


where W, = (w? +e? K2)3 : 
For the spatial spectral density, we find from (39.44): 


(set. SE*), = 80 ky? . (39.45) 


This result is analogous to Eq. (36.37) for the longitudinal field, which is valid 
for k<«< l/r) . We now show that, contrary to the latter, the result (39.45) is 
valid for arbitrary k. We therefore integrate (39.42) over w and write the re- 


sult in the following form: 


1 1 ] 1 

(6E° + 6E°), =-80 kT sy | we ofa ee. | s (39.46) 
k B 2n¢ w2 ct —e? K? 

The first integrand has singularities only in the lower half-plane, and the second 


in the upper one. We therefore close the contour of integration in the lower half- 
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plane for the first, and in the upper one for the second term. Noting that 


1 2 
wee —e2 k% s+ for w+” and using the result : 





pea a | . are 
ant wt td . 
we find from (39.46) the result (39.45), without any approximation. 

This result is due to the following circumstances. The integral (39.46) is 
defined by the values of the function e+(w,k) for w>*, but for fixed kK. Thus, 
w/k>e, i.e., the phase velocity exceeds the velocity of light. From (39.40) fol- 
lows that Im et (wk) +0 for A+0, if w/k>e. Indeed, the condition w=k-p 
required by the 6-function cannot be satisfied, as there are no particles with 
speeds superior to ¢@. Thus, in equilibrium, (39.46) yields a contribution only in 
the region of transparency. 

In the equilibrium state, the fluctuations of the transverse field do not 
affect the correlation function. Let us, indeed, substitute the Maxwell distribu- 
tion into (39.39) and integrate over w. All the terms containing the fluctuations 


of the transverse field vanish and we get for the correlations: 


Jap(k »P»P') = { (6m, SM ep, p! =p 8(p~p') fa} nn, 
the expression 
24% 


a 


Faplk» PsP’) =~ f,(P) fy, (P’). (39.47) 


} en, al tri k? ) 
This expression remains valid even for relativistic plasmas, if we take for fae fy 
the relativistic equilibrium distribution (sect. 40). 

Equation (39.47) coincides with (36.22) for the Coulomb plasma. 

In the presence of an external field, the functions tia are no longer iso- 
tropic. In the anisotropic case, the tensor Eng depends not only a k se also 
on other vectors, hence it is no longer defined by the two scalars € ,€ alone. 
Let us note the changes which occur in (39.3)—(39.7) as a result of the anisotropy. 

In (39.3) we may no longer suppress the term (»X 6B) > (3f,/3p), there- 


fore the equation for ON (wk »>p) becomes 


6 ,(w 4k sp) = gysouree 


a w k,p) 


ten, : af, 
ee {6E(w yk) + mi [» x 6B(w,k)]} + —. (39.48) 
w—kev +A oP 
Therefore the dielectric tensor is defined now by 


4mezn key\ Of, vv, of 
ie Rest 2-4 4 pear Sines, », (1- ) 4+ tdq. ioe er 
€ td 2 w Po ka watl t w aD, io oP (39.49) 





In the expression of the tensor (6£.6E.) appears the tensor Avi > the 
t d'w,k td 


inverse of 
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2 
W 2 
Ay =r Pe (k Sra ke k,) : (39.50) 
In the isotropic case: 
2 

2 TR.k., 6..k° —k.k. 
Aaa et +t) (39.51) 
Wd wk € e —e k* fw 


The calculation of the spectral densities proceeds as before. 


40. KINETIC EQUATION FOR A RELATIVISTIC PLASMA 
We consider two forms of the collision integral of a relativistic plasma. 
We substitute (39.38) into the second expression (33.5) and write the re- 


sult in the form (37.4): 
of 
pte att sh (ut 7,). (40.1) 
a ap, td ap. ap, Vt 
J 4 


The coefficients DN AS are then defined as follows: 





pt = “a [ a dk &(w—k+v) (se! se}) + (se: z;) (40.2) 
t3 160? oye wk BEE Se 
bate k, im e"(wsk)  w[(kXv) XK], Ime (w,k) 
Aa—t [dw dk 6(w— kv) { =, + ——_ + (40.3) 
von le" (w,k)|  k2[w2 | (wy k)— c% K?|? 


; We oll Loot — ; 
The functions (SE, SB ay ik » (SE SE k > € ,€ are defined by Eqs (39.30), 


(39.31), (39.35), (39.24), (39.25). In the non-relativistic limit, the contribution 
of the transverse field fluctuations can be neglected and (40.2), (40.3) reduce to 
(37.5), (37.6) . 

The second form of the collision integral corresponds to the non-relativis-— 
tic form (37.1). We eliminate the spectral densities and the imaginary parts of 
the dielectric constants by using (39.30), (39.31), (39.35), (39.40), and integrate 


over WwW. We then write: 





of of, 
= <a 1 gab} “a, _ "bd 
I. = > ny 3, | a ey ap. fy ap! f (40.4) 
b d d 
where 
ab. es Kk. : 
Qe? = 262 e2 | dk +2 8(k-v—k-v’) 
td ab ne 
1 [(kxv) (kxv’) ]? 
a i ne (40.5) 
teM(u,k) I? Mav) et (kev, k) 2? 2? 
We used here the identity 
°F a a 
[(K xv) x k]- ap (Re = [kX e) (exe) k- = (40.6) 
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In the non-relativistic limit, the second term in (40.5) is negligible, and 
(40.4), (40.5) reduce to (37.1). 

Equation (40.4) thus represents the relativistic generalization of the 
Balescu-Lenard equation; it was derived by Silin [31]. 

Equation (40.4) is quite complicated. It is therefore useful to obtain sim- 
pler expressions of the collision integral, in which the plasma polarization is 
treated more crudely. In section 38 it was shown that for states not too far from 
equilibrium, one may use, instead of (37.1), the simpler Landau equation. An analo- 
gous simplification can be obtained in the relativistic case too. 

We first note that the stationary solution of the kinetic equation (40.4) is 
the relativistic Juttner distribution 

bly? en o*)? 
iO) 24 ee (40.7) 
B 
The constant A, is obtained from the normalization condition. This statement is 


easily checked, by noting that for this function 


Eee ee Seen ae eee 

op oP de € de de 
because 

p= 
Hence (40.4) becomes 
Sol _9 1 ot as / 
Ph lg? 2 ny 3p, | dp a v'); f,(P) fp (P ). 
ab 


This expression vanishes because of the 6-function in Q... 

We now come back to the problem of the simplification of the collision 
integral. It was shown in section 39 that the transverse field fluctuations do not 
affect the form of the correlation function Iaplk >p,p'). Indeed, (39.47) differs 
from (36.22) only in the fact that the distribution functions appearing in the for- 
mer are relativistic. Thus, the expression of Japlt »P>P’) coincides with (36.24). 
The radius of correlation is therefore of order ry in the relativistic case as 


well. This implies that the spatial spectrum is limited, in equilibrium, to small 


values of k, with koin ~ ae This statement remains valid also for states close 


Ne i 
e =1, and integrate only over values of k in the range k > ne As a result we 
obtain: 
. kk. 172 
‘ x (kXyv 

Qe, = er ef f ax S( kev —kevi) SL fei Leads 

k |(k + v)° —c? k?| 
(k > r5}). (40.8) 


to equilibrium. We may therefore set approximately in (40.4), (40.5): € 
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We must also cut off the integration for large values of k, as in the 
Landau case. The value Kea can be defined by a condition analogous to (38.2). 


For an isotropic plasma, (40.8) can be written as 


2 
b 22 ky kj (kXv) (kX!) 
gv =2ee | ax d(k»v—kev!) —* jt + ———, > (40.9) 
td ab n* (kev) — eK : 


This expression differs from (40.8) only by a term which vanishes by integration 
over p’. After a few simplifications, this equation can be written in the form 


[8,9] 
as 5 2 k, k. 
qt? = 2er er [e —(y+¥!)] {ae 6(kev —kev!) ——_* 7 (49,10) 
[e? ke (kev)? ]? 

In the limit e+”, (40.10) reduces to (38.4). 

The kinetic equation with the collision integral (40.4), (40.8) (or (40.10)) 
is the relativistic generalization of the Landau equation for the ‘ordinary' dis- 
tribution function in the six-dimensional phase space, flr »p»t). One may also 


derive an equation for the distribution function 


n, Fi(@,P)= (v(@,P)) (40.11) 
for the four-vectors @ = (r,tet), P = (p,t&/c). The microscopic function W(@P) 
is defined by Eqs (24.16) ~ (24.18). The kinetic equation for Fo is [32,9, 8]: 
oF oF OF. 
oe Sees , 9 gab | __a __>b 
Ua =>. ny { ap da = CF, | ee (40.12) 
t ob t d d 
with 
oni = 2e%e2 (U ui)? f dkedw 8(k_u_) &(k_U’) eee (40.13) 
tj ““avb‘'n'n mom mom (62 42 _ w2) . 


In these equations U =(yv, tye) is the four-velocity, P. =m, Uys k=(k,tw/e) 
is the wave four-vector. 

The integrations over w and k can be performed explicitly in these equa- 
tions. We have to use the symmetry properties of the tensor co with respect to 


U,» Us and the relations 
We then obtain 


2 
2e-e r 2 
ab > Sab D / 4 
Cag 7s (1 Pak ){e 5) |e -| 84 


e min 





= . tytyt De te / i / ; 4 
(u U, UU; le (U,U )(U,U, + UU) /e 


iV 3 
. {(u, uv; ) /c* - i} (40.14) 
Prt ee The kinetic equation (40.12), with the kernel (40.14) was first 
derived by Belyaev and Budker [32,9, 8]. 


where 7” 
nD 
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In equilibrium, the kinetic equation (40.12) has the solution 


22 ry 
Pi ) exp Ge ) (40.15) 


which is the four-dimensional equilibrium distribution function. 





= 2 
BA(P) = (Pi +m 


In order to go over from (40.12) to the kinetic equation for the function 


: t 
fo» we must use the relation: 


P(QsP) = Fr, Pt) 6[& —o(p? + m2 c?)#] (m, 07/8) (40.16) 


t Different treatments of the kinetic theory of relativistic plasmas can be found 
in references [63 , 64, 65, 66]. (Trans.) 


CHAPTER 8 


Effect of an External Field on the 
Kinetic Properties of Plasmas 


41. EQUATIONS FOR THE FUNCTIONS Te 5 oN, IN THE PRESENCE OF AN EXTERNAL FIELD 
We investigate the influence of an external electric field on the kinetic 
properties of a spatially homogeneous plasma. In that case Eqs (26.5) and (27.7) 


for the functions fa >5Ng take the following form: 























fq E(t) aa al : | der (8w_6E) L(p,t) ( 
1 . =] = . 1.1 
ot “a op m op (21)? 3 a kKyp,t a P ) 
; on f 
oO . . 3 )( es pouree) = ~_ aa 
(2 +At+yY” oe + 2, E(t) =P SN, éN ae 6E ap 
(41.2) 
VX6E=0, V+dE=> re | dp on 
= a a 
The correlations of the fluctuations éugource are defined by 
3 r) P) source 
—+At+v- +e E(t)> (sw 5M,) =0, (41.3) 
ot or a oP eg x,t,2’,t! 
which must be solved with the initial condition 
source z r tal 
(6m, 5%, ily =n, 85 Oe #) f(s she oa) 


As a result of the external field, the distribution function f,(p »t) may 
not necessarily be slowly varying. This fact seriously complicates the calculation 
of the spectral density of fluctuations of SW,» SE. In the case of a spatially 
homogeneous plasma, this calculation can be significantly simplified if, instead of 


the distribution function f,(p>t) we introduce a new function: 
+ 


f4(P, + 2, | dt’ E(t’ ),¢) = Po( Pa >t) . (41.5) 


-o@ 
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From (41.1) we obtain the following equation for the function Pot 


t 
oF, ; ; “. ane 
sea 1,(P, +24 | dt E(#!),t) = Ij(P,>) (41.6) 

—o 


The collision integral I(Pq, t) is related to the spectral density (80,82) i», t 


in the following way 
e 9 ‘ 
a 
Pe ee eee | a Re (61 E) 
aa n(2m)° oP, a 


. (41.7) 





t 
1 E(t! 
kyP,t ey J. dt’ E(t’) 


From Eqs (41.6) and (41.7) one can see that, to first order in the plasma 
parameter, [the basic equations (41.1) —(41.4) actually correspond to that approxi- 
mation] the rate of change of the distribution function is of the order Lu, Po. As 
a result, the fast oscillating contributions to the function F, are small if u<l. 
The main role will be played by the slowly varying part of the distribution 
function. If the external field is periodic, with frequency Wg, then, for Ww) * Wr 
the slowly varying part of the distribution function is obtained from PAP» t) by 
averaging over a period 21/w,.. 

Below, in the absence of any explicit statement, we shall denote by Fata 
the slowly varying parts of those functions. 

From Eqs (41.2)—(41.4) follows that the calculation of the spectral density 
defining the collision integral (41.7) requires the knowledge of the spectral 


density of the fluctuations 6E Source 5 ae 


42 SPECTRAL DENSITY OF THE SOURCE FLUCTUATIONS IN 
THE PRESENCE OF A HIGH-FREQUENCY ELECTRIC FIELD 


The spectral density of the fluctuations by pource is defined by Eq. (41.3) 
with the initial condition (41.4). In the presence of a high-frequency field, the 
fluctuation process is non-stationary, even for an ideal plasma. This fact makes 
the solution of the problem difficult. 

We start from the equation of motion 

dp 
dt 


The solution to the initial-value problem defined above is: 


= e, E(t) (42.1) 


source 


(8, 6p) t,x’ ,t-T 


t 
= 7,648 p-p’-e, | at! E(t’) 
t= 


aa 
T 
t 
6(r—r/—» 58 | dt! (t-t-t! E(t! )) 
a 
: t-T 
f(o -e, | dt’ E(t’), e-t) (42.2) 


t-T 
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Note that, from (41.5) 


t,(p-e, i dt' E(t’), -t) 
-T 


t 
LZ ! ry t ! ee) ee = 
= f(P, +e, | ae E(t')-e, fae E(t'),t t) FAP, ot Tt). (42.3) 
-« t-1 
Thus the function (42.2) can be expressed in terms of the slowly varying function 
Fe . For a nonideal plasma the time-delay in the function F 


q can be neglected. In 
this approximation we find from (42.2) , (42.3) the desired spectral density 


, source 
(sn ON. ) 
ab 


wrk, p,p',t 
tou t 
ss Re | dx 6[p ~p!-e, Hh. dt! E(e!)| 
0 mss 
- fe 
. exp {- At+t(w—kev)t—t —% it dt'(t-t-t' )k+E(t’ )} 
ay 
. Fo (P,>t) (42.4) 
For E(t) =0 this result reduces to (34.11) 
From (42.4) follows the expression for the simpler function 
source 
ON. SE P Ai aa 
a 7 2k 
wi,k,p,t Ke 
co t 
e 
: Re | at exp {-ar+ t(w— kev) tz = | dt! (tor-0!) koe (e)} 
0 o gar 
. Fy(P, -t) (42.5) 
and for the spectral density of the fluctuating field: 
2 2 
source (47) ene 
(se-06) = —_—_—_—— 
w,k,t 


Ke 


foe} 


t 
e 
. are {at | dp exp {atte (uke) t 1-4 


gee | at! (terme) ECE 
0 ? tot 
. PAP, »t) (42.6) 
In this expression it is convenient to go over to P, as an integration variable 
Noting that t 


-T t! 


t 
e 
kee TH | dt! (t-1t-t')k+E(t') = ke Vit- me | dt’ | dt" k- E(t”) 
a a 

t=T t -2 


V= Pim, (42.7) 
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we can rewrite (42.6) as 


source (an)? e, na 
Geel ay 
wk it k 
o cs ‘ t-t t! 
d. { : keV. ene : dt! “" " 
* 2Re | dt r exp (At +t(w—-k-V,)T mm, * t’ | dt” E(t”) 
0 t ES 
+ F (Pq, t) (42.8) 


We see that the spectral densities (42.4) —(42.6) depend explicitly on time. This 
fact expresses the non-stationary character of the processes which are the sources 
of the fluctuations of the phase densities and of the fields. 


For definiteness, we consider below a field of the form 


E(t) =E sinwyt (42.9) 
Hence 
t-T t! . 
| dt’ | dt"E sinw,¢” = = [sin wot —sin wi(t-t)] (42.10) 
t -o 9 
and the expression (42.8) becomes 
2 2 
source (41) enn, 
(se se) ay OO fae 
WO,k,t ra k 
°2 Re | dx | dp ex {- At+i(w—k+v)t—4a, [sinw,( t-t) -sinw,¢]} 
0 
. Po(P,¢t) 3 (42.11) 


t 
In Eq. (42.5) we make the change of variables p = yo + e f dt’ E(t’). 
Then, using Eq. (42.7) we obtain oR 


source 4me n 
(sv sE) =i—24 5 
a t ; ; Ke 
w,k,P + ef dt E(t’) 
© g et t/ 
-2ne | dt exp{-ar+d(v-k+¥,)t-7 ak | dt! | ae" E( 2") 
0 a -2 
. PAP,» #) ‘ (42.12) 
For E(t) of the form (42.9): 
t 
! ! E 
dt’ E(t earns cos Wat (42.13) 
0 


-2 


and (42.12) becomes : 
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source ee 
(on 8E) = aia yy 
wrk» P— (2/9) Ecoswyt Ke? 7 
*2Re j dt exp {- At+t (w—k *¥,) tT-t a,{sinw,(¢—1)~sinwgt]} 
0 
TEP >t). (42.14) 


In Eqs (42.11), (42.14) we introduced the notation 


ea k-E 
a,= ae . (42.15) 
a0 
We now use Eq. (42.11) for the calculation of the spectral density of the fluctuat- 


ing field for the case WO, Bw. 


43. SPECTRAL DENSITY OF THE ELECTRIC FIELD FLUCTUATIONS 
From the first equation (41.2) we find that, for E(t) =E sin wat, the 
Fourier components of the phase density are defined as follows, to zeroth order in 
the retardation: 
e 


e 
a _ source _ a 
ou, (k.P, are cos ute) = ov, («,P, ® cos vest) 


= ea"a| dt exp {-ar—zk- as —t a, [sin w (tt) ~sin oge]} 


ar (P., t) 
SE(k,t—t) “— sR (43.1) 
a 


From the equations (41.2) for the field fluctuations we find: 
ik-SE(k,t) = 4m > 69, (kt) = 47 > en | ap éW,(ksp.t) (43.2) 
a a 
Here dq(k> t) denotes the fluctuation of the charge density of component a. 
From Eqs (43.1) , (43.2) follows a set of equations for the functions 
6q,(k >t) - Using the Bessel-function expansion 
co 
exp (— ta, sinwgt) = > I, (az) exp (— inw,t) (43.3) 
n=-0 
we write the equations for §q,(w»k) in the form: 
4n etn 


Sq (wok) = 8a ON (wsk) +t — ES DDD Fylag) Llp) 


. far] dP exp {-ar+ e(u+nw, kv) thks 
0 


aF (P, t) 


7 $q, [w+ (n—m) wk]. 
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These equations can be simplified by introducing new functions instead of 


Sag(k >t), Sq,(ws k): 


: —t a, sinw)t _tnwt 
i (k,t) =e 5q (kt) = > Tla,)e 8q(k st) 
n 
67,(w,k)= > 1,(a,) 64(w—nw, »k)- (43.4) 


n 
The set of equations for 6q(w, k) is now: 


64,(w,k) + 4a, (w, k) D Dd. 1y (4,5) 84, (w—Luy sk) = BqS°PFEE (wy, k) (43.5) 
b 


Here a,(w.k) is the polarizability of the component a: 


2 
en k+(dF_/oP) 
a,(wsk) = 252 | ap —2 
k w-keVtzta 
(43.6) 
e(w,k) =t + 4 > a (w, k) 
and ie 
Bene (<4 =) Ee 
ab mM» ms, w 


The set of equations (43.5) is solved by using a perturbation expansion in the small 


parameter mim; . To zeroth order, i.e. for M,7%, we find from (43.5) 


~source 
es Ie (w, k) amet »k) ~ source 
§q(w, k) ee aero ae > Fale) 5q; (w—nuy ok) 
‘ n 
89, (wk) = éqpn* (wk). (43.7) 


The function e(w,k) entering here is defined by (43.6) with m, >>. 
We now go back from the functions $4 (wk) to the functions 6q(w sk). To 
this purpose we use the following relations, which are inverse to (43.4): 
ta, sinwyt 


a 


& inwyt 
Sq (ks t)= 8q,(k,t) e => 1a) e 5q,(k>t) 
n 


(43.8) 


We thus obtain from (43.7): 
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6 qe’ Tut (n m)u,,k] 
8q,(w, k) -22 I, (@,) 1, (2 De ee 
e(w+ nw, »k) 
4na,(w+nw k) 


eh OR MENON aqouee [w+ (n—m) ws )} 
€ (wtnuy,k) 


6q,(wsk) = i aa (w, k). (43.9) 
We substitute these solutions into the right-hand side of Poisson's equation: 
4m, 
SE(w,k) = ~ yz tklSa, (wrk) + 64,(u,k)] (43.10) 
which follows from (43.2), and use the identity 
1 24 41 Me 
CS ie Ce (43.11) 
As a result we find: SE source ( ] 
_ w+ (n—m) Wy sk 
6 (wok) = 22 L,(2,) tye) Slane (43.12) 


Thus, to zeroth order in m,/m, » we expressed SE(w,k) through the Fourier compo- 


source (ws k ). 


nents 6F From (43.12), with the use of (43.3) we find and expression 


for the spatial Fourier transform of the field fluctuations: 


oo 
sz (kt) | dt (+) exp {ia [sinw,(t— 1) — sinw e]} 
e k,t a 9 
0 
+ QEPOUTEE (gt —T) (43.13) 
where we used: Bd 
1 tut (1 
—_— = dte (=) : (43.14) 
e(w, k) | e k,t 
Using now the solution (43.13) and Eq (42.11) for (6E SE )o ee we find 
> ’ 
the spatial spectral density of the field fluctuations: 
2 2 
ant nF (P t) 
(SE*6E), -7 cL { fa a 
® k le(keV, k) | 
eo foe} 
* 
+fac[acfar(Z) (2), ex {eee (r-1/) 
k oT e k,t 
0 0 
- ta, [sinw, (t— t)— sin w, (t — te I} x, #,(e)} é (43.15) 


The first term on the right-hand side represents the contribution of the 
electrons and the second one the contribution of the ions. The latter still de- 
pends on the first time. Averaging Eq. (43.15) over a period 2m/ w, we obtain 
(33] : 


Gave oO Hap Se, ——t__} (43.16) 
ky,t x2 le(k-V, k) |? . le(nw, »k)| 
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In deriving this equation we used the fact that, for Mm, +O, the distribu- 
tion function of the ions F(y)= &(v). 

Equation (43.16) determines, to zeroth order in mo/m the time-averaged 
distribution of the energy of the electromagnetic fluctuations in a plasma, in the 


presence of a high-frequency electric field. 


44, KINETIC EQUATION OF A PLASMA IN A HIGH-FREQUENCY ELECTRIC FIELD 

We now derive a kinetic equation for the function PPL» t)- The collision 
integral is defined by Eq. (41.7) in terms of the spatial spectral density of the 
fluctuations OM S£. In order to define this spectral density we go back to Eq. 
(43.1) for the function M7 , ( k, P_— (2q/%) E cos ut ,t). We multiply (43.1) by 
SE" (k,t) and average: we thus find an expression for the desired function. The 
latter is represented as a sum of two terms. The first of these is expressed in 
terms of the spectral density of the field fluctuations: we already know it. The 


second term is of the form 


(sysouree 6B) — (2,/w,) Ecos wot - (44.1) 


k,P, 


We substitute here the expression of SE(k,t) from (43.13), in order to 


express the function (44.1) in terms of the spectral density of the fluctuations 
gysource — spsource 


» which we know. Thus, the determination of the collision inte- 
gral I(Pq>t) reduces to the substitution of known results: we give the result in 
a moment. 

For a spatially homogeneous plasma the kinetic equation for the electron 


is F i ou oat 3, 
distribution function is 


t)=I +25... (44.2) 


Here I 30 is the electron-electron collision integral: 








° —k- yp? 5 
: 5 , Kakg Ske Ve —h Vi) far, oF, 
ij 826% Gh ae ee ae he = F,|. 
eo KY |e(k-V,,h) |? LPeg aPse 
(44.3) 
This expression has the same form as the Balescu-Lenard collision integral. It 


does not depend explicitly on the electric field. Such a dependence only appears 
on reverting to the distribution function fy [see (41.5)]. 


The electron-ion collision integral, for Mm, + &, is: 


In the approximation m; +o the ions are motionless. 
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2 2 2 cd i) ro 
7 een, 9 ; . ky kyke ; 
Il. = —— dt | dt dt dk = 
ed ai" J “ae ae eM, 
oF (P,, t) 
exp {-A1-tk-V, tia, [sinw,(¢—1")-sina,(t-1— 0”) }- oo 
9Pog 
(44.4) 


Using the expansion (43.3), this equation can be transformed into [33] 

















Lit 2? enn, e [an “2 - I (a,) T,(@¢) 
nm 
5 (mw, —k* V,) oF (P_,t) 
0 e . 
a exp. [E(t] ao (44.5) 
(muy sk) e* (nw, »k) aP og 
The expressions (44.4), (44.5) contain all the harmonics of the frequency 
Wy: On averaging (44.5) over a period we find 
I .=2e etn. 3 oa Ka kg 2 aisat eae oFg(her) (44.6) 
sie EH wo" © Je(nw, sk)? — Pep 


We recall that this expression was obtained with the assumption mM, =? 5 
hence it does not depend on the ion distribution function. 


We now consider the properties of the collision integral I, . It is easy 
to show that 


n, | aP o(P)I,=0 for $=1,P. (44.7) 


These proverties ensure the conservation of the number of particles and of the 
momentum. We now consider the energy balance. For an ideal plasma the collision 
integral does not contribute to the balance equation for the average kinetic energy, 


hence we obtain from Eq. (41.1) 
2 
3 P ie 
Fm fan Z Led (44.8) 
a a 
We go over from the function Ta to the function Fo . Keeping in F only the slow- 


ly varying part we obtain, for m, =e: 


2 2 


e) P a J P 
cae cet Se as : 
me ny | on fa a n, aP renga e (44.9) 
a a e 
From this equation it follows, if we use (44.2), that 
p2 p? 


Finally, from (44.10) and (44.8) we obtain 
2 


p? E 
n, JP rp Test B= AE) (44.11) 
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which expresses the average energy balance in the plasma in terms of the external 
electric field. 

We calculated the fluctuations of 6M, , 6E and obtained the corresponding 
collision integral to zeroth order in the mass ratio mim, . This approximation is 
sufficient, in particular for the calculation of the electrical conductivity (see 
the next section). In many cases, however, such as the calculation of the tempera- 
ture relaxation, or of the ion-acoustic wave spectrum, this approximation is insuf- 
ficient. 

The method developed here can be used for the extension of the present re- 
sults to the case of a finite mass ratio: this was done in ref. [48]. We give here 
as an illustration the expression of the collision integral I; for external field 


tL 


frequencies w, > Kvn, ; 





k_k 8(k*V—keV') 
3 
T,,2 22 ein, | aP! dk eS Ce en EONS 
aPy k len(k V,k)| 
(+ ree wr) FP (p,t) F.(P’,t) (44.12) 
9Pg aPR/ e” to. ‘ 


where 


F 2 
p(w, k) = e(w,k) + [1 -I,(a,,)J4ra, - 47a. 


The functions e(w, k) 14,,0,,@,, were defined in (43.6). 

In the absence of the electric field (EF = 0) Eq. (44.12) reduces to the 
corresponding Balescu-Lenard collision integral. For mim. =0, it reduces to 
(44.6) (with the condition wo > kuin.) 


We now use Eq. (44.11) to define the electrical conductivity of the plasma. 


45. CONDUCTIVITY OF A PLASMA IN A HIGH-FREQUENCY ELECTRIC FIELD 


In order to define the conductivity o(£), we substitute Eq. (44.6) for 


I, into (44.11). For the function FPF, we take a Maxwell distribution, which 


is maintained by the electron-electron collisions.. Integrating over P in (44.11) 





we obtain 
PI} 4 2 2 
o(E)E _ 4(27)%e n, heen, F 7 
2 7 3 e 
(k,T,)2 
2 52 
5 ree 5 mw n I) (a, 2) 
- —z &XP —n > ee 

a ak Tk le(nw,, k)| 

ek-E 
a, = 7 (45.1) 

Me Yo 


Let us consider the limiting case of a weak field. From (45.1) it follows 


that the field may be considered as weak if in the whole range of integration for 
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k, la] <1, ice. 


la,| Se for Ok KR (45.2) 


for w.~w., kK /k ~1/y, we have 


k eE eEr, | eEL 


max 
~ 


“ge, a eae 
m, ws Bie Ble 





where L=r)/u is the mean-free path for electron-electron collisions. Hence the 


field is considered weak when the following condition is fulfilled: 


—— <1, (45.3) 


i-e. the work done by the field over a mean free path must be small compared to 
kT, x 

For a weak field, the right-hand side of (45.1) can be expanded in powers 
of E. The series begins with terms in E?. Cancelling a factor E7/2 on both 
sides, we find the following expression for the conductivity in a weak field, with 


account of the plasma polarization: 











2 k exp |— —-2-0— 
tanh ug 2 9%" i 2g 
= im: 3 45.4 
ar 3 (Ryr)E ne kle (wy +k) | toe) 


This expression agrees with the result of Perel' and Eliashberg [34], in 
which the conductivity of an equilibrium plasma was calculated. 

For W) > wW,» the effect of the polarization can be neglected. In that case 
the integration range is cut off by the exponential factor (kien ~W)/%p,)+ 

In the opposite limiting case, when Wy < Wo» the effect of the polariza- 


tion is important, and Eq. (45.4) reduces to 





$a? y eon Keax 
§ (27)? %e 2 qa ¢@ dk 1 1 (45.5) 
= as Zs rae a 
w 2 3 k 2 12 
esa the) me 0 ae ee 
We now consider the case of a strong field, with |a,| > 1. From (45.1) we 
e 
then obtain 
3 
a(2m)ben me) enn w ek axe 
a= ——___1 £9 2 5" os A(w )+B(u) &n (45.6) 
2 
(kg?) E mw 





where 
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2 
m, Ww 
k exp —n? —@ 0 
max Ke 1 
dk OP, 2 
aw)-> J & sn? {| ay 2, y) 
aoa Je(nu, » k)| ; 
ao 
2 
+] dv| iw) - 4] +b m } (45.7) 
: ¥ max 
mw 
Kee exp —n ; 
2k,T k 2 
dk B 
B(w)) = >, | Ae (45.8) 
n 9 k Je(nw)> k) | 
For W, <w,, the polarization ensures the convergence of these integrals. 
For Wy > Wo the polarization can be neglected. Tf one also takes into 
account that 
Koax 22 
A(wy) «< B(w) Qn — 
m, Wo 
Eq. (45.6) reduces to [35]: 
hy “=n 
327 2 k ek 
a x AB. “max 
o= ——* en, De? el eens ~xe } _ mW Qn ers 2 . 
ES g v= Poin! 2k? "e0 
e 
(45.9) 


We note that the condition of field strength in which (45.6) and (45.9) are valid 


is 





ket, 


This condition is very strong. The dependence of the conductivity on the field 
appears already for much weaker fields, when eEr/k,T, <1, but eEl/k,?, Pu 
This follows from the criterion (45.2) 

For the calculation of the conductivity in a strong field, we assumed that 
the plasma is stable. In zeroth approximation in the mass ratio m,/m this is 
indeed true. However, when we consider a finite value for this ratio, the excita- 
tion of an aperiodic instability becomes possible (see sect. 8 of ref. [17]). Ina 
non-isothermal plasma, parametric instabilities are possible (see sec. 9, 10 of ref. 
[17]). The instabilities are excited by perturbations with a wavelength much longer 
than the Debye radius. 

In connection with the existence of instabilities, a question arises. Is 
the nonlinear field-dependence of the conductivity derived here really observable? 

From the previous argument follows that the nonlinear field dependence 


appears already for relatively weak fields, whenever eF U/k,T, ~ 1 (Ll being the 
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mean free path). This condition can be rewritten in the form E°/n ky Ls ~ u2 (u 
being the plasma parameter). The threshold field for the excitation of the aperio- 
dic instability is known to be defined by E*mn ky T,?2u (see Eq. (8,9) in ref. [17]). 
Thus, for u <1, the nonlinear field dependence of the conductivity appears before 
the excitation of the aperiodic instability. 

In the non-isothermal plasma, the parametric instability appears after a 
threshold defined by E?/n an > (m/m,)? u. For uK< (m,/m,)* » the nonlinear 
field dependence again appears before the excitation of the instability. 

We note that in ref. [48] the temperature relaxation time for a plasma in a 


strong field was calculated. 


46. LOW FREQUENCIES 
We consider the kinetic equation for the case of low frequencies, such that 
Wo <0, ~ Up/Ty (46.1) 


The ratio of the electron collision frequency to the Langmuir frequency is of the 
order of the plasma parameter wt; therefore, by Eq. (46.1) the frequency Wg is of 
the order of the collision frequency. 


We consider a field of the form 
E(t) = Ecosw yt (46.2) 


this allows us to also consider the case of a constant field. Now, instead of Eqs 
(42.13), (42.10) we must consider 


e,F 
Pp ee teary sin Wot (46.3) 
t-T t! e 
J dt’ | dt" E cos wat” = we [cos Wat — COs Wy (t-t)]. (46.4) 
t -w 


Because of (46.1), the right-hand side of (46.4) can be expanded in powers of W gT- 


Retaining only the first two terms in this expansion, we obtain 
_ F 1 2 
cos wy (¢—-T) — cosW)t = w gtsinuyt— > (w 9T) cos wot . (46.5) 


We now consider the equation for the Fourier components of Ww. From (43.1), using 


(46.2) — (46.5) we obtain 


e e 
on, (k,P + GEE sinuyt, ¢) = ounouree (i, p + ne E sinwt, ‘) 


; 5 es i Be Aa aoe He 
en, f ax exp [-or-te- (V4 sinu,t)42a,(¢) ] 


0 eq 
af, (Pta. Esinw,(¢—) ,#-1) 
+ CE(k,t—-t)> —4 4 (46.6) 


oP 
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We go over to the ordinary variables p (see (46.3)) and note that under 
the assumption (46.1) 
sin Wo (t-t) —- sinw,¢ =— (cos w,?) WoT (46.7) 
Hence, we obtain from (46.6) 


SW (ksps t) 4 sy gouree (ky t) 


wet 
-en [ ac exp[-ar—ck-yt +i, (t) 5 | 





aa 
6 


of_(p ~e,E(t)t, —t) 


- 6E (k,t—T) ° 3p 


(46.8) 


where 


a(t) = 2, cos Wot. 


In the T~integral (46.8) the main contribution comes from the region 


t<t~ot (46.10) 

max “Pe e 

From (46.1): 

®9 Taax < ! (46.11) 
af, 

T —- 

max at 


and thus 
< fs < (46.12) 


It then follows that in Eq (46.8) we may expand the quantities with respect 
to 1t(0/3t). In zeroth approximation (ideal plasma) the retardation can be neglected 
in fa: 

The collision integral I, is defined by the spectral density (60, 8E)., kp 
in the frequency region w 2, and for k ae The contribution of the long- 
range fluctuations to the collision integral will be studied in Chapter 1]. Asa 
result, because of (46.1), in the calculation of the spectral density the explicit 
time-dependence introduced by E(t) ,a,(t) into (46.8) can be disregarded. We then 
find 


6 (wskop) = plea (w,ksp) 


0 w? t2 
is , 0 
-e,n, | dvexp[-ar+ tiw—k-v)ttia (t) ] 
0 





2 
af, (p—e,E (t)t,t) 
op : 
From Eqs (41.2) and (46.13) we obtain an equation for 6SE(w, k): 


SE (w,k)° (46.13) 


e(w,k) 6E(w,k) =—4n2 a e | 4 dy SOMFC Cu ky p) = OE Tee (wk) (46.14) 
ar a 
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The dielectric constant appearing here is defined by: 





ane n a 
€(W,k) = Lan). $2 [ ax [ap 
a 0 


2,2 
F OT 
. exp [-at + (wks 9) t+ ¢a,(t) : | 





fg lo ~egE(#) 18) 


ap . (46.15) 


The expressions for the spectral density of the fluctuations 6£ 5°¥TC® can be ob- 


tained from (42.8), using (41.5) and (46.3) — (46.5): 





source (4 mn)? e "4 r 
k 
w,k a 0 
w2 1? 
* exp [-ar+ ewe) tHe, (2) ]f0-e E(t)t,t). 
2G 2 (46.16) 


This expression can be rewritten in a more convenient form. We therefore make the 


change of integration variables 
p—-e,E(t)t>p. (46.17) 


Using (46.9) we get from (46.16) 


source (41)? e7n 2 
(se - 62) - > — #22 [ar [aw 
w,k a 0 


22 
ot 





* cos [tw -#+») TO a(t) ; ]z,(0. é (46.18) 


From (46.14) follows that the spectral density of field fluctuations is 
expressed in the usual way through the functions (46.15) and (46.18) 


source 
6E°S6E 
(6E+8E), _ (88a ; (46.19) 


wy Je(w yk) |? 


We now possess everything that is required for the collision integral 


e -4 
rp.) a | dw dkRe (6, 8E). kyp (46.20) 


KING -G 
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The result is 








3 3 ) t Pipl ’ 
s——a7 ) f, (pe E(t) 1’. t) f(p’—e, E(t) 1’, £). 
9p oP 5 a a b b (46.21) 

For E(t) =0 this expression reduces to the Balescu-Lenard collision inte- 
gral (37.1). It is easy to verify that this collision integral possesses the 


conservation properties: 


12) => n, | ap ¢(p) I (p,t)= 0 for $,= 1,P,57-- (46.22) 
a 

The Balescu-Lenard collision integral and its generalization (46.21!) were 
obtained to the first order of approximation in the plasma parameter wu. As the 
dynamical polarization is properly taken into account, these integrals converge for 
small values of k (i.e. for large distances). 

The contribution of the short-distance interactions is, however, not com- 
pletely correct: this results in a logarithmic divergence for large k. Because 
of the logarithmic character this divergence is not important for an ideal plasma, 
but for a nonideal plasma the short-rage interactions are important in the deter- 
mination of the non-dissipative properties. As a result, we need an expression for 
the collision integral which should describe with sufficient accuracy the beha- 
viour at both large and small distances. It will be seen in sections 55 and 56 
that this problem can be solved by using an averaged dynamical polarization instead 


of the exact one. This amounts to introducing an effective potential. 


47. THE EFFECTIVE POTENTIAL ORIGINATING FROM THE AVERAGE DYNAMICAL POLARIZATION 

From the expression for the function Re(6a, SE) kp defining the Balescu- 
Lenard collision integral (37.1) it is clear that, due to the polarization, the 
Fourier transform of the interaction potential is renormalized as follows: 
Vapl) 4nen 


aa 
’ Vapl*) = 


Vapl k) > 2 


- (47.1) 
le(k-v, k)| 


On this basis, the effective potential taking into account the dynamical 


polarization, averaged over the velocities, can be defined as follows [7] : 
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fo(ps) 


fae a (47.2) 
Je(k- v,k)| 


Spl) = vip) ae > en,| dy 
d dde 
Let us consider this expression in the local-equilibrium approximation, 
when ae is a Maxwellian with T,=T. Using Eq. (36.19) and the definition of the 


Debye radius, we obtain from (47.2) the following result 





ie re K? 
v_ i(k) = v_,(k) (47.3) 
ab ab 14r2 k2 
D 
Hence, using (36.23) we find 
-r/r ee 
a D b 
o p(r) = % ,(r) e » 6,(7) = <. (47.4) 


Hence, in local equilibrium the effective potential reduces to the Debye potential. 
The effective potential can be expressed in terms of the spectral density 


of the field fluctuations, (SE-SE),. Using Eq. (35.7) 


5 (k) = 42 1 (spe6 qe 
Vapl ) = Ten, Pa ( E- E), = Vpl ) Tern, (47.5) 
e e 


where (5q 5q Ye is the spectral density of the charge fluctuations. 
Equation (47.5) can be taken as a definition of the effective potential to 
be used in more general cases, as for instance, in the presence of an external 


field. We rewrite it as 





source 

Bgl HD = Yyg (8) ——— | du tua (47.6) 
v =v ———“—- wy 2 : 
a ae 2m) ern le(w,k)|? 

a e 
where we use the fact that 
2 
(84 rT wd 2 k (SE° eyes ; (47.7) 
w,k (an)? w,k 


We now show that for an ideal gas, i.e., for Jab =0, the effective poten- 


tial reduces to the interaction potential. We note that from the definition of 6q: 
tag 54), “22 ea | ap ap, (68, Dk p.s P,: 
a 


From (26.11) we find for the ideal gas 


(ov, 6", ) = 65, (p —p’) nf, (47.8) 
k,P\»P, 


From (47.7), (47.8) we find, for Iqp= 0? 
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2 
(6q 6a), =m nny: (47.9) 
a 
Combining this result with (47.5), we find that for Iqp= > ® ob = oop: 
Comparing Eqs (47.1) and (47.6) we see that the introduction of the effec- 


tive potential corresponds to the following substitution in the collision integral: 
source 


“ab yyy) | dy SE coe em 
—————~- - —_—_——— yw Ok ay —————— 
Je(w,a)|? = an] e2n? = fe(use)]? (ary: 

e 


(47.10) 
l.e., it amounts to averaging the function 1/|e(w,k)| over Ww with the distribu- 
tion function 


source 


f(w) = —+— (6q 89) (47.11) 


2 w,k 
enn, ’ 
Using this result, we introduce the effective potential into the collision 
integral (46.21) by the prescription (47.10) and then perform the integrations over 


w and over Tt’: 





2 ony 

re ern kk. 

2 2h bib = | ak| ap’ | ar 43 
1 oP ; 





a 
ea: 
(ates) stalter ee rong te 
E(w, 

(2- Sr, —e E(t) 1) f,(p!— e, E(t) t) 
ap, ap. ae a pee 
_ (%a  °b\ ke E(t 

alo =e) “ns 


The approximate expression (47.12) for the collision integral will be used 


for the calculation of the conductivity of the plasma. 


48. ELECTRICAL CONDUCTIVITY AND EFFECTIVE POTENTIAL 
We consider the balance equation for the electrical current density 


i =Le, n, fap vf. From the kinetic equation (41.1) follows: 
ay > oe 
nee HEH) + D egng | dp vy. (48.1) 
a 


We substitute (47.12) into the second term on the right-hand side, inte- 
grate by parts over p, symmetrize with respect to a, P3 b, p’ and make the 
substitution p—e,E (t)t—~> p: 
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> em, [ary s, -- 2 DSR" 2b "a" a) 





a "2 bd 
a k 1 (w) wet? 
[ac] an dp dp’ =, <->) 08 (kev —kev')t+a, ,(t)— 
0 k Je(w, k)| 
r) r) 
«(2 - =r) ee (48.2) 


We continue the calculation with the function: 





2 
| m{v —u,) 
fa = 4 exp Tg? (48.3) 
Then, 
r) 
(2-2 sr) fafy=- ee (OPS (ken — hous) | fy fy: 
(48.4) 
(1) We consider the result of the substitution of the first term of (48.4) into 
(48.2). Noting that 
a[ | col =a 
é argh 6 —yp/ Ss = 
fa ke(vy-y )t + a, (t) cos}{k+(v—yp )t+a,,(t) 5 0 
0 
we transform the first part of (48.2) into 
[> en, | dpy r,] ; = aE cos wt (48.5) 
a 
with yb 
ecetn n e e 
a =-->> abab (2-2) pb (48.6) 
kt m, ™/ 1 1 
a b B 
and 
i> aor [k E(t) ]? ) 
I -t [arc ae apap’ a 
1 0 k at <a 
* cos lu: sy —kev/)tt+ Be) “| f(p)fp(p’) - (48.6), 
(2) Substitution of the second term of (48.4) into (48.2) leads to 
( | dp» I,) =-vj (48.7) 
Qa 2 
where ae 
2efern n e e 
v= D> — 2 de (;2 - 2) 12? (48.8) 
ad kpile,n, ey) a b 
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and 
c (ki)? \@) 
za -1] at dk dpdp’ oa a 
7 0 kg le(w, k)| 
we t? 
cos [tay -—kev')t +a,,(t) “| Fa fy - (48.9) 


Here we used the fact that j =7 (e,1,-¢, ny) (u—u,)- 

The expression (48.5), added to the first term on the right-hand side of 
(48.1) defines the effective field in the plasma in presence of a strong external 
electric field (with Ww, < wr) and taking account‘of the average dynamical polari- 
zation. 

The second term (48.7) describes the dissipation in Eq. (48.1) and there- 
fore defines the conductivity of the plasma under the same conditions. 


We consider these results in the case of the weak field, but with due 


account of the polarization. In that limit, Eqs (48.6), and (48.9) yield: 





He mom, 
ab = oe My > Ugg = et: (48.10) 
1 3 Br L et 4 
ne MR nee (w) 
ye? - “2 (5 a) | & Carers >) (48.11) 
2 TKp 9 le(w,k)| 
From (48.10) and (48.6), we find 
2 2 
a=-~o 2% ka? (48.12) 
Py Met 


and, adding (48.5) to the first term on the right-hand side of (48.1) we find the 
effective field [41 , 49]: 


2 
i 
E eee (1 ae aE: (48.13) 
D&B 


Thus, the difference between the effective and the external field is proportional 
to the plasma parameter U~ e7/r, kT j 
We now consider Eq. (48.8) for the damping rate v of the current. In the 


weak field limit, (47.13) reduces to 





(w) 1 2 | fa 
1 = ———— Dg n dp ——_—_————_-+ (48.14) 
2 aa 2 
(1) ) en, je(kev,k)| 
: a 
As Le is Maxwellian, we may use the result (36.19). Thus (48.11) becomes 
kKnax 
7.248 Ho \3 dk aa s 2(20)? Hei\ 2 2,2 \ 
any a ae ee n 1+r) koox : 
2uk_T 0 1+k ry B 


(48.15) 
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We substitute this result into (48.8) and obtain 


(ant an aly 
Pg eae pe ae + 
: ? ue .(k rye . (: oie) a (48.16) 
et’ B 
From (48.13) we see that, for e.= le, | » the effective field is independent of the 


index @, hence (48.1) combined with (48.13), (48.7) becomes 


E . (48.17) 


It then follows that 
i(w) = 2% 1 — Bu) = ow) Egg (w) (48.18) 
Yet —twtv ett oe 
and the real part of the conductivity becomes [7]: 


2 
Re o(w) = 2% ~ 





(48.19) 
et we tv? 


with v given by (48.16). 
Had we used the Landau collision integral, we would have found in the 


expression of v: 


org: ARG = 
Qn ( + ae) =L’ —> &n YD k ax aL (48.20) 


where LZ is the so-called Coulomb logarithm. From this equation 


1 1,242 
grgk for rik <1 

Li- p= D max D ‘max (48.21) 
! ~*p Read fore ~%p k max St 


In a static field (w,=0) the substitution of L for L’ leads to a decrease of the 


conductivity, as 





2 
en I 
o(w=0) = ~~ (48.22) 
Hoi id 
and L’ >L. 
49. FLUCTUATIONS IN THE PRESENCE OF A MAGNETIC FIELD 


We consider the influence of an external magnetic field on the spectral 
density of fluctuations in a non-relativistic piasma. In that case the transverse 
electromagnetic field created by the particles is small. Therefore the descrip- 
tion of the fluctuations, to the approximation of the second moments can start with 


Eqs (27.7) —(27.10) in which we set 


ea 
no =e XB) (49.1) 


Thus, the basic equations are: 
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on f 
3 3 eq 3 ) ( oe) a‘a 
—+ pe +e -— _ =—-e E. 
Z Vitis e (v xB) 71 éu, oN, eq 3p 
VXSE=0, V+SE= 40> e, | dp 5W, (49.2) 
a 
9 3 ea 9 ) (s . ee 
as pe ees N 8N. = 49.3 
(2+ ap ie Pag) EM) aug = (49.3) 
\source : 
= & ary a bee 49. 
(er, Hg aly tet! Sab eC ae anae eet yee 
In equation (49.2) the term 
of, 
ent» xX 6B) ay (49.5) 


is absent. This happens whenever La depends only on the components of the momen- 
tum which are longitudinal or transverse with respect to the vector B, i.e., fo 
is independent of the angle variable in momentum space. We will only consider here 
such distribution functions : 


f(p>t) = fie > p', t) : (49.6) 


In that case the quantity (49.5) vanishes and the equation for f_ is: 


a 
of, e 
= - #1 2.| dk Re (SN, SE), 4 (49.7) 


It follows that the function (49.6) is slowly varying in time. Thus, for an ideal 
plasma, the retardation of the function bp can be neglected and the fluctuation 
process, under the assumption (49.6), is stationary. 

In the case when the distribution function depends on the phase, the fluc- 
tuation process is no longer stationary. The calculation of the spectral densities 
must then be done in analogy with the methods developed in sections 41—46 for the 
problem of a strong, high-frequency electric field. 

We now solve Eqs (49.2), (49.3). Consider first the characteristic equa- 


tions: 


dp _ a dr _ 
5 ala (vy xB) , ae ee (49.8) 


We denote the initial values (at time ¢’) of the position and momentum by R°P. 
The solution of (49.8) is then: 


p = (P-b)b + [(b XP) Xb] cos a (t-te) + [Pxb] sing, (t —t’) (49.9) 


(b-P)b [(o xX P) xb] 
eae ee ae (t—t’) Gems Sage) 
+ ESD) Fite Q, (t- t’)] (49.10) 


m_Q 
aa 
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with the notation 
» 2 = ¢ (49.11) 


We also have the inverse relations 
P=(b+p)b +[(b Xp) Xb] cos, (t’~t) —(b Xp) sing, (t' —t) (49.12) 


(b-p)b [(b xp) xb] 
+———. (t' - t) 


R=r m (t’—- +—— Aq ~Sin 2 (t’ -—¢t) 
a aa 
bx 
OE ets a, (¢'-t)]. (49.13) 
a 


Along with the vectorial expressions, we shall also need the separate components. 


Taking the vector B parallel to the z-axis we find from (49.9) 





= —t’) + : +! 
Py, = P,, cos 2, (t-t’) Py sin Q, (t-t’) 
= phi ‘ _yl 
Bee e cos 2, (t—t') P, sin Q, (t-t’) 
P, = P, (49.14) 
and from (49.10) 
P P 
r= Rita sing (t-t’) +4 [1-cos 2, (¢-t/)] 


aa aa 





P 
. x 
ry Ry + =a sin O,(t-t') — 5 7 [1-cosQg(t—t’)] 
aa aa 
P, 
= +2 np , 
r= R, + (t-2'), (49.15) 


a 
Using the solution (49.12), (49.13), we find from (49.2) 


source 





SW (wk yp) = 6) (wks p) 
=e, 4, J ax ex {- At+t¢ [wtt+k+(R(-T) -»}} 
0 
» 6E(w,k) > en ra ae (49.16) 


Here we used the fact that fo is slowly varying in time. For B=0 this expres- 


sion reduces to (35.2). From Eq. (49.2) for 6£ we find 
SE(w,k aN, me) > ane, [ap 6W (wok sp) . (49.17) 


We substitute now the expression (49.16) and find: 


KTNG - G* 
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Lk 
e(wsk) SB(usk) =~ “744 D, eg | 4 EuSFCE (Ky p) = gE SUrCe’, Ky, 
@ (49.18) 


We introduced here the dielectric constant of the plasma in the magnetic field: 


4qv etn 


e(w,k) =1-c¢ > Aa. i ax] dp exp {arti [or +k + (R(-t) -*]} 
a 0 


af,(P(—t), t) 


ap 
We transform this equation using the condition (49.6) which implies that 
f,(P(-T)) = Le (p). We also use the relation: 


(49.19) 


af, tP(—t),t) af, (P) ap; of, (P) 
ee es (49.20) 


where the vector P(-t,k) is defined by Eq. (49.12) in which the vector p is re- 
a 3 3 L : 
placed by &. We introduce a cylindrical reference frame, p! » Py» with the 


a-axis along the vector B: 
p.=P' cost, k =k’ cos 

Pp. = pt sing, k= xt siny. (49.21) 
We then obtain from (49.13) 


lol 





keR(-1) = ker — ke! yp! a 2 [sin (6—-v+o, 1) - sin (0-¥)| (49.22) 
a 
af af af 
P(—1,k) + —% = I — + cos (¢—Wt+Q T) kt — : (49.23) 
ap ap i ap 


In this equation we used the fact that Fe is independent of $6. 
We now substitute Eqs (49.20), (49.22), (49.23) into (49.19) and use the 
expansion 


. . 2. ” 1 
gt sin(o—-W) _ > 1, (2) oenlo—) . ne Ke . (49.24) 


ne-wo a 


As the distribution function is independent of $6, we may integrate over this vari- 


able, by using the relations: 


Pal do (x) I (2) exp [-in(o— —v+O, t) + tm(o— »)| 
nm 24 (x) exp (—im Q, T) (49.25) 
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zzz | d¢ 1,(2) 1,(2) exp [-in (9—¥+9, 1) + im (gv) | 


cos(b—¥+2, 1)= > = 12(x) exp(—ima,1). (49.25) 
m 


We also note the relation 
oo 
—t [ae exp [-ar + ¢(w-ma ~x! "| ee 
a Q xl | ee 
0 w-—m ie v+ta 


We thus obtain the following expression for the dielectric constant 


ane i, Loi 
€(w, k) = 1 2 rr a> [ ae" ap" | apt 7? 1 (aa F) 
m mm 
mQ 
[:" = +—3 = f,(p" spt). (49.26) 
—mQ, +tA ap vp ap 


w—k v 
Under the condition (49.6), the expressions (49.19) and (49.26) are equivalent. 
We now study the spectral density of the field fluctuations. Going back to 
(49.17) we find: 


2 
1 (41)° ee source 
(see) =, DE MO ta fay ap (a0, 55,) 
* “wrk fe(wsk)|” @ b k? w,k,p,p! 
source 
(se se) 
= wok . (49.27) 
le(w, k)| 


In order to define the spectral density of ead we consider Eq. (49.3). 


Using the slow time variation of foe we find, to zeroth order in the retardation: 


(6 5 source 
w_ 6M ) 
a Ply kp ap! 


= 26.47, Re J dt exp {-ar+ t [ex FREE) -]} 


o 


> 6(P(—t) — p') fi (pst) . (49.28) 


Hence 


Por 
source 
(se SE ) =) Guat 
a 


wk we 


* 2 Re i dt | dp exp {—at+ t [or +k-(R(-1)-n)]} fAp> *) - (49.29) 
0 
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We use again (49.22) and the expansion (49.24), integrate over and use (49.25). 


We note: Pe 


2Re | dt exp [-ar+ elo —atol -n9,)] = 20 &(w —klly 


0 
and we find the desired ge a ai 


ee oe oF n, 1 1 ll 
(cx B) ge ge ee 2mp J dp 


1 
2 ) fi(p"ptyt). (49.31) 


I 
— mQ,) (49.30) 





; _ pil, tl 2 
aré(w—k v —m9,) 12 ( 


Substituting this expression into (49.27) we obtain the spectral density of the 


field fluctuations. 
We now investigate the spectral density Re (64, SE) kop which defines 
> > 


the collision integral. From (49.16) we obtain 


source 
Re (sw, +62) = Re (cu, k + 8E) 
kp wk yp 


en, Re [ax exp {arse [or+e *R(-t) -ker } 
0 


af (P(-1)) 
. i (ce, 68,) pes SS (49.32) 
Be hk ae 4 


We first consider the second term. We can average it over the angle 9, as 
the collision integral does not depend on this variable. From (49.17) follows that 


6E is parallel to k, thus 


kk. 
(sz, 8E, | = +4 (su-<8) (49.33) 
d wk K2 wk 


and this tensor can be determined from the spectral density of the field fluctuations. 





We now transform the time integration in (49.32). We substitute (49.20), 
(49.22), (49.23), average over the angle, and perform the T-integration, using Eqs 


(49.25). The second term thus becomes: 


—Ten I (ee ) 8(w= Koll — ma, ) (se +68) 


aa am ¥ w,k 
mo 
. (:! +2) tele’. t) (49.34) 
9 I L a 
P v 


We now transform the first term on the right-hand side of (49.32). Using (49.18) 


we have : 
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source 


. = ft / 
Re (ew, k 6E) Re > ane, | dp (sx, 6m, 


W,k sp e*(wsk) 5 


source 
) . (49.35) 


w,k,p,p' 


We substitute (49.28), sum over b and integrate over p’. Noting from 
(49.6) that f,(P) =f (P71) we find: 


Re (su k 8) 
a 


Leng 


o,k,p 


= Re 2 Re | dt exe {ar +4 [at +k*R(—t) —k-r]} fps t) 


* 
BP iar) 0 (49.36) 
We substitute Eq. (49.22), expand in Bessel functions, average over the 


angle, use (49.25) and integrate over Tt. Using Eq. (49.30) we find the following 


expression: 


1 20 

on | do Re (6H ke 6E 
a 

0 Wk ,p 

= gn Ime(w,k) 


lebap ey (2 8(w —K! yl —mQ,) fy (pl pt). (49.37) 
EW s 


From (49.26) we have the imaginary part of the dielectric constant 


2 2 coed a 

4m” ern 11 

Im e(w,k) =-), po ee | dp! amp! | dp! > v (Ee) 
2 m mM Q 

b kK 9 a b 

mQ 
6 (w— ky! —ma,) [2 —s raps =| t, (el pe es (49. 38) 
ap v op 


Equations (49.32), (49.34) (49.38) define the spectral density (SW, SE) k@ 
’ ’ 3’ 
averaged over $. We integrate this expression over w, in order to obtain the 


spatial spectral density, with the result : 








a en 1 
J —~_ aa 2f{kiv 
aT | dp Re(SN, k* SE)y 4 = 2 Poe al Q5 ) 
0 


81 Ime(w ,k) 


. (seer) [3] nee Pele 58) 


_ lll 
w=kv +mQ, 


(49.39) 
where we introduced the abbreviation 
mQ 
[- 2| ex! 24 22). (49.40) 
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50. KINETIC EQUATION FOR A PLASMA IN THE PRESENCE 
OF AN EXTERNAL MAGNETIC FIELD 


We write Eq. (49.7) for the collision integral in the form 





e k 3 
peect d ne | ak “+2 (on k + SE) (50.1) 
"1 (27)? k op a k, P 


As the left-hand side of the equation does not depend on $, we average (50.1) over 
this angle. In order to obtain an explicit result we proceed as follows. We use, 
as in section 49, cylindrical coordinates with the z-axis along B: $ is the angle 


between B and p. Then 














L 
1 : p 
ko = xl 2+ cos (-v) 2+ sin (g-) 4% (50.2) 
dp ap pe 
We represent the spectral density appearing in (50.1) in the form 
Re (sn, k 8E) 
: (m) 
= exp [ix sin (o-w]y exp [en (o-v)| (on k- se) 
os k 
»P 
m 
Lot 
xe ce . (50.3) 
a 
“(m1 
In order to find (s¥, ke 8), p we substitute (49.24) into (50.3) and 
average over ¢: 
27 pt (m) 
| do Re (61 k se) = > 1, (252) ke (sm k se), ( 
ees . = . 50.4) 
a 0 e kp _ a, ¢ kop 
Comparing Eqs (50.4), (49.39) we find 
(m) 1. 
Re (sw, 86) =-1egna lp, (2 ) 
kp a 
87 Ime(w,k) 
| (o6-se) [«- 2 a fio ie se) (50.5) 
wk P le(wsk) | I 


weak! y +mQ 0 
We now substitute (50.2), (£0.3) into (50.1) and average over $. Using (49.24) and 


the results 


20 
Y Ile) ge | a6 exe [ en(o-v) ~ em (o-w)] = 1, Ce) (50.6) 
n vi 


20 
D tyle) se J de cos (6—v) exp [in(e—w) - im(o—v)| 
n 0 


= 3 [tye + Ty) = 2 tyle) » (50.7) 


we obtain 
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20 


J aes ted dk [pa 2 Kv (s ey 
a ner ame | -2]1 ( ) (su Rs ) _ (50.8) 
an et Me (aap = apd ™\ % os k,p 








Substituting Eq. (50.5) we find the desired expression for the collision integral. 


We write it in two forms. The first one is the Fokker~Planck operator : 


1, (pl otis | dk {[e- 2 | (pl yp +) [hk 2] ee (hae) 











a 1 |e 
+ [«- Sa Ao”) (pp >t) fi (Psp +} : (50.9) 
The coefficients are defined as follows 
2 
e Lok 
pi) - 4. 72 Cx ) (se 8) 7 (50.10) 
16 13k? a kv +mo sk 
e Lot Ime (k!! y! +mQ_,k) 
am __ “a 72 (: v ) is (50.11) 
= Vo ee WW ga ple! i 
e ane ™\ XQ Je(k v +m, 0k) |" 


As in section 37, the diffusion coefficient is defined in terms of the spectral 
density of the field fluctuations, whereas the friction coefficient is proportional 
to the imaginary part of the dielectric constant. 

In order to obtain another form of the collision integral, analogous to 
(37.1), we use Eqs (49.27) and (49.38) and find 


Dn, dm J dp! 2np’ + | dp!" | ax! ank* | axl 


1 ot 
Ij(p »P >t) 


b mm! 
a ab a 
E ll, on’ tL onl 
3 oot vl vv 
-|« ap! af f,(P 2D » t) fy (e »P >t) (50.12) 


where 








a?” soe oe kt vy" 72 ky! 
mm! = a b=m Qa m! 2p 
8 (x! vl! +.mQ _x! v! Me m'Q,) 
eal 50.13) 
4 I yl 2 : ee 
k*le(ki vl + mQ,,k)| 
The kinetic equation for a plasma in a magnetic field, taking the polariza- 
tion processes into account was considered in the work of Rostoker [36], Eleonsky, 
Zyryanov and Silin [37], and in references [38.8]. In earlier work, Belyaev [39] 
studied the kinetic equation of a plasma in a magnetic field without taking polari- 


zation into account, i.e., an approximation analogous to the Landau approximation. 


198 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


In the Landau approximation there is a divergence in the k-integration in 
the collision integral. Therefore we must put the limits (38.2) on the integration 
range. The lower limit corresponds to an approximate account of the polarization. 

In the presence of a strong magnetic field, when the Larmor frequency and 


radius, Qs r, are such that 


a. > Wr os R, <*) (50.14) 
the inclusion of polarization effects is not really necessary, as in that case 


the divergence at small k disappears; therefore the effective value Kees is 
~1 

> 

Thus, the influence of the polarization in the collision integral is impor- 


w~pre 
Ro <r 


tant when 

Qe < Wr s Rr > ry: (50.15) 
The expressions (50.9), (50.12) for the collision integral are very complicated. 
They can be significantly simplified if the effective potential (sect. 47) is used, 
thus taking into account the averaged contribution of the dynamical polarization. 

We note that in the Landau approximation the limitation (49.6) on the form 
of fi, is not necessary; one can also take into account the fast variation of the 
distribution function. There is an undoubted interest in deriving the kinetic equa- 
tion for a plasma in a magnetic field, taking polarization into account, and with- 
out the limitation (49.6). 

The methods used in this chapter can also be applied to quantum systems. In 
that case, unfortunately, we cannot give the corresponding results. We only note 
that a substantial contribution to the investigation of processes in strong magne- 
tic fields was made by Pavel Stepanovich Zyryanov, who died tragically in the winter 
of 1974. 


CHAPTER 9 


The Spatially Homogeneous 
Nonideal Plasma 


51. SPECTRAL DENSITIES OF NON-STATIONARY PROCESSES 

For the calculation of the spectral densities defining the collision inte- 
grals of nonideal plasmas it is necessary to take account of the retardation of the 
distribution functions. In other words, one may not neglect the change of the 
distribution functions over a correlation time of the fluctuations defining the 
kinetic processes. As a result, the fluctuation process becomes non-stationary, and 
we must devise methods for the calculation of spectral densities of such processes. 
We first consider some examples. 

Consider a process characterized by the following stochastic functions of 


time: 
x(t) - x,(t) pity x(t) ‘ (51.1) 


We assume that the average of these functions vanishes, and that their (one-time) 
second moments are given functions of time. For a stationary process, the latter 
would be time-independent. We introduce now the following two-time correlation 


functions: 
= = _ \ 
o,g(t.t—1) =o,,(€,7) (x, (¢) ,(t—1)} 
Op,(6, tT) = o,5 (8,1) = (2;(4) 2,(t-1)). 
For a stationary process, these functions One do not depend on t¢, and obey the 


(51.2) 


following relations [45] 
(x,(t) #,(t—1)) = («,(€+t) x(t), (51.3) 


i.e., the correlations are invariant under the translation: t*+¢+1. We then con- 


clude that, for a stationary process, 


o43(7) = oyg(-0 : (51.4) 
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In the linear approximation, the functions A t —t) obey the following 


equations: 





d 
ae taglt t-1) + Ag g(t t-1) = 0, T>O 
(51.5) 
d 
ae tlhe a TL Ny o(t,e-T)=0, T>O0 
which must be solved with the initial conditions: 
o,(t,t-1) =(2x2.2. 
td t=t—T (=, iN 
’ (51.6) 
o..(t ,t—T) =(xr.2, 
ae t=t—-tT dk t-T 





For a non-stationary process, the spectral density is defined as follows: 


\ Twt —twt 
(x. x.) ~ [ ax {(s, =)) e + (x.2. e i. (51.7) 
Ed Ost 0 eat t,t—T ( d ee 
It follows that . * 
(zers)5 e = [(=; Zh, | F (51.8) 


Thus the spectral densities of a non-stationary process are defined as one- 
sided Fourier transforms in tT of the correlations O55 @ ,»t—T). 
In the case of a stationary process, we may use (51.3) in (51.7) and change 


tT into —tT in the second integral: we then obtain the usual definition: 


foo} co 
twt _ twt 
(x, Zay = | dt(z, z;) e = | dt Oe4tt) e : (51.9) 
t,t~-t 
-o@ -c 
The Fourier transforms of the correlation functions are 
foo} 
1 —tut 
cane = dw(x. 2x e 
ae eee J ( Dut 
2 -c 
a oye (51.10) 
Lyx =— [ du(x,2.¥ 
ie ea J ti w,t 
0 
From the condition of reality of the correlations, we have 
* 
(ee Baliye > ee alae 
7 (51.11) 
ors PM ear ree 
We now consider as an example the case of one random variable. In this 
case, instead of the two functions (51.2) we only have one: 
O(¢>t-t) = o(e,7)=(r2), 4. (51.12) 
It obeys the equation 
a ais _ _ {02 
ge (Est) +AG(t,t-1)=0, O(¢,¢—-1)],.,_,=42*),_ - (51.13) 
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Its solution is 


o(t,t-t) = Pas ae , t3O (51.14) 
and from (51.7): © 
; ; 
(x ee = 2Re [ax (zr), 4. a (51.15) 
0 


Substituting (51.14) into (51.15) we obtain the spectral density of the non- 


stationary process: a 


(x?) =2 Re J dt eg tATHtut 1 p2\ . (51.16) 
w,t } VY ead 


For a stationary process, this expression reduces to 


2 2d (x?) 
Se (51.17) 
w2 +22 
The expression (51.16) for the spectral density of the non-stationary process can 
be represented in the form: 


oO 


2 - -rA[t] tot 2 
(x Ne ce = [ ave e (a Mecsiet . (51.18) 
-2 
Both expressions (51.16) and (51.18) satisfy the condition: 
co 
al 2 =(x2 
= J dw(x Voe =i Vase (51.19) 
-2 


We note that the general expression (51.15) can also be written in a form analogous 


to (51.18) : 


oo oc 
2 = / tut Lwt 
(x ae J artes), sie [ ax(ee), |z} 4 (51.20) 
-2 
The corresponding inverse transformation is 
oo 
-1 -tw{t 
(P2)o ie teen) [ a(2), eels (51.21) 
-o2 


We now consider the corresponding Langevin equation. For the case of one 
variable it is: 
+x = &(t) ’ (51.22) 
where € is a random source : 
\ 2 ! 
{E)= 0, (EE), gr = B(e) 6(t-8’) . (51.23) 
We now derive the relation between the intensity of the source fluctuations, 
B({t), and 2"). for a non-stationary process. We use the solution of the Langevin 
bs 
_#! 
a(t) = J agg Et ec Ery (51.24) 


—co 


equation 
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and from (51.23) we obtain: 3 


(27), = | dt e247 a(e-1) (51.25) 


A a w 2 eke ie 
Thus, in the non-stationary case, the relation between (x ) and B(t) exhibits the 
retardation effect. 


From (51.25) we may derive the differential relation 


4 (22), + 2d (2°), = B(t) . (51.26) 


In the stationary case, both (51.25) and (51.26) lead to the well-known result: 


B= 2d( 2°), (51.27) 
Corresponding relations between the spectral densities can also be derived. 
We substitute Eq. (51.25) into (51.16) and perform an integration by parts. As a 


result we find an equation for the spectral density 
@ 
d 2 2 -\T+ Zot 
— (x +2 (x = 2Re [ dte B(t—tT). 51.28 
HEV, APACE G (en). (51.28) 
0 
If we integrate over w and use (51.19), we recover (51.26). 
For a stationary process, Eq. (51.28) yields the relation [45] : 
B 


(e*)- os ; (51.29) 
Ww ioe + 2 





Because of (51.27) this coincides with (51.17). From the definition (51.23) follows 


that, for a stationary process : 


(EGS BST) s CEG) = By (51.30) 
T 
hence the relation (51.29) can also be written in the form 
(e-) 
(a? is -—> , (51.31) 
we +A 


: . % . he 2 2 
This equation provides the link between the spectral densities (x ye and (&“) 
for a stationary process. 


For a non-stationary process, the spectral density of the source is defined 


as follows: « : 
a ee he ae = 2Re [ar Bi EME Gee), (51.32) 
, 0 
Equation (51.28) can thus be written in the form 
d(x?) 
w,t wae 2 —< 2, source 
= 2A | (zx Mint (x ae Z (51.33) 


We may obtain still another convenient form of the equations for the spec- 


tral density. From the Langevin equation (51.22) we find: 
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=A (rt), gaa - MEP) y gg 


ae 
+18 
oN 
o 
1 
ey 
tl 


fin 5 
OK NER gag PSI e poe 


“MN 
o |e 
i] 


t,t-t 


Combining these equations with (51.7) we obtain 
(ze) 
dt w,t 


dz 2 
(= #), =-) (zx liek + (ze) . 


Adding these equations, we obtain 


ae ie) rem ge 


d 2 2 
+ = + = 
(27), + 2027), = (Ex), , + (8), , = 2 Re(ab), 
From the general formula (51.7) we get: 


tWT —twt 
e + (Ex), e : 


(28), 25 | ax | (x6) 
0 


t, 2-8 y lat 


Thus, in order to define the spectral density, we need the two functions 
(mo), pia? (Ez), ye 
Using the Langevin equation (51.24) and (51.23) we find 
co 


* = 1 —At’ = —ATt vy 
2 is i e a ae eee e B{t-t) 


co 
co 
—rt! —\t! 
=| dt’ =| ar’e B(t) &(t+t’) =0. 

(SE) yes J Nr aed Ce) 8 
Collecting the results (51.37) —(51.39) we get: 


co 
2Re (aE), 4 = 2Re J dr g ATHIUT pep _ ty, 


(51 


(51 


(51 


(51 


(51 


(51 


(51 


Substituting this expression into the right-hand side of (51.36) we recover Eq. 


(51.28). 


52. SPECTRAL DENSITIES OF THE SOURCE FLUCTUATIONS IN A NONIDEAL PLASMA 
Corresponding to (51.7), the spectral density of the fluctuations 6W,46 


N 
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. 34) 


35) 


. 36) 


.37) 


38) 


39) 


-40) 


b 


for a nonideal. spatially inhomogeneous plasma is expressed as follows, in terms of 


the correlations: Be 


= ap! 
(sw, su) - | d(r—-r’) 
w,kK,t,r,p,p’ 90 


{let 65 
t,t-t,r,r-r',p,p! 


+ Gn 6N > 
bos tatyr, rer! yp, p! 


gt (wt-ker+ ker’) 


gi tlut-ker tk ss 


(52.1) 
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We thus have the following symmetry property: 


(6H, 6m) = [(sm, sW,) 


We obtain a convenient form of (52.1!) by introducing the symbol : 


* 
(52.2) 


wik,t,r,p,p! wrk,t,r,p’,p 


( + 
6N_ ON. ) 
Lak ty PsP oP! 
m [arf atr—r’) SN sm) gtlwt-kertker’) 
a 
0 t,t-tTyr srr’, psp’ (52.3) 
It then follows that 
(on om) 
% B wyk,t,r,p,p’ 
+ * 
= (sw, 6m) + [ (6%, 6u,) | ‘ (52.4) 


w,k,t,r,p,p’ w,k,t,r,p’,p 


For a stationary and homogeneous process we have the relation: 


(on, 4) 


(en, sn) (52.5) 
t,t-t, rar-r’,p,p' tet, tyrer’,r,p,p! 


analogous to (51.3). Equation (52.1) reduces in this case to: 


(sw, 1, 


w,k,»p,p’ 
eo : : 
-{ar| a(r—r') (81,545) gi (wt-ker ther’) 
ao t,t-t,r,r-r’ ,p,p! 
r . 
~ J g (sn, on) sere (52.6) 
ee t,t-T,k pop 


In this chapter we study the kinetic equation for a nonideal, but spatially 
homogeneous plasma. The corresponding random process is homogeneous, but non- 


stationary. The spectral density is then defined by 


s4, 6%) 
( Gee, w,k,t,p,p! 


© 
| dt [ (6x 6u,) ae (6, 6 ) 
0 < t,t-t, k,p,p’ S 


+ + = 
(x, sm) + [(ew, 6m) ‘ (52.7) 
wrk;t,p,p’ Ok, t, pp’ ,p 


This equation will be used now for the derivation of the spectral density of the 
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source fluctuations. From (34.1) together with the initial condition (33.11) 
follows the equation for the spatial spectral density of the fluctuations Sy pounce, 
) . source 
sr ttkey + Allon, oN, =0 (1 >0) 
ot : t,t-t,k,p,p’ 


source 
(ow oN, ) 
ab 


= =p = 
ie aoe aaas = 1, Sgp 5(P Pp )f,(p.t tT). (52.8) 


t=t-t 





The solution of this equation is: 


source -At-tkevt 
(sw, sm, ) 


= egal 
=n, 6,,5(p—-p’) e 
In the same way, we obtain an expression for the following function, appearing in 
(52.7): 


t,t-1,k ' f,(p»t-1). (52.9) 
»t-T,K,p,p 


source _ Ee 
(su, 6 ) =n, 8p S(P-P’)e At+tk "T 5 (p,t-t). 
t,t-t,-k,p,p’ 
(52.10) 
We then find from (52.7) the expression for the spectral density: [7] 
source 
(on 6m) 
ab 


w,k,t,p,p’ 


-At+ t(w-ke v)t (52.11) 
= Plt ¢ = 
= 71, 6op 6(p p') 2re| dt ¢ f,(p st t) 

0 
From this expression, to zeroth order in the retardation, we recover Eq.(34.11) for 
an ideal plasma. 


From (52.11), we may derive the simpler spectral densities, such as: [7] 





(sw, ] 3 ea = a 4me,n,2Re [a eg Att t(unks v)t f,(P,t-7) 
w,k,t,pP 
e-n 
source - , -ke 
(57-62) =4nt> a3 2Re [dx fap carte k pay f(D, t-1) 
k,t k 
OK, a 0 
(47)? e2n co 
source ani , -ke 
(se-8e) = > — 2re | dx] dp eg Atti (wok: v) "£(P,t-t). 
wrkyt k ; (52.12) 


Integrating Eqs (52.11), (52.12) over w we find the corresponding spatial 


spectral densities. For instance, 
source 


= -p/ 
(su, ne oe no Sp O(P p’) f,(p>t) (52.13) 


In performing the w-integration we used the identity: 


x | dw | ax et ®T p(e-t) = 3 f(t). (52.14) 
Seo 0 


We now consider, instead of (52.8), the corresponding Langevin equation for 


ource 
58 : 
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C) : source 
(Zee » +A) oN, = y(p,k,t) (52.12) 
Here Yo is a delta-correlated source. Its average is zero, and: 
\ 
(Yq YI, 


= / fot 
it" =k, p,p! Baplp>p’ st’) 6(t’—t" ) (52.16) 


where Bob is the intensity of the fluctuations of Yor Ups 
We now derive the relation between the intensity and the function (52.13). 


We use the solution of (52.15): 


t 
= -t')—ike -t! 
ESTEE Ck pt) = [ at’ A(é-t')-thkew(t~e Vy (kop .t") (52.17) 
-o 
This expression, and the corresponding one for oN, is combined with (52.16) to 


yield: 


foo) 


source ay —tlkeyp—ke yp! 
én éN al gpg Pht ther oker rs (psp! ,t-T). (52.18) 
ab r ab 
k,p,p’,t 


Comparing this equation with (52.13) we see that the function Bab has the structure 


Bapl Pep! st) =6,, S(p-p’) ngBglp>t) . (52.19) 
Thus (52.18) reduces to 
source 
-2AT 
(s, 6m, ) P | he Byp( P»p! »t-t). 


k,p,p',t 4 


From this expression follows the differential relation 


(< + 2a) (on 6N. et = B .(p,p’,t). (52.20) 
at ab beep! ab 
Using the relations (52.13), (52.19) we obtain the relation between Bo and Ff? 
[(d/dt) + 2A] fi(p>t)=Bi(p,t) . (52.21) 
In the stationary state, we have 
BL(p) = 2af,(p) (52.22) 


and thus source 


: 7 3 
BaP» p’, t) = 2a(smq a 


Finally, we derive the relation between the function Bob and the space- 


(52.23) 


time spectral density (52.11). We eliminate the function fe from the latter equa- 
tion by means of (52.21). As a result we find 
fad source 
re 2A OM, oN, 
w,k,t,p,p’ 


foo} 


Lg re | dre AT t+ t(w-kev)t 


0 
Note that (42.21) and (52.24) correspond to Eqs (51.26) and (51.28). 


Boplp sp’, t-1). (52.24) 
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Using (52.21) and (52.24) we can obtain corresponding relations for the 
spectral densities of the fluctuations of 6M,» 6E and 6j, For instance, the 


equations for the spectral density of the field fluctuations are: 








2 2 
4n)° eon 
Py source ( 
(2 +20) (se- se) “2 yon | dp B,(p,t) (52.25) 
k,t k 
3 gource 
(2+ 20) (se -se) 
at w,k,t 
2 2 © 
(41) eon o spe he 
2 A 4 | dt h peo ee Bo(p »t-t) . (52.26) 


k 
0 
In the stationary case, Eq. (52.26), combined with (52.22) yields (34.14). 


53. THE LANDAU KINETIC EQUATION FOR A NONIDEAL PLASMA 
The collision integral can be expressed in terms of the spatial spectral 


density of fluctuations 6M, > OE. For a spatially homogeneous plasma this expres- 


sion is: 








. J dk Re (80, SE), yg: (53.1) 


The equation for the fluctuations follows from (33.6) : 


50 (kop ,t) = 6 PF’ (kp st) 


eo 
. of_(p,t-t) 
-AT—-tke vt a 
=e5%, J dte 6E(k,t-t) eer es (53.2) 
0 
tk 
SE(kst) =-—— 2, 4ne [ap 6N_(k,p,t). (53.3) 
k % a a 


Substituting 6M, from (53.2) into (53.3), we obtain an integral equation for 6E: 


° af. (p ,t-t) 
5E (k, ae 4ne’n mt ax | dpe St =a ee k +2 6 E(k, t-1) 
Pp 
tk = 
ere > ane, | dp sy pource (kp >t) = SES? (kt) (53.4) 


We solve this equation by using perturbation theory. To zeroth order, we have 


5 EO = § E source , (53.5) 
To first order: og ( 
z of p,t-t 
se = San ne2n,[dt| dpe Shr CROee 0 at 
&a oS op 
a 


2 6 E SOUFC? (4 t-7), (53.6) 
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We represent the spectral density in (53.1) as a sum of two terms: 





ind 
6m, se) = (sw, 56) Mote a (awgouree se) : (53.7) 
k,p,t k,p,t k,p,t 
From Eq. (53.2) follows that 
ind 
(sw, se)” 
K,p,t , ( 
egn aha: — oR e * Of (p,t-t 
=—k ane | ave’ ue "(SE + 66) k + —4_____ , (53.8) 
k 5 kt ,t-t op 


This expression is proportional to the spectral density of the field fluctuations, 
hence it defines the induced contribution to (53.7). 
To first order, we may write in the right-hand side of (53.8): 
* source 


* 
(se . 6k) = (se -8E) é (53.9) 
k,t,t-t k,t,t-t 


The spectral density of the fluctuations §ESUFCe is determined from (52.9) : 
y 


* source 
(oz: se) 


k,t,t-t 
(4)? ef n, = bey! 
=> —2 | dp’ e At+tkeyv " f, (Pp! ,t-1) : (53.10) 
b k 
From (53.8) — (53.10) we obtain: 
ind kik, 
e,(6m, 6B,)  =- 2 (an)? 2ernin, Sel 

kap,t b k 


wo 
5 of. (p,t-t) 
a as eyes yl > 
. | at | ap! geet t(kev—key Ne ols (p’ ,t-t). (53.11) 
op. b 
d 
We now go over to the second term of (53.7). Using (53.5) and (52.9) we find, 


to zeroth order: 
(0) . 
(swsource ee) = s 4u e, ni fa(pst) 2 (53.12) 
»P ot 


This expression does not contribute to the collision integral, as it is purely 
imaginary. 


To first order, using (53.6), we find 


co 
(1) 5 = “Ee yl 
(avgouree se) =- >) anegn, [dr | ape ot * ee 
kK ,p,t k b 0 
af,(p! »t-T) source 
7 (sw, 86) (53.13) 
3p k,t,t-t, p 
From (52.9) we obtain 
SOMEeE tk -AtT—thkevt 
(sv, 6E Tae ane ne £,(P ,t-t) . (53.14) 


k,p »t,t-t 
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Substitution into (53.13) yields : 


(1) 
s ee. 
as t ms 
k 1 -2ht—-t(kev—kev!)t 
-2 (4m)? eo esn ag role [a0 e 
0 
at (ep! ,t-t) 
ene PAD Seat) (53.15) 
t a 
op 
Substituting (53.11) and (53.15) into (53.1) we find the collision integral: 
[40, 7] = 
Raikes ‘ n 
= 22,52, 9 ! tog .-2At—t (kev—kev’)t 
Ip >t) -2 7 9 eh D P Re | ar| ap dk = gee e 
0 


3 3 
Ga ae) f(P »t-T) fy (p! »t-t). 


If the retardation is neglected, and the t-integration performed, this equation 
reduces to the Landau collision integral (38.3), (38.4). As in (38.4), the limits 
of integration on k in (63.16) are given by (38.2). 

Thus, Eq. (53.16) differs from the Landau collision integral only by the 
inclusion of the retardation. We will see that this amounts to taking the non- 
ideality of the plasma into account, thus (53.16) can be called the collisioa inte- 
gral of the nonideal plasma. 

It is easily shown that the collision integral (53.16) obeys the following 


relations: 


T(t) = >2,] dp ¢(p) 1(p,t)=0 for $= |,P (53.17) 
a 


which express the conservation of the number of particles and of the total momentum. 


Contrary to (37.10), the eae, I(t)=0 does not hold for $25 p?/2mq: 


>a 2a? ae nig a2, ae ° a*b"a" | dt| dk dp dp! 

a 9 

fi(p .t-t) f,(p’ ,t-t). 
(53.18) 


We now show that, to first order in the retardation, this expression can be repre- 


-2At “4 
. sypt—k- k "ke -(2- =)2 
e sin (k-vt—k-+v! tT) ap ape 


sented as follows: 


2 (SE + SE) (6E + &E) 
Bo & 204 8: OS J Sete ORE dO Wa 
> n, | ap af dk = 





om (53.19) 


From (53.5), (53.6) we obtain, to first order: 
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source 
(see) = (se. se) + (se -6 20) + (se. se) 
kyt k,t k,t 


(4m) en 
-2) —44 | dp f (p>t) 22 
a 


k 


k,t 


3 42 62 
(47) lS 


3f pp! ,t-T) 


+ 2Re [ac] dp dp! sin! (kev kev!)| f,(p,t-t) ke 
ap! 
0 


(53.20) 
The first term is time-independent and describes the contribution of the 
self-action to the spectral density. The second term, substituted into the right- 
hand side of (53.19) and symmetrized, yields (53.18). 
Thus, taking into account the retardation, we obtain the following energy 


balance for the spatially homogeneous plasma: 


Aid» Je, ++ (E- s£)} = 0 (53.21) 
a 


which expresses the conservation of the total energy. 


In equilibrium, Eq. (53.20) reduces to 


ben 
(ce. se) = -r- um fata | dof, (p) 


4m) e 
spp ttt Fa dp dp'(k+v—k+v’) sin (ke vt—k-v! 1) fal 


k? ky? 
z (53.22) 
By integrating over 1, p,p’, we obtain 
y2 2 2 
(se-02), ee os 2 ny -22 (47) e ee bab eter) enna (i- 1) 
ae ees x2 mei 
(53.23) 


where we use the definition of the Debye radius. 
Note that this equation can also be obtained from (36.18), which can be 


written as: x3 
4uk fT (4m)* etn 
(sn se) - —4—-> —*4 ees ee (53.24) 
ee RA <a oR be Gee ys 


and can be expanded in powers of Gay 


54. THE BALESCU-LENARD EQUATION FOR A NONIDEAL PLASMA 
For the derivation of the collision integral, taking into account the pola- 


rization, it is more convenient to use, instead of (53.1), the first definition (33.5) 


e 

] 

I, (p,t) =- x + { du ak Re (sa e) : (54.1) 
aq (27)4 ip ¢ wrk net 
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In the case of nonideal plasmas we must take account of the non-stationarity of the 
fluctuation process. 


We rewrite Eq. (35.1!) as an integral equation: 
o 


_ source _ fo ey = . 
éu (x,t) = ON, (x,t) enn, [ar 6E(r—v+t,t—T) 
0 


39 f,(p.t-t) 
op 
(54.2) 
To zeroth order in the retardation this equation leads to (35.2), in which ¢ enters 
as a parameter. 
We note that the collision integral (54.1) is defined in terms of the spec- 
tral density of the fast fluctuations (see sect. 33). We therefore perform in 


(54.2) a Fourier transformation with respect to the coordinates and the fast time: 


source 
( 


6N, (wr kyp) = Nu, w,k,p) 


co 
eng of (p> t-T) 
persicae [ at a(r)ee —2 bb E(w, bk t-0). (54.3) 
Ke ap 
0 
For compactness, we introduced here the notation: 
A(t) = exp [-At+7t(w—k-v)t]. (54.4) 


From the Poisson equation, we obtain a second relationship : 


6E(w, k,t-t) =—- —> ane, | do SN (wsk>pst). (54.5) 
a 
If we used the equation for the total current we would get: 


[2,- e(w + 2a)] ee (ws ke) 


k. 
=-4nD, eq | dp ky H,(w sks py t)= an 6/(wsk). (54.6) 
a 
Using, (54.3), we now eliminate ou, from (54.5). As a result we obtain the follow— 


ing integral equation for 6E(w,k, t): 


6E(w,k,t) 
4ne2n - of (p,t-t) 
ar peenik: { ar | dp A(t) k » —*——_—_. 6 E(w, k, t-1) 
a a 0 ep 
&k > dp é source = $F Source k,t) (54.7 
ant ae 2 ce 14 Na (w,k,p,t)= (a, > 5 -7) 


For an ideal plasma, the fluctuation process defining the collision integral can 


be considered as homogeneous and stationary. The time dependence (through f,) is 
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not essential in this approximation, and can be neglected in the evaluation of the 
spectral densities. For the nonideal plasma we must use Eqs (54.3) and (54.7) in- 
stead of (35.2) and (35.3). The fluctuation process is non-stationary, and this 
fact considerably complicates the calculations. 

We have already calculated spectral densities of ON 6E for a non- 
stationary process in the derivation of the kinetic equation of a plasma in a 
strong high-frequency external field (sects. 41—44). In that case the problem 
could be reduced to a simpler one, because the non-stationary process is defined 
in terms of an explicit time-dependence of the external field. In the present 
calculation, we are bound to use a perturbation expansion in the retardation. The 
method of calculation developed in sections 51,52 is inapplicable here, because 
the integral equation (54.7) cannot be solved explicitly. 

To zeroth order in the retardation, Eq. (54.7) reduces to (35.3). We now 
consider the first order approximation. We perform an expansion in powers of 


t(3/at) limited to the two first terms, thus obtaining: 


4ne2n © 3 
SE(u,k,t) -1 > —24 [ar | a at) (1- ta) 
a k 0 


of (p,t) 
ke —2 ___._ §E(w,k,t) = 6F PTF" (w kt). (54.8) 
op 


We integrate now over T. Recalling the definition (54.4), we obtain 
t 
w—kep+tA’ 


) 1 
dt tA = 54.9 
J ao (7) a w-kevt ta” : ‘ 


| dt A(t) = 


Using the expression (35.5) for the dielectric constant, we obtain, to first order: 


F Source _ 7, [se = 
at aemeemmaranaiay (k 


e(w,k) SE(w,k,t) a 
€ 


(54.10) 


Let us consider the energy balance equation, taking into account the retar- 
dation. Using Eq. (54.6) we obtain 
6E+ SE) 
3 ( wi,k,t 
— 2 ——_ = — Re (67 -6E * 
at 87 ( } eee 
We recall that the kinetic equation (26.3) leads to the balance of kinetic energy 


(54.11) 


which, in the homogeneous case, reduces to 


<Z ee 68-1 a fags | 4 3 ats 
5¢ 2 n,| 4 es f= (6i SE) =2 dp 7 ae (54.12) 


For an ideal plasma, the collision integral possesses the property (37.10), hence 


(sje SE) = ( 27)7 *| dw dk Re (dj> SE). 0 (54.13) 
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Thus, for an ideal plasma, 


3 
— (6E -6E\ = 0. : 
ae ) 0 (54.14) 


As a result, the contribution of the electric field to the balance of energy 
vanishes. This agrees with the results of the previous section. 

We now consider the right-hand side of (54.11) in the case in which the 
retardation is taken into account. For convenience, we add to the right-hand side 
the term Re ztw(dSE OE), kt and consider the expression 


. | 
— Re (6j* SE), , 4 + Re tw (SE + SE), yt 


= Re [(= 88-57) . se ‘ (54.15) 
4m wyk,t 


From (54.3) we obtain 
éj(w,k,t) = gs source 


en, * af {p.t-t) 
- 2-238 [ar] ap is mar Was 6E(w,k,t-t). 

2 0 (54.16) 
From this equation and from (54.7) we obtain the combination of functions entering 


(54.15): 


| ¢ (w+ ta) 6E—6f = Lt (wt ta) SEPOUTS — 5 SOUFCE 
4 40 








2 eo 
enn of (p,t-T) 
=> S 2-4] ar ap | (w+ 5a) —& >| A(t) ke —2—_—-. 6E(w, kk, t-t) « 
a Kk 4 (54.17) 
We integrate the right-hand side by parts (recalling Eq. (54.4)): 
| (w+ed) 6E-8f = Lt (w4+cd) GE POUTEE — gf BOUTEE 
4a 47 
2 oo 
en of, (p,t-T) 
: aa g a 
-i> Ke [ ax] ap A(t) aT ke a 6E(w,k,t-t) . (54.18) 
a 0 
In this expression we change the t-derivative into a t-derivative (as 
(9/dtT) =—(0/dt)). As the integral term is proportional to 9/dt the retardation 


can be neglected. Using Eqs (54.9) and the expression (35.5) for the dielectric 


constant, we find 


1. ; e) 7 : 6 £ Source ae 
—— i — =— —_ — + 
an t{w+ith) 6E-6f (2 (w +0) A éf 
source. 
fk 28: (=) ; 
4n ot € 


As a result of the equation for the total current, the bracketed term in this 
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expression vanishes, and we are left with 


t(wtt) 1 y §E source 
ee G3 Se aS 
Substituting this expression into (54.15) we find 
source 
3 SESE 
Re (7 - 6) -~s [Seo ke | (54.20) 
w,k,t le(w,k,t) | 
Here (SE> aaa is the spectral density of the fluctuations 6£°°"T? to 
w 
zeroth order in the retardation. It is defined by (34.14), i.e. 
source (41)? e2n 
(ce +68) = ) —_? | ao 2n 6(w—k + v) f (54.21) 
wik,t e k a 


Thus, from the balance of kinetic energy (54.12) and the balance of the field energy 
(54.11), (54.20) follows again the conservation of the total energy (53.21), but now 
we must use instead of (53.22), the more general equation 
(4m)? en, f,(p,t) 
(cE+66), laa [ao ieee (54.22) 
, a e(k+v,k)| 

which follows from (54.21). Equation (53.23) is a particular case of (54.22). To 
see this, we must expand the polarization contribution, keep terms up to the first 
order and introduce the local equilibrium approximation. 

We now consider the collision integral taking into account the polarization 
and the retardation. 

As in sect.53, Eq. (53.7), the spectral density of ON,» SE can be repre- 


sented as a sum of two terms; hence 





i e 
eee = oa [aw dk Re (swsouree SE 
a a n 3p a 


Q 


Wyk, pyt 


ttl 


yind 4 psource (54.23) 
a a 


From (54.3) follows the expression of the induced part of the collision 
integral [7, 40] 








2 eo 
e 
ind a 9 k ‘ 
I, - Gay ap te | ar au an exp [— At+ 7(w—k+v)T] 
* af {p,t-T) 
. (e-se k- —t (54.24) 
w,k,t,t-t oP 


The spectral density of the field fluctuations appearing here can be expressed as 


follows, to first order in the retardation: 
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* 


* * 3 4 
(se . 66) = (cz -5E) —1 (se . 66) 
wk, t-t wrk,t BF Joy k 


=(1 +iut) (66 +8) 





+ 40 (si : 66) (54.25) 
wrk,t wrk ,t 


We used here the total current equation for SE(w,k,t). By means of Eqs (54.10), 
(54.16) the spectral densities appearing here can be expressed in terms of the spec~ 
tral densities of the source fluctuations (see (52.12)). We may thus obtain an 
explicit expression for bata . We shall not develop these calculations here, as 
we shall only need Eq. (54.24) in our further discussions (sect. 57). 

Consider now the second term on the right-hand side of (54.23). Using 


(54.10), we find 


source = @ -4 0 
Li a (27) a0 
* source 
| dw dk re{ [ive fe =| (on 6) 
ae & t/a, k sp 
: * 4 source 
+e — _—_ (sy, =e) } (54.26) 
€ at w,k,p 
The spectral density (Su, SE) hap is defined by (52.12). The second spectral 


density can be obtained from Eqs (52.11) and (52.12); : 
eo 


96 E\ source k 
(ou, 3) = pe hte,n, + 2Re | dt (w— kev) 
Ow, k »~P 0 
+ exp [—At +i (w —kev)T] f,(p, t-t) : (54.27) 
Combining all these results, we obtain an explicit expression for cece 


The results (54.24) and (54.26) define the collision integral for the non- 
ideal plasma taking account of the polarization. To zeroth order in the retarda- 
tion it reduces to the Balescu-Lenard collision integral (in the form (37.2)). 

This collision integral for nonideal plasmas possesses the same properties 
(53.17) , (53.19) as the Landau collision integral for nonideal plasmas. The only 
difference is that the field energy is now expressed by (54.22) in which the 


polarization of the plasma is fully taken into account. 


55. THE COLLISION INTEGRAL OF THE NONIDEAL PLASMA, TAKING 
INTO ACCOUNT THE AVERAGED DYNAMICAL POLARIZATION 


We consider the collision integral for a nonideal plasma in which the dyna- 
mical polarization is treated approximately by means of an effective potential. The 
latter is defined by Eqs (47.2) , (47.6). If these formilae are evaluated in local 
equilibrium, we obtain Eqs (47.3) , (47.4): 


KTNG - 
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n2 K2 7” e.é@, —nr/r 
Tplk) =v (k) az Sylr)= Se 7 ?, (55.1) 
I+rpk 





where 

Vapl *) =4ne, e,/k? i 
In this approximation, we may use the results of section 53 for the collision inte- 
gral. We simply replace, in the evaluation of the spectral densities, the Fourier 
transform of the Coulomb potential Voplk) by the expression (55.1) for Vopl*) ‘ 
Thus, for the collision integral we obtain the result (53.16) with the change 

242 

k k lt+rak 








We now study the properties of the new collision integral. The properties 


(53.17) are obviously unchanged, but (53.16) is modified to 


pe eet aMD —2AT 
Dn, fap F2 -- Dabs? | ac| ax dp dp’ e sin (kKevt—kev’t) 
a a 0 


r2K2 
r) 
ney (Gp nape) ae fal Pete ste). 5.9 


In the case of local equilibrium, and to first order in the retardation: 





p2 a "a" 4te Nee 5 
dn fav Por = | ax (kK), = (55.4) 
a a 2m, a yy Sth ee =e Jap 
where 
ee 
ab 1 
k) =- So 55.5 
Japl ) ) e n, 1 ey Ke ( ) 
2 D 


is the Fourier transform of the spatial correlation function of the charged parti- 
cles (see (36.22)). 

Let us transform (55.4) to the coordinate representation. Using the inte- 
gral (36.23) we obtain 














2 n e@ @é 
P __ 39 ab a_b 
Dn, | an fa go— ee 2 - - [ar galt) (55.6) 
where ee, ~r/rp 
b 
Iap(t)= gt 2 (55.7) 


is the spatial correlation function for a Coulomb plasma in the Debye approximation. 
We recall that we are considering here local equilibrium; hence the temperature T 
in (55.6) depends on the position and on time. 
From (54.12) and (55.6) follows the conservation of energy : 
aU/at = 0 
p? 1 a 
v= Dn, [a0 2 - f,+2DZ |e 


a 





Iap")+ (55.8) 
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If we include in (55.8) the self-energy, defined according to (53.23) by 








(4n)* e2n 
1.4 fared ~a# (55.9) 
(2n)> 87 k 
then Eq. (55.4) becomes 
2 
2x, dp bas I, 
a 2m 
4n kT \ 
2 4 1 B a (SE +6E) 
SS dk SS SSS SSS SSS oo ae ee. e 
at (2n)3 J aig yee a ae ene 


We used here Eq. (53.24) for the spectral function of the field fluctuations in the 
local equilibrium. From (54.12) and (55.10) follows the conservation of the energy 
in the form (53.21). 

We note that for a spatially homogeneous plasma, the two-particle distribu- 
tion function (integrated over the momenta) is given by 


f 


api’) = 1 + oop (7) (55.11) 


hence the expression of the internal energy can be written in the form: 





2m 


2 ee 
v=dn,| ao 2 +t DDnn,| a aoe fiplr). (55.12) 
a a ab 


“In the general case, away from equilibrium, the Fourier transform of the 


correlation function is given by 


Gop (Ks P» Pp’ st) = £3p(*) | dt exp [—2A1 —ik(v-—v’)1] 
0 
3 





a 
w- (2 - ) »t-T ‘,t-t). 55.13 
2 Ao) £,(0 8-4) Syl ol st-0) (55.13) 
This equation follows from (53.2) , (53.5) and (5~.6), if we also use 
= —p/ i 
(ou, sm,). P,p',t > Sab 5(p —P ) ng fat gy Fqplk. PsP »t) (55.14) 


Using this expression, the collision integral (53.1) can be transformed to 








> a °a°b\ a 
a 1 7 1 
Ti(pst)= ; ny | ar dp dp (2 P ) 3p Jopl ls P»P st) 


' 3. 4me e 


b 
—~ 2,7 dk dp’ k —2— img (k,p,p',t)- (55.15) 
(20)? FG Pap J ke ab ) 


From Eqs (55.13) , (55.15) follows that, to first order in the retardation, the 


collision integral can be split as follows: 


Tj(p.t) = I, p.t)+ 1, jpst) (55.16) 
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Here I, } is the collision integral for the ideal plasma (zeroth order in the 
> 


retardation). The second term determines the contribution of the correlations to 


the non-dissipative characteristics: [7, 40] 


a gr dr bac so, J dp! kjk; Vogl) Sgplk) 6(k + ¥— kev!) 
eS flo st) f,(p! st) (55.17) 
a Ta 2 Oa Jorja dp! ky k,Vay(k) Soy (k) 
eeoa tee geaaddel reer a (p,t) f,(p!, #). (55.18) 


The functions Vapl*) » Vip) are Gees by coe 

Equations (55.16) —(55.18) correspond to Eqs (13.1!) —(13.13) for gases. 
The latter equations were obtained in the weak coupling approximation, whereas the 
present formulae take account of the average polarization of the plasma, through 


the effective potential o p(n) - 


56. BOLTZMANN KINETIC EQUATION FOR A NONIDEAL PLASMA 

In sections 37 and 54 we studied the kinetic equations for ideal and non- 
ideal plasmas in the polarization approximation, i.e. to first order in the plasma 
parameter. In this approximation, the contribution of the interactions for short 
distances is incorrect. This causes, in particular, the divergence of the Balescu- 
Lenard equation for large wavevectors k (i.e. for short distances). It is there- 
fore necessary to cut off the integration range at some value K ax (see sect. 37). 
As the quantity K ax enters the collision integral only through its logarithm, the 
kinetic coefficients are not very sensitive to the exact choice of the cut-off. 

For the nonideal plasmas the situation is different. The short-range con- 
tribution of the interactions to the non-dissipative quantities is important; hence 
the polarization approximation is insufficient. We need a kinetic equation which 
accounts correctly for both long- and short-range contributions of the interactions. 

Note that the binary collision approximation leading to the Boltzmann equa- 
tion (sects 10,12) can be used for plasmas as well for the short distance contribu- 
tions (r < r)» when the collective effects are unimportant. However, because of 
the slow decrease of the Coulomb interactions with distance the Boltzmann collision 
integral diverges for small k (i.e. for large distances). 

We shall attempt to combine these two conflicting approximations. 

The simplest solution of this problem consists of combining the following 


three collision integrals: Boltzmann: i 3; Landau: bee and Balescu-Lenard: ae 
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f=1,-i, +i," (56.1) 
When this expression is applied to the ideal plasma, the Landau integral 
compensates the divergence of the Boltzmann integral at small k,and the divergence 
of the Balescu-Lenard integral at large kK. Such a generalization of the collision 
integral is appealing by its simplicity; for nonideal plasmas it is however incor- 
rect, as we shall see. 
To first order in the retardation, the Boltzmann collision integral for a 


nonideal plasma can be found directly from Eq. (12.5): 


ao 
= Dn, far! dp! 2 2 p(pc-m),2) #,( PC. #) 





eo 
ag 2 
tapt —ab ,_9 e) y. a 
-Z| ac | ar dp ar OR ae ar f£,(P (-1),t) f,(P(-1),t) (56.2) 


where a 
ab 


2p(4) pn 


(56.3) 
As in the case of a gas, the second term in (56.2) provides the contribution of the 
interactions to the non-dissipative properties of the plasma. The Landau collision 
integral i is given by (53.16) and the Balescu-Lenard integral by Eqs (54.24), 
(54.26) [or (55.17) , (55.18) in the averaged dynamical polarization approximation]. 
We consider the correction to the plasma energy, due to the nonideality: it 


is determined by the correlation function Fapi")- In the Boltzmann approximation: 





B —s —_— — 
Jap\t) = exp | Pkt he (56.4) 


In the Landau approximation, which amounts to a perturbation expansion, we get from 
(56.4): 





ee 
L b 
r)=r- 56.5 
Jap! ) " ket ( ) 
Finally, in the Balescu-Lenard approximation we obtain the Debye correlation func- 
tion: 
ee, -r/r 
BL ab D 
f) ee (56.6) 
Fab (r) kp Tr 


Because of the structure of the collision integral (56.1), the contribution 


of the interactions to the plasma energy will be defined by the correlation function: 


. (56.7) 





ee ee ee -r/r 
ab|-1+ aba. D 


Jap\") mars [- kyr r kr k,ir 


It is clear that at large distances the Landau term compensates the Boltzmann term 


only to first order in the interactions. As a result, the correlation function 
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decreases at large distances as r-2, and not exponentially, as would be expected. 
There exist other methods for obtaining a collision integral free from 
divergences. One of them consists of replacing the Coulomb potential by the Debye 
potential: e, e, 2, ~r/ty 
Die ee oe, ee =O oats (56.8) 
This approximation also yields incorrect values for the thermodynamic quantities. 


For instance, one obtains for the internal energy the expression: 


; 22 na | dr oP) (r) oD)(r) (56.9) 
a 


which does not coincide with the equilibrium value (60.11). 

Such difficulties are due to the fact that the assumption (56.8) implies 
that the equilibrium correlations are reached prior to the equilibrium momentum 
distribution. There is, however, no justification in assuming that the polariza- 
tion is static. 

The collision integral of a nonideal plasma, in which the interactions are 
correctly treated at both short and long distances, is exceedingly complicated. We 
shall, therefore, consider here a simplified description by means of an effective 
potential. We recall that the latter is defined by Eqs (47.2) , (47.6). For simpli- 
city, we assume that the function oe entering the definition of ® ob is the local 
Maxwell distribution. The functions Vpl*) and opin) are then given by (55.1). 

As we know, in this approximation the contribution of the interactions at 


large distances is given by (53.16), combined with (55.2), i.e.: 


fo) 2 
2 422 3 | | iG 
Ilo=D) =e etn, — 1 dt|dk dp’ 
a 252°" bp; | K2 14 nex? 
exp [—2At —t(kev—k-v’)t] (2-2 )r (p,t-t) f, (Pp! »t-t). 
Bry eRe (56.10) 


To first order in the retardation, this expression can be represented in the form 
(55.16) — (55.18). ; 

In order to obtain the contribution of the interactions at short distances, 
we proceed as follows. For the function fapleox! >t) we use an equation analo- 
gous to Eq. (10.2) for the gas. In this equation, we use the effective potential 
op”) instead of p(n) - This implies that the function fap is determined by 
the averaged dynamical polarization. Noting that for spatially homogeneous systems 
we may use Lie instead of I ab in the collision integral we obtain the following 
closed set of equations for the functions ee » Fy? 

of 3 


a t 2° 0D 
eee Or "3p fab el, (56.11) 
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ad ao 
p) e) a ab a ab *.) 
— + p o—F plo be +: ee hers / 
(3 i ar ’ ar’ ar op ar’ op! Fpl esx >t) 
r) 
= 95 falo>t) fylp’ st) . (56.12) 


It is important to note that the effective potential only enters the equation for 
fap: 

Because of the analogy with (10.2), we can immediately write down the solu- 
tion of (56.12), using Eq. (12.4). To first order in the retardation, the solution 
of (56.12) is thus: [7] 

Pe INP Geet) f,(P(-=),t) 
co 
al gee! 9 PES) Hr CO) (56.13) 
at dt °a 2 b ba 
0 
Here PC-t) ,P’(-t) are the 'initial' (at time t-t) values of the momenta of the 
two particles, interacting through the potential op). 
From (56.11) , (56.13) follows that the collision integral can again be 


represented in the form [7] 


I (p,t) = Ty (e ,t) + Tq (pot) (56.14) 
where 
I, ( ty n [ ar’ a : es f_(P(-©),t) f (P/(-0) ,t) (56.15) 
a,\P > = b b p ar op a ? a > -. 


ad 
a 


a b 
I ae- , , 
a,(P>t) 3 ny | dt | dr’ dp i 
0 





r) 
op 





3 ~ " 
Tar fy(P(-1),¢) f,(P'(-0),#). (56. 16) 


These expressions are analogous to Eqs (10.5) and (12.6) for gases, but Eq. (56.15) 
differs significantly from the Boltzmann collision integral. Indeed, through the 
effective potential this term accounts as well for the pair collisions (at short 
distances) as for collective interactions (at large distances). 


The collision integral (56.14) for nonideal plasmas has the properties 


> 2, ) ap 6,2, =0 for $= 15P (56.17) 
a 


which correspond to the conservation of the number of particles and of the momentum. 


For o, - p?/2m, we obtain the following result, analogous to (12.15): 
eg ie SOR | / 
> n, | ap 2m, - ee 22%." dr dp dp’ %,,(r) 
a a 


+ f(P (-~),t) f,,(P! (-»),¢) . (56.18) 
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This result ensures the conservation of the internal energy, U, including the inter- 
action energy: 
aUu/ot = 0 (56.19) 
with , 
-S ae a / 
v= dx, [ar 2 fat tL Dy | rap dp $ p(r) 
a a ab 


+f (P(-©),t) f,(P! (-=),t) . (56.20) 


Thus, the contribution of the interactions to the internal energy (to first order 
in the retardation) is determined by the function (56.13). 


In the local equilibrium state we have the following conservation law: 








pi ifids pl2_ 2 12 Z 
hk ccc) Aare sare Grit egg A a <a Baplt) » (56.21) 
2ma 2m, 2m, 2m, 
where 
ee, -r/r 
re _ ab D 
oy") =e , (56.22) 
We then obtain from (56.13) the pair distribution function: 
-6 ,/kT ee -r/r 
ab’ B ab D 
r) =e = exp] — é x (56.23) 
Fop( ) P kyIr 


At short distances, this expression reduces to the Boltzmann distribution for parti- 
cles interacting through Coulomb forces, whereas at large distances it corresponds 
to the Debye distribution. 

From (56.20) , (56.23) we find the expression for the internal energy in 


local equilibrium: 





-r/r 
ee ee D 
> 3 1 s> abe 
U= Wi z kp? + Zz ; nts | dr exp |— Ka? ae < (56.24) 
a Qa 


To sum up, Eqs (56.14) —(56.16) define the collision integral for nonideal 
plasmas, combining the pair collision and the polarization approximations. We have 
seen how the effective potential, averaged over the dynamical polarization, enters 
the expressions of the thermodynamic functions. This potential also influences the 
transport coefficients, as we now show for the case of the electrical conductivity. 


For frequencies w of the external field much smaller than w the conduc 


’ 
tivity is defined by Eq. (48.19). If the conductivity is calculated Ze the basis 
of the Landau equation, the collision frequency in (48.19) is proportional to the 
Coulomb logarithm L (see (48.20)). Taking into account the averaged dynamical 

polarization, this factor must be changed into L/ = in (17322, } >L. Thus, 
the conductivity becomes smaller. For small values of the plasma parameter (i.e., 
for weakly nonideal plasmas), the corresponding decrease in conductivity is of 


order LU. 
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Equation (48.19) is derived on the basis of the collision integral Tay 
alone (see Eq. (56.14)). The second term, I,» in that equation describes the 
effect of the nonideality in a spatially homogeneous plasma in the absences of an 
external field. It takes account of the retardation of the function fa: In 
presence of an external field this is insufficient. For a complete account of the 
nonideality we must include the effect of the external field on the spectral func- 
tion. This leads to a field-dependent collision integral I, (see chapt. 8). For 
weak fields this amounts to adding to the collision integral (56.14) a corrective 
term proportional to the field. As a result, in the calculation of the conduc- 
tivity the field E must be replaced by an effective field E et? and the conducti- 


vity itself is changed as follows: 





We see that the field dependence of the collision integral leads to an additional 
decrease of the conductivity. The corresponding change is again proportional to 
the plasma parameter HU. 

Thus, in the calculation of the conductivity, the nonideality of the plasma 
enters both through the effective potential and through the field dependence of the 
collision integral. In a spatially inhomogeneous plasma there is still another 
term in the collision integral (see chapt. 10). It yields corresponding corrections 
to the coefficients of diffusion, viscosity and heat conduction. All these terms 
are proportional to wu for weakly nonideal plasmas. 

We calculated here the conductivity without consideration of the electron- 
electron collisions, which become important at low frequencies (w < Vee) (42]. This, 
however, does not modify our conclusions about the decrease of the electrical con- 


ductivity as a result of the plasma nonideality. 


57. INTERACTION OF CHARGED PARTICLES WITH PLASMONS 

In the collision integrals for ideal and nonideal plasmas we took account 
of the fluctuations of SMa» SE whose correlation time Togh is shorter than the 
mean free time, i.e., than the characteristic time of the function fa: The fluc- 
tuations satisfying this condition can in turn be separated into two groups: those 


for which the correlation time is shorter than Pryl/vn> and those for which 


Pylon < Ts < To The corresponding correlation radius for the first group is 
smaller than ry whereas for thé second group 
: 7. 
vr < te < Le (57.1) 


We recall (see sect. 33) that the physically infinitesimal volume intro~- 
duced for the derivation of the kinetic equation of plasmas has a characteristic 


length lon ~r. Hence, the fluctuations satisfying (57.1) cannot be completely 


KTNG ~ H® 
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represented in terms of f,, bE Source in (54.10). As a result, the collision 
integral (54.28) cannot be entirely expressed in terms of fo. For the fluctua- 
tions of the group defined by (57.1) we need an additional equation. 

The fluctuations with Pen in the range (57.1) can be considered as random 
waves in a collisionless plasma. It is convenient to call them plasmons. 

According to (32.13) and (32.14), for waves in a collisionless Coulomb 


plasma we have (we delete the prime of w’, and the ll-sign of ely 
Re e(w,k) =0, y(k) = Im €/(9 Re €/dw) . (57.2) 


The first equation provides a link between w and k (dispersion equation), and the 


second defines the damping rate. These equations are valid if: 


w(k)>y(k)>v,- (57.3) 
The imaginary part of the dielectric constant is 
an? en of 
ae pores i hs ree 
Im € = 2 2 | 4 6(w— kev) k ap (57.4) 


hence it is proportional (for kji|x) to the derivative of F,(P,.) at v= w/k. For 
y(k) <w(k) the phase velocity is much larger than the thermal speed. It follows 
thac, for any distribution not too different from a Maxwellian, the number of parti- 
cles having velocities near ves w/kK is small. This accounts for the smallness of 
Im €. 

We now isolate in the collision integrals (54.24) , (54.26) for nonideal 
plasmas the contribution of the plasmons. In the range (57.1) we may make the fol- 


lowing replacement in Eq. (54.25) : 


C Bes sé) 2 (se . SE) : (57.5) 
ay w,k,t ot wk, t 





3 
S(w—kev) ke —% 2, 


. . . : ind . 
This term is of second order. Thus, the contribution of the plasmons to I 1s 








defined by 
e2 = 
ind a 92 k ; 
I ) = sre | dt | du dk * exp [-ar +¢(w Kev) J 
(i pl (2n)* 9P x2 
‘ (se -4) ee ee ae (57.6) 
wrk, t-1/2 ap 


It is understood that in this expression we must only keep terms of the first order 
in the retardation. 


To the same approximation we now write the contribution of the plasmons to 
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eer’ by going back to Eq. (54.26). Because of the conditions (57.2) , (57.3), 
the terms of this equation involving time derivatives are of second order; hence 
e i source 
Ce) --# 2. | dw dk re | + (sn, se) (52.7) 
pl a(2n)" € u,k,p 


Using Eq. (52.12), we find from Eqs (57.6) , (57.7) the following expression for the 
contribution of the particle-plasmon interactions to the collision integral of a 


nonideal plasma [7,8]: 





e 
(z,) 2 se ere | arf aw dk 5 ex [-ar +2i(w —kev) 1] 
p 


af (p.t-t) 
(se -6E) ke ——_____ 
w,k,t+t/2 op 
i 8m Ime(w,k) 
Je(w, &)|? 


a 


f(p.t-t)} : (57.8) 


In this expression, only terms of first order in the retardation are significant. 
In equilibrium the right-hand side of (57.8) vanishes. This is readily verified 
by substituting for be a Maxwellian, and for the spectral density of the field 
fluctuations the expression (36.4). 


Equation (57.8) can be simplified by noting that for small Ime: 


jee * (ase 6 [Ree(w,k)]. (57.9) 
€ 
Equation (57.8) must be completed by adding an equation for (SE° SE) k? 
‘7 
defining the spectral distribution of the plasmon energy. We start from the balance 


equation (54.11). The expression of Re (éj + 6E) is obtained from (54.16): 


Re (6 : se) = Re (si SOURCE: se) 
wi,k,t wi,k,t 


wi,k,t 





en bs 
ReaD, 2 [ax] ap kev exp [—At+ t(w—kev) Tt] 
ak 
of (p,t-t) 
. (se. se) k= ——————_ (57.40) 
w,k,t-t/2 ap 


where the simplification (57.5) was used. 

Consider the first term on the right-hand side. We substitute (54.10) for 
6E* and retain only first-order terms: 
source 
) (57.11) 


Re (eee . se) =Re + (57 -6E 
w,k,t e 


w,k,t 
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Hence, using (52.12) we find 


SE °6E 
Re (s/8°F°* « 66) -_—Ime , Wr,k,t (57.12) 
wyk,t 


2 
a Je (w,k)| 
In the second term on the right-hand side of (57.10), we expand in powers 


of T and retain zeroth and first order terms. Using (54.9) and the expressions 





4ne2n ke (9f./3p) 
R aA) = at a | a 
e €(w,k) } >: 5 Dp a eas 
a 
22 
4t eon of 
Ime(w,k) =~ 2, 2-4 [ ap 6(w—kev) ke 2 (57.13) 
a k op 


which follows from (35.5), we express this term in the form 


6E -SE wikst dw(Re €— 1) — SE -éSE pis pe 


Im we 
av ow at 81 
32 (se+ 6£) 
+ eae hae (57.14) 
WwW 


From (57.2) , (57.12) and (57.14), we obtain the following equation for the spectral 


density of the plasmons: 
(ce SE) 
2 (se. 68) = —2y(k) (se- se) wake 
ot wik,t w,k,t Je(w,k) | 
2 -1 
pence [785] (se. se) : (57.15) 
at dw dw wo,k,t 


If in deriving this equation we take into account the time-dependence of the 
frequency, due to the time-dependence of the function to involved in the dispersion 


equation (57.2), we get on the right-hand side of (57.15) an additional term: 








2 -1 

aR 

sau) Bs Re [ | (se. 68) : (57.16) 
ot aw? aw wrk t 


A corresponding additional term appears also in the collision integral (Zot: 
It follows from (57.15) and (57.16) that the effective damping rate of the 


spectral density is given by the expression: 





2 
3 dRe€ 1 Jw 9° Re€ [sss i 
= + pula baci : 
Vege Ve) set aa te arena eer (57.17) 


The kinetic equation with (Zot satisfies the conservation law of the energy, 


with due account of the plasmon energy. 
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We recall that Eqs (57.8) and (57.15) only describe the interactions of the 
particles with those plasmons for which the damping rate is larger than the colli- 
sion frequency, but smaller than the plasma frequency. 

The separation of the plasmon contribution to the kinetic equations only 
makes sense for states very far from equilibrium. Near equilibrium, the contribu- 
tion of the plasmons is small [43,44]. Such non-equilibrium states appear in the 
presence of external fields or of other external actions, which lead to the onset 
and growth of instabilities in the plasma. 

We consider as an example the instability produced by the passage through 
the plasma of a beam of fast electrons ('beam instability'). Let u be the average 
velocity of the beam electrons, with u>v, (where Yn is the thermal velocity of 
the plasma electrons). It is known (see, e.g., [15 , 28]) that for ny <n (n, be- 
ing the number density in the beam) the damping rate is largest for waves with 


L 
using (57.2). If 2 is Maxwellian, then 


ae ee een 57.18) 
8 (7k) ari k 


This is simply the Landau damping. Substituting k=w,/u and noting that 


w=, and k = wp /u < w7/%p ~ Lin, . Let us estimate this damping rate, by 


1 
we, Py = Vp/(2)*, we get 


2 
Y= x? (u/vn)? exp (- +5) < (57.19) 


We see that Y decreases exponentially with increasing uldy. Thus for u Pp the 
damping rate calculated from (57.19) becomes smaller than the collision frequency 
and the condition (57.3) is violated. This implies that for the calculation of the 
spectral densities of SW SE it is insufficient to consider only the range of 
frequencies and wavenumbers corresponding to the collisionless approximation. We 
must specifically take into account the collisions which, in turn, involve the 
fluctuations in the domain k > I/rp. 

Let us consider another example. In a non-isothermal plasma there exists 
the possibility of the so-called ion-acoustic instability. The latter sets in 
whenever the relative velocity of electrons and ions exceeds the ion sound speed 


! 
v5 = (KR? /m,)? . From the formula (32.27) for the damping rate of the ion-sound 


waves follows that Y(k) has a maximum value for ce =1. This value is: 
nt ™e\? ie 
Y = (g i) v_k wa  , (57.20) 
max 8 m, Ss max em, 


On the other hand, the electron-electron collision frequency is found from (38.9) : 


Yoo ~ Ye (57.21) 
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where wu is the plasma parameter. Hence, whenever 


¢ 
m,/m <u 57.22) 


the condition Y(k) =o. (see (57.3)) is again violated, and the calculation of the 
spectral density of the fluctuations in the plasmon region must take account of the 
collisions. 

The consideration of these examples shows that there exist situations in 
which there are important contributions to the collision integral coming from long- 
range and long-living correlations. These are correlations for which T 


cor 


is larger than the mean free time and r, exceeds ‘the mean free path. The mean 


or 
free time and path are defined by the collision integral in which only fluctua- 


tions with T <I/v. and r <l_ are involved. 
cor a a 


cor 
From this discussion follows the necessity of constructing a kinetic theory 
for plasmas, taking into account the long-range and long-living fluctuations. This 


problem will be studied in Chapter I]. 


CHAPTER 10 


The Spatially Inhomogeneous Nonideal 
Plasma 





58. RELATION BETWEEN COLLISION INTEGRAL AND SPECTRAL DENSITY OF FLUCTUATIONS 
We use the following expression for the collision integral : 
fq 4 ( 
Pte ie ee an 68) ; (58.1) 
¢ "q 9P @ x yr,t 


For a Coulomb plasma, expressing SE in terms of oN, through the Poisson equation 


we write the equation in the form 


e 
3 3 1 
I(z,t)=-22), e 2 | ae! ot ee (sw 6m) (58.2) 
<3 ne b ap ar |r-r'| a Bf ele 


In the spatially homogeneous case, the function (6N, 5b ye x! depends 
> 


t 
> 
only on the difference of the co-ordinates r—r’. For inhomogeneous plasmas, we 
introduce, as in section 15, instead of r,r’ the variables r—r! eens and 
(rtr’)/2=r- rapl? and perform an expansion in powers of rap a/ar . To first 
order, we have 
C) 
Gu om, = (-4, -2) (sn sm) . (58.3) 
2 
Py ae a: ii MO ry a) 


This expression is analogous to (15.2). Substituting it into (58.2), we get 





e 
9 aus 4 
rrp. )= 52 Le, 2+ arg ap’ ( +) 
ss "a b ° oP . OF bi ab 


Pr Gr ee eee ; 
(1 ae 2) (ew, 545) (58.4) 


Tape’ sP »p’,t 


We introduce Fourier transforms with respect to "oD and use the formulae: 
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= ] | dk an gnnne 











2 
(21) k ae 
1 02 hy too 2d fais ~ s)he 
el eae ee Ca ee ea 
Jd 
Then 
1 3 | 
t= ee, —— | dk dp’ re > [|- ex 
a (an)in 2 > ap : : 
a t 
é kik. 9 
+{-6..—- ) i] (on sm,.) ; (58.6) 
2 tg k? oF a Pk ry ppt 
Using the relation 
(sw SE) = LD) 4me, | dp! (on, 61) 
SO Ak B yb RD k,p,p',t 


we express the collision integral (58.6) in terms of the spectral density of the 


fluctuations of 6N,6N,: 





-| ak Re (54 6E 
2 /kyrypyt 


eq 3 Sap Reh PN 8 
+ ———, k{ —* —~——+ |) -— =— Im|(6W_k SE E (58.7) 
Tae) ) ge az (ona #82) 
n, (2m) ap, 2 n2 Jk ar a kyr, p,t 
Comparing this with the homogeneous case, we see that the collision integral 
involves an extra term, related to the imaginary part of the spectral density 
(59, 8), pit {8} . 

In order to find the explicit form of the collision integral, we must 
express this spectral density in terms of the function Lf, with due account of the 
retardation and of the spatial inhomogeneity, i.e., find a solution analogous to 
(15.4). This will be done in the next section. Here we only note that, as in 


section 15, the collision integral can be represented as a sum of three terms 


I(rsp>t) = Lay. + ts + to. , (58.8) 


In the next paragraph we look for explicit forms, based on the models investigated 


in sections 55, 56. 


59, THE COLLISION INTEGRAL 
In order to obtain the contribution of the interactions at both short and 
long distances we use Eqs (56.11) , (56.12), with account of the spatial inhomo- 


geneity. They can be written in the following form, analogous to (2.11) , (2.18): 


[a+-2 te, (Eg +E) 2] Ff 


ao 
ce 7 a>, | Hed GD, A (x,x2',t) =I 
b 


or ap Jab a 
(59.1) 
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a6 36 
r) ‘ab r) ab 3 
24+ “24 1. _— ',t 
[2 7 oN Be or op or! 9p! fap (=e »*) 
3 3 Set ee P 
= — + o-— + SS t t s 
(2 Oe ee 4) f,(@.t) f,(2",t) . (59.2) 


We recall that the function {Ny 6M. ») appearing in (58.2) is related to the corre- 


lation function Iop as follows : 


Gn, a1) 


The term involving 6(z—2’) does not contribute to the collision integral; hence 


e _ ml 
et =n Ng gt bp (2 x \fg%q° (59.3) 


the expression (58.2) and (59.1) are equivalent. 

In (59.2), 3» is the effective potential, taking into account the average 
dynamical polarization of the plasma. We use for it the expression (55.1). The 
action of the external field is neglected in (59.2): this is allowed for frequen- 
cies W,) <u> if eEr) < kf (see sect. 46). 

The solution of (59.2), to first order in Top’ (9/3r) and t(d/at) and 
assuming the complete weakening of the initial correlations, is analogous to (15.4): 

fap "ap 27, P,p',t)= Fpl r>P (-~).t) f(r »P'(-0),¢t) 

co 

d ~ ~ 
\ dtt at oe (r,P(-t),t) f,(r,P(-t),t) . 

0 (59.4) 


Here P(-t),P‘(-t) are the initial momenta of two particles interacting through 





9 vty! 9 
=f Sa _—_ 
(2 2 or 


5p For the spatially homogeneous case (59.4) reduces to (56.13). 
The collision integral involves the correlation function, which can be 


expressed in a form analogous to (58.3): 


Vo eho ee = oo H 
Gap l(t» P»r',p'st) = (1 ee 2) 4 Gap Tap > ls P»P’st) (59.5) 
The function 
Gap", lab? P> r! »p! staf fap (Tapeh sP>P'st) 
— fal, P.t) f,(r, p’,t) (59.6) 


is obtained from (59.4). 
From the results (59.1) , (59.4) follows that the collision integral 


can be expressed in the form (58.8) with the following expressions, analogous to 


Eqs (15.6) —(15.8) for gases: 


ao 
_ > ta94 ab, 
7a, 7 i ns | aeae or 


Fy alt Plow) st) flrs P!(-=)4t) (59.7) 

pe a6 , 

_ bigphs ob. 2(2 oor a) 
Xn, farfar dp ae rsa 5) a; 


op 


d ~ g 
tay fglr>P(-t), t) f,(r,P/(-1),¢) (59.8) 
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ao 
> 1 ab 9 C) 
I. =- as dr’ dp’ —~. ( ° ) 
a3 ra 2 ny | rae or op ‘ab or 








7 [tyes Be) st) Flr 9P!(-=) 4 t)—fylrap st) flr sp!st) |. (59.9) 


Let us compare these expressions with those for the homogeneous plasma. 
Equation (59.7) differs from (56.15) in the dependence of fA Sf, on the position 
r. (59.8) differs from (56.16) by the fact that the operator 9/dt is changed into 
a/at +— (v+y’)+(8/dr). The term I,, vanishes in the homogeneous case. As in 
(15.8), the second bracketed term in (59.9) compensates an analogous term coming 


from the average field E on the left-hand side of (59.1), as will be seen below. 





60. PROPERTIES OF THE COLLISION INTEGRAL 
For the collision integral (58.8), (59.7)—(59.9) the property (56.17) holds 
only for oo= 1. For 9 = p, (56.37) holds only for the first two terms of the 
collision integral; for Ta, we find 
ben’ 3 a 
> [a Pita, = > 5 TAPS (60.1) 
a a vd 
where APS, is the contribution of the interactions to the tensor Pee It is 
defined by 
non (r ,r,).. a6 
Ape. =-> abl ap ‘ dp dp! ab ab tg ,__ab 
J b ¢ ab arab 
: f(r > P(-~),t) f,(r,P!(-@) ,t) (60.2) 


which is analogous to (15.13) for gases. The corresponding contribution to the 


pressure is: 
kp ee APO (60.3) 


In the local equilibrium approximation (for T, =T) we find: 





oS as 
-o /k_T 
-_S2 Law, ab “B 
Ap, > 77M, | drr op 2 (60.4) 
b 0 
where . -r/P,, 
Sab = &q e4(¢ ir) : 
In the Debye approximation we find, recalling that le, n= 0: 
based 2 
20 no" apt oo en" 
Ap, => 3k 2 [ar ab a ge (60.5) 
b Bo D 


Hence, the contribution of the interactions to the total pressure is: 
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2 3 

en 4 3 

lf 2 

iptD and 2 4 --+() ( e na) 60.6 
P - Pa a 6M, 3 kg? } ava ( ) 
which is precisely the well-known expression from the Debye theory (see Eq. (75.15) 
in ref. [45]). 


For ,= Pp /2m, Eq. (56.17) holds only for das For 4a, we get: 


2 
p - it ' Sacer ett -2) 
Dn. | 4 ama ta, = EDF aM | Man 2 ae ap (get 2 or 
a 








+f, (7, P(-) ,t) fy(r,P! (-~) , ¢) (60.7) 


which is analogous to (15.21). Finally, I 


yields 
a3 


2 
Dp ra! 3 
Sn, far 27, -LDinn, Z| ary ao dv tv’), 
a i ee b dj 


(ray Tan) j 
2 
by analogy with (15.25). 


0! trap) fylr Pm) .t) f(r, P’ (©), ¢) (60.8) 


In the local equilibrium approximation we find from (60.7), (60.8) : 


2 dA 
> p > “a 3 ( ) 
gees. Ver Ss 4 + ‘ 
- ng ae 2m ( ay 4.) - | ot ap hd le | (60:2) 


~O pl kat 





where 
2 
AU, = 2 21m, | drr ae e (60.10) 


is the contribution of the correlations to the internal energy density of the parti- 


cles of species a. In the Debye approximation, (60.10) reduces to 








Qmn nn, * e2n 
pu,=-2— 22 | a a er ®b =- ee (60.11) 
b B 0 D 
The contribution of the interactions to the total energy density is 
enn, if 3 5 3 
Be ha 2 - = (5) (2 e2n,) (60.12) 


which is the correct expression from the Debye theory (Eq. (75.11) from ref. [45]). 
Hence, from the kinetic equations (58.8), (59.7) —(59.9) we obtain the hydro- 
dynamical equations of the nonideal plasma, taking into account the contribution of 
the interactions to the thermodynamic functions. 
In the kinetic equation (59.1), the contribution of the interactions is 
divided into two parts. One of them is defined through the correlation function 


Jab and is contained in the collision integral. The other involves the functions 
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ie fy, and is included in the average field term: 





of, 36 
bf Ga- 1_ab 2 t 
fan ap 2% [ae Be ap are a phe ae) (60.13) 


Such a division of the contribution of the interactions is very convenient 
in many cases. It is, however, not absolute, as it depends on the relation between 
the time scales of the field and of the distribution function. This relation, in 
turn, depends on the 'distance' of the state from equilibrium. 

Indeed, in the hydrodynamical regime the change of the distribution function 


is determined by the change of the hydrodynamical functions n_,4 ae which is 


a a’ 


characterized by the hydrodynamical time tT? 
To~TtT —=>PTtT_, «as L> Le (60.14) 


Here Z is a characteristic length of the hydrodynamical process, and Tv and Le 
are, respectively, the mean free time and the mean free path of the particles of 
species a. The hydrodynamical regime is valid when L > Loe Thus if in the 
kinetic description the average electric field has a relaxation time longer than 
Ty then in ae hydrodynamic description the average field has a relaxation time 
longer than Te > TO: As a result, as the system approaches equilibrium, the colli- 
sion integral must include fluctuations with increasingly longer correlation times. 
The part of the interactions attributed to (60.13) therefore changes. These ques- 
tions will be discussed in more detail in the next chapter. 

Before concluding this section, we note that by using the results of 
sections 26, 58, the contributions to the thermodynamic functions due to the corre- 
lations, can be expressed in terms of correlations of 6M 6E. For instance, from 


Eq. (58.4) follows that the collision integral I, can be written as 
3 





“a 3 a 1 3 
a3 2n, p ? 3p Tap OP rab Tab "ab" 3r 
° (sn ON. (60.15) 
ab , 
Tape t>P »D at 


Hence the correlational part of the pressure tensor is: 


(rp). 
A>: L ab_ab'tj 4: 
> APs; = > > al dry acer ea v5 Sn, sy) (60.16) 
a ab ab Taprtet 


where 
(on, én, ) = Sab 8(r 4) n, (r,t) + nny, Jap ap? r,t) (60.17) 
Tipr Tot 


is the density correlation function of particles of species a,b. From (59.4) we 


obtain 
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(in, én,) = Sop 8(ro4) (rot) 
rptst 


+ map| dp dp’ [,(7P(-=)5t) f(r, P! (-#) ,t) 


—f,(ropst) f(r sp’ 2)| : (60.18) 
In the local equilibrium state we have 
we in) = 6p §(" ap) ni(rst) 

Taprl>® ~$ fhe? 

+ na" (< -1) : (60.19) 
The contribution of the correlations to the internal energy density is: 

; : 

Aur ,t) = 722] dri, %ap (sn, én) : (60.20) 
a b rpetot 


It differs from the expression (60.7) by the inclusion of the self-interactions. 


CHAPTER 11 


Kinetic Theory of Fluctuations in a 
Plasma 


61. EQUATIONS FOR THE SMOOTHED PHASE-SPACE DENSITY AND FIELD 

In the kinetic theory of fluctuations in gases (chapter 4), we used two 
methods. One was based on the hierarchy for the smoothed distribution functions 
fy >f,». ++. The latter differs from the Bogolyubov hierarchy in that it takes the 
dissipation due to binary collisions into account from the very beginning. The 
second method was based on the equation (22.1) for the smoothed phase-space density 
in the six-dimensional position and momentum space. 

We saw that the two methods were equivalent, but the phase-density method 
leads to a much simpler calculation of the long-range fluctuations. For this reason, 
it will be used for the construction of the theory of fluctuations in plasmas. 

In the kinetic theory of fluctuations we consider long-range and long-living 
fluctuations, i.e. those for which the correlation length and time exceed, respec- 
tively, Uh Top » the physically infinitesimal elements of kinetic theory. For a 
plasma, Loh ~vy > Top ~ 1/w, (see sect. 33), hence we consider here fluctuations 
for which 

‘Sor > wp ’ cor mi "D: 
The short-range fluctuations, which satisfy the opposite inequalities, define the 
collision integral. 

In the kinetic theory of gases Eq. (22.1) was derived on the basis of the 
Boltzmann equation, and reduces to the latter upon averaging in the first moment 
approximation (i.e., on neglect of the correlations). For plasmas one can choose 
to derive the equation on the basis of several possible kinetic equations: Landau, 
Balescu-Lenard or Boltzmann with account of the polarization. 

We shall choose to use here the Boltzmann equation (56.11) with the colli- 
sion integral (56.15) or, if the retardation and the inhomogeneity are accounted 
for, (58.8), (59.7) —(59.9). In these collision integrals both the strong 
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interactions at short distance and the long-range polarization effects are included. 
We now write the equation for the smoothed phase-density W(x, t). Here- 

after, we shall omit writing the tilda, whenever this leads to no confusion. We 

first consider an ideal plasma and generalize the result later. For the former 


case we have 








at or av op/ @ 
ao 
= [4s —2 .2 | ' 
J ae’ oe 2 | 0 (2,8) tyle’.t) 
+ (1, P(-=) ,¢) u(r P'(-m),¢)| : (61.2) 


Here, as in (56.13), P(-1) 4 P'(-1) are the initial momenta (at time t-T) of the 
two particles interacting through the potential eas and oD is the Coulomb 
potential. 

The second term on the right-hand side describes both the strong binary 
collisions at short distances and the collective interactions through the effective 
potential. 

For nonideal plasmas in the first approximation in the retardation and the 
inhomogeneity, the right-hand side of (61.2) is replaced by: 


> | a2’ 9%ap 3 
DB or ap 





{(1 -5 lob i 2) [rar Pie) »t) My (r,P! (0) ,t) 





! 
= ¥,(75p.t) lr pst) | ~(2+ PEW Oe A: FYs 2) 


at 2 or ao op 
co 
d ~ ~ 
. [a Lees wi(r, P(-t),t) u,(r P(e) ,)} : (61.3) 
0 


These equations take into account collective effects; they cannot be brought into 


the Boltzmann form. 


For later use we may also introduce an alternative form of (61.2): 


3 3 : 3 
+p t+ E+F -—) N (x 
| aE v oF (c 7 2] af >t) 





= > | ae! ab je ih (r P (-0) t)N,(r P! (-) t) (61.4) 
5 or op a > > b > > * = 


The electric field E(r ,t) introduced here is defined by the following equations, 


for a Coulomb plasma : 


VXE=0, V+E=> ane, | dp Walrs pst) (61.5) 
a 
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or else, replacing the Poisson equation by the equation for the current : 
VXE=0, 5E = an De, | dpvit,r,p,t)- (61.6) 
a 


The tilde on E indicates that the source in (61.5), (61.6) is the smoothed phase 
density. 

We now compare these equations, (61.4), (61.5) with Eqs (25.1) and (25.2) for 
the microscopic phase density My (@,8) and the microscopic electric field EM r,t). 
The latter are exact microscopic equations for a Coulomb plasma. In the former, we 
included already the contribution of the short-range correlation. On the right- 
hand side of (61.4): they are less general, as they only describe long-range 
fluctuations. 

The form (61.4), (61.5) of the equations is convenient, particularly for 


their relativistic generalization. In the latter case, we substitute in (61.4): 
~ ~ | ~ 
E > E+— + : 
e, E+F,, e,| 2 (x8) | F. (61.7) 
we replace on the right-hand side the collision integral by the appropriate rela- 


tivistic one, and use instead of (61.5) the Maxwell equations for the smoothed 
fields E and B. 


62. THE METHOD OF MOMENTS. THE POLARIZATION APPROXIMATION 

On the basis of (61.3) or (61.4), (61.5), we may construct a hierarchy of 
equations for the moments of the random functions Wa» E, as in section 22. We 
consider the first equation of this hierarchy. 

We use the definition of the one-particle distribution function ope in 


terms of the averaged smoothed fields (see (26.1)) : 


nf,= (W,), E= (BE) (62.1) 
and the identity 
(i,(2,#) Elr.e))= nf, £ + (i, sé) (62.2) 
‘Xs ryt 


where SW, = wv - nf, ; SE=E -—E. Thus, by averaging (61.4), (61.5), we find 


the equations for fa» E: 





VXE=0, V°E= 4nen [avr (62.3) 
where 


ao 
B b ) a ~ 
ta “2 n, | ds! — : api ate? Ce) +t) f(r .P! (-@),t) (62.4) 
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is the part of the collision integral involving short-range fluctuations, and 


= ’a 9 
=o 6 (62.5 
aA Hy op - Git, é) xyr,t ) 


is the one involving long-range fluctuations. In (62.4) the term involving 
g(r ,P(-~), P! (-0) >t) disappeared, as the contribution of the long-range fluc~ 
tuations at short distance (r< ry) is small. 

In order to stress the analogy with the case of gases, we shall call the 
integral c the Boltzmann collision integral. This is not quite accurate: sa 
involves not only binary, but also collective collisions (through the effective 
potential). 

The set (62.3) is not closed, as it involves, besides te and E, the second 
moment (8W, SF). The equation for the second moment involves the third one, and so 
on. We have a hierarchy analogous to the one for the smoothed functions fy» fy» os 
(see sects 21, 22). 


We now consider, as in section 22, the equations for the moments in the 


polarization approximation. The equation for the one-time moment {6N, Sy) ae 
is obtained as for (22.21) (we now delete again the tilde on 6, 5N,) : 
(i éf_ + 6f, SN 6 SE 6N ata 
+ 6f + 6F. ‘) a m) +@é ( ) _————_ 
ab ax bx a Df el a so) ane op 
* ( ) ote (x,2’,t) (62.6) 
e N *——— =A Ce era é 
b a xz, r,t ap! ab 
Here the function: 
! ={7 - t , Sa 
A plz b= on + oe + oT y,/) na Say) 62 -2x co 7 | 
i ee 
4 > o (pl 
+ {ng my 8 on fy(P, t) f(P’, t) 
Vs on (xB (x,t) f,(2’,t) + 1B e’,t) £ (x,t) (62.7) 
ab ala * b , b , a. ¢ 


is defined in terms of the one-particle functions fa3 it thus plays the role of a 
source term. The operators Lob? 9 Ob are defined by (26.4) and (27.5): P=P(-~), 
P’ = P'(-2); r is defined by (62.4), and the action of Sloe on an arbitrary 
function F(x, t) is defined as (see (22.37)): 


ax a 


biyg Fale» t)=- ng { de” 8, | f(r. Pe) Flr, BM0) 
e 


+P o(r,Pyt) f(r P! 2) | : (62.8) 


The equation for the two-time moment (6, SN) tx’. ¢! in the 
> > 
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polarization approximation is analogous to (22.40) : 


bo Pa ) (en on) 
(, ax a Dye cal bt 
an, f(a) 


te (se 6m) ee A eT (62.9) 
e Ph cx el gt 3p 


The solution of this equation is expressed in terms of the one-time moment, i.e., 

the initial condition. Thus, for the determination of the spectral density of the 
long-range fluctuations we need the solution of (62.6). We saw in section 22 that 
this step can be avoided if we use directly the equations for ON which are equi- 


valent to the set (62.6), (62.9). By analogy to (22.41) we may then write 
7 Kas source an, a 
(é,+ Sigg) {84,(2 +t) ~ 648 (z,e)} +e, ere 


VX 6E=0, V+SE= 4m > e,| dp om, (62.10) 
a 


where the tilde on oN , SE is omitted. The correlation of the source fluctuations 


sypource is defined by an equation analogous to (22.42): 


a a f 
(é + 6I ) sm 6a, ) =0. (62.11) 
a az} \""a ~b mera e 


This equation must be solved with the initial condition 


/ source ( i 
ON ON. = (6N_ 6N . 
\e? ») tet! @ b a,x!’ yt 


aston’ st 
is in turn defined by an equation analogous to 





source 


The function (6m, Su, nt 
> > 


(22.43): 
A a a ; source ; 
on ae eg 63,1) (om, sm, ) rn Ap (Boe »t) (62.12) 
Co Ma 72 
where A p(t» «',t) is given by (62.7). This equation is much simpler than (62.6), 
as it does not involve polarization terms, proportional to (SE 8M) . (60, SE). 

In the local equilibrium approximation, the terms enclosed in square brac- 
kets in (62.7) vanish. Thus, from (62.12), (62.7) follows that the initial condition 
for (62.11) can be written in the form 

paar er ae ! vit ¢ (x,t) fF,(x! ‘)| (62.13 

(su, nN, : = 7, Sop (x-x’) F. £, (2, fi as 7 .13) 

xz,x' it 

We now consider the approximation in which we neglect the polarization due 


to the long-range fluctuations of 6£. In this approximation, we omit in (62.6) 
the terms in (SE 6¥,), (6 6E) and thus Eqs (62.6) and (62.12) coincide so that 


( source 
6N_ SN ) = (5N ou) (62.14) 
( ao a,x! yt ¢ b xz, x',t 
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In the same approximation, we may neglect in (62.10) the term in S£. Thus 


oN, = 6 SOurCce and we have 


( source 
6N. 6N ) = (x 6M ) ‘* (62.15) 
g b x,t,ax’,t’ @ b x,t,x’,t’ 


Instead of Eqs (62.11), (62.12) we may use the equivalent Langevin equation 
a source _ 
(, + Sie) re = y, (ast) (62.16) 


which represent the linearized Boltzmann equation of the plasma. In the next sec-— 
tion we establish the relation between the correlations of the random sources Yo 

of the Langevin equation and the function Aap (2,a’,t), i.e. the source in the 
equation for the moment { éN : 
q CLP Pe Pee 

As in section 22, the function A ab can be represented as the sum of two 


terms . = 
Aub = Aub + Aub . (62.17) 


The first term represents the long-range fluctuations, and tends to zero in equili- 


brium. It is defined by an equation analogous to (22.23): 


A (oryie? 5%) =1, Sob {s(2-2") F(z.t) 


ay [z (est) fy(alst)+ E,fe’.t) #,(2.2) (62.18) 


It is expressed in terms of the collision integral I,- An explicit expression will 
be found in section 64. 


The second term in (62.17) is defined by a formula analogous to (22.27)3: 


B ; - vy a 2 Aa Aa sash 
Apt a’,t)= [(Staw + 85,4) (82,54 Shine’), | "a Sep S(x-2x ) f, («5 ¢) é 
(62.19) 
This part of ab is due to the discreteness of the collision events and remains 


non-zero even in equilibrium. 


63. THE SPECTRAL DENSITIES OF THE LONG-RANGE FLUCTUATIONS 

We consider the spectral densities of the long-range fluctuations of an 
ideal plasma, i.e., we neglect retardation and inhomogeneity effects. We first 
look for the spectral function of the source fluctuations, and from these, through 
Eqs (62.10), the spectral densities of the long-range fluctuations 6W> SE. We 
note that (62.11), (62.12) are analogous to (22.44), (22.45). Because of the 
analogy, we may write directly the solution of the former, corresponding to (23.6): 


lee A pl k>P +P’ ) (6321) 


(sw, bu, s 
w,k,p,p! [-¢(w—k+v) + Ey! [t(w-k-v’) +, 


where we introduced the notation 
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< Pe ee eS 
ye tga ag (63.2) 


corresponding to (23.3). The operator ér, coincides with (62.8). We do not con- 
sider the dependence on r and ¢ as these variables enter the collision integral 
only as parameters in the ideal case. 

The expression of the spatial Fourier transform of A ab is obtained from 
(62.7) : 


AgplhPsP!')= (2ay +2591) 265] 80?) fq F_7) F,l0')| 


+ {ngn, [dr Oy, ,(P) fF) 


~ 14 845[12(9) f,(0/) +2P (') £,(0) |}. 63.3), 


In order to obtain this result we note that, to zeroth order in KL oh ~ kr» the 


Fourier transform of the expression 
3 D Pp! 
Gop fa(P) £,(P") 
is independent of k (see (23.4)). Furthermore, we used the relation 


(20)? 6(k=0)/V=1 
which is used in the transformation of the second and the fourth term of (62.7). 


(63.3) has the properties: 
[4p 4,,(kspsp') = | dp! Aa (kspsp!) = 0. (63.4) 


Substituting (63.1) into the corresponding solution of the Langevin equation (62. 16) 
we find the relation 


(¥, ¥p) = Alp(ksps Dp’) . (63.5) 


w,k,p,p’ 
This equation corresponds to (23.8). As the right-hand side is independent of w 
and, for kry <1, also of k, the random source in the Langevin equation is 6- 
correlated in both space and time. 

In the local equilibrium approximation, the term in braces in (63.3), 


vanishes, and 
Aaplk 2D>s p')= (eat Fy!) ny Sap | 6( P —p’) £,(?) case i, (63.3)5 


Thus, from (63.1): 


melees (2, +i,4/)n,8,,[8(p —p’) £,(P) — f, fy] 
(sw, 6H) mee 7 a LT A 2 TE (63.6) 
wk, p,p’ [w-k-r + Fi) (wk v’)— 78,5, 


We now consider Eqs (62.10) in order to determine the spectral density of 


6M, ,oE . From the first of these equations we find 
te 





n af (Pp) 
wk 5p st) — ae bE (w, k) oy ae . (63.7) 


6 (wyk,yp,t) = dn SUTee( meee 
a iis a—kei +t Fy, 


a 
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From the field equa-ions we find 


SE(w,k) +4 >. ane | 2 Sui chuceaph 
K2 a a 


oe 
7 ~FDan 2, [a SH ree (wks) = §ESOUFCE yk). (63.8) 
a 


The set of equations (63.7), (63.8) differs from (35.2), (34.12) by the substitution 


1 ] aad! 
ooo > EEL < (63.9 
w-keyp+in W—kep +tigy a,0,k,p : 
Thus, we find again an expression of the form 
(SE + 6E Source 
(sé- 6B) = — (63.10) 
w,k le(w.k) | 
similar to (35.6), but the dielectric constant and the spectral density of the 


source functuations are defined eee 


4n e no ‘ af 
eS = a 
E(w, k) = Moe 2 ap esp Fae 


source pik en eh n-1* 
= ’ 
(:6- 7 an 2k oe a Ea. »W,k,p ab ws kp! AgplP »P ). 
(63.12), 
These equations follow from (63.8) and (63.1). In local equilibrium (63.12), 


(63.11) 


reduces to the much simpler form 





source (47)? en 1 
‘ _ aa f(r). (63.12)5 
(z-s8" 2 © are[dpiley pp a 
We transform this expression, noting that in equilibrium 
tap fy = Slap ioe = 0. (63.13) 
We therefore obtain 
2 Re | dp xiz! ie oe f,(P) 
, wt t 6r 
site| ape Sy 
w-key +tSlap 
they tke (of,/3P) 
= 2 Re | dp — s— f,-—2Re | dp ———2@ Vy 
w—keyp+7¢6F 


wr key +767, ap ap (63.14) 


Using also the expression of the imaginary part of the dielectric constant derived 
from (63.11) we finally get 
(sé +sé) = 3 int{u.t) hehe, (63.15) 
w,k fe(w, k)| 
This formula, valid in equilibrium, is universal. 


We now calculate the spectral density (SW, SE) which defines the 


wy,k,p 


KINETIC THEORY OF FLUCTUATIONS IN A PLASMA 245 


collision integral J,. From (63.7) follows that it can be written as a sum of two 


terms (we omit the tilde) : 


,ind 
(0, 8) - (sm, E) 2. (snsource se) . (63.16) 
wrk ip w,k,p w,k,p 
The induced part of the spectral density is defined as 
ind ten k of 
(sw, e) = - #4 (e+ 58) => («-52). (63.17) 
w,k,p woke tik, w,k & P 
It involves the spectral density of the field fluctuations. The second term is 
given by 
source | SOUrc’ 
(sw se) => (ou, 6B) (63.18) 
W,k,p  € (wyk) w,k,p 


where the dielectric constant is defined by (63.11) and the spectral density by: 


source th A,(k,psp') 
Ce ee on ee ee 
w,k,p ko 4 fw-kev+ir ][w-k v—tl, | 
ap P (63.19), 


This expression follows from (63.1) and (63.8). 
In the local-equilibrium approximation we use instead of (63.1) the simpler 
formula (63.6). We then find, instead of (63,19),: 


(sw 6E 


source 
a ) 


tk fe] 
ae 4ne,n,*2Retl, yy f(P)- (63.19), 


wk yp 
We finally write the expression for the real part of the spectral density 
(63.16) which defines the collision integral of the ideal plasma. In the local- 


equilibrium approximation we find from (63.17) —(63.19)> 


Re (sw 6E) me Pe (se se) ul (« =) 

hes : kK (,, 

O Dike -- ee aeKee wrk ke? ap 
k Imé(w,k) 


s 251 
en — ———, 2RetlL 
aa R2 \é (wk) |? a,w,k,p 





— 40 f,(P) : (63.20) 


If the local-equilibrium approximation is insufficient, we must use (63.12), instead 
of (63.12) in the derivation of the spectral density (63.20). 


In a similar way we may calculate the more general spectral density 


(ou, SMa, psp! 


The expressions derived so far for the spectral densities of long-range 


: er : a—1 r 3 
fluctuations are not explicit, as they involve the operators L, kp? which, in 
n n tJ > ) 
tap? SIgp: The derivation of explicit forms for the 
spectral densities is thus a difficult problem. In some cases we may use for sim- 


turn, involve the operators 


plicity model expressions for the collision integrals ae Thus, for instance, in 


the work of Sitenko and Gurin [54] the Bathnagar-Gross-Krook model was used in the 
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calculation of the fluctuations in a plasma in equilibrium. The method of 


calculation used in this work is described in detail in reference [15]. 








64. KINETIC EQUATIONS FOR PLASMAS WITH ACCOUNT OF THE LONG-RANGE FLUCTUATIONS 
We represent the collision integral (62.5) in the form 
e 
aot hb fate lon 
Ilo=-+* —-— *| dw dk Re{6N_ 6E F (64.1) 
. "a (20)* 9P = wrk ,p 
Using Eq (63.20) we obtain 
2 
e 
= 3 +, Kk | of _ (rsp, t) 
T. =-—% 2. dw dk —; RetL : E) a 
a (27)* ap ke a,W,k,p {(sé 6E sik ke emsact Tamale 
qn ime we) g (r.p,t)} (64.2) 


le(w,k)|? 


If in the operator a appearing here we replace is by A and go to the 
limit A+0, we recover the Balescu-Lenard collision integral (37.2). 
In equilibrium the expression (62.5) vanishes. Indeed, substituting the 


Maxwell distribution in the integrand of (64.2) and using (63.15) we obtain 
< 2 Sac of 
(si- sé) nei i! k [eee f,| 
w,k k a,W,K ,p op k,? a 


JP sk 
kf 


f,=0. 


ap-a 
The collision integral (64.2) has the properties: 


k ~7ol 


a3 Re tL wk ple ker) t= 0 


because in equilibrium 61 


> x, | 4 ¢,(7) 1,0 fon bp no 13 (64.3) 
a 
We recall that Eq. (64.2) is valid whenever in Eq. (63.3) the terms enclosed 


in braces can be neglected and the simpler expression (63.3) can be used. This is 
valid, in particular, for the local equilibrium state. For concrete calculations 
the complicated operator Ee is replaced by some model expression for the 
Boltzmann collision integral. It is therefore convenient to use (64.2) even for 
non local-equilibrium states. 

Equation (62.4), (64.2) is valid only for the ideal plasma. We now consi- 
der its extension to the non-ideal case. In this problem the kinetic equation can 


also be written in the form: 


3 3 3 B = 
aad oe + ~_2o = - 
[2 v oF (c,e Fr.) 9 | fi, I, I, . (64.4) 


However, now the collision integral i involves three terms (58.8), defined by 


Eqs. (59.7) —(59.9). For the integral a we must use instead of (62.5) , (64.1) 
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expressions analogous to (58.4), (58.7). Thus, 


e Pe. 6% 
=. 1 C) 
I (x,t) =- 4 | dw dk Re (i 6B ,) 
a n (27)" oP, a tL Wksporst 
k. ky 
G : ‘) ; (si é) 
{5 6.. -—* } — Im [(6W_k- SE - (64.5) 


To obtain an explicit expression for this integral the spectral density 


(sn, 68) 


must be calculated, taking into account (to first order) the retardation and the 


wW,k,psr,t 


spatial inhomogeneity. 
As Eq. (64.5) involves the spectral density of fluctuations with correla- 


tion times To, > Voy these fluctuations can be considered to be plasmons (see 


orr 
sect. 57). The spatially homogeneous plasma can therefore be treated as in section 
57; the corresponding collision integral is analogous to (57.8): 

ey er c) k Amy a 

fF (p.t) = Z| aku Kee ci (sé-sé) 

q\P» (2n)" op x2 a,w,k,p wk ,t—2 

af (p,t-t) 80 Ime(w,k 

es eee pale LS fi (Pp »t-T)). (64.6) 
3p Je(w, &)|? 


As in (57.8), only zeroth and first order corrections in the retardation are 





. 


meaningful. 
The spectral density of fluctuations appearing in (64.6) obeys an equation 


analogous to (57.15) : 


lant ~ source 
On Prnaers lf eB ain Ae (8E +58), gt 
2 (se sé) =~ 27 (sé- sé) — 
at wik,t wk ,t le (w,k)| 
Po acl 
23 Ree }d Ree (sé-6e") 
at du | dw w,k,t (64.7) 
where 
~\-l 
y= me (824) x ee tate\ mo: (64.8) 


are respectively the damping rate and the dispersion relation for the long-range 
fluctuations. 

If the time-dependence of the frequency is taken intodaccount in (64.7), 
there appears an extra term analogous to (57.16). Such a term appears also in the 
kinetic equation. 

Taking into account the spatial inhomogeneity, we get two additional con- 


tributions to i. . One of them is defined by the second term of (64.5). The 
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spectral density appearing in it must be evaluated only to zeroth order in the 
retardation and in the inhomogeneity; see Eqs (63.16) —(63.19)5. The second addi- 
tional term is related to the contribution of the inhomogeneity of the spectral 


i E i i .5). 
density (6v, 6 hopes in the first term of (64.5) 


65. HYDRODYNAMICAL EQUATIONS WITH ACCOUNT OF THE LONG-RANGE FLUCTUATIONS 

By taking into account the long-range fluctuations, new terms appear in the 
hydrodynamical equations of the plasma, both in the thermodynamic functions as well 
as in the transport coefficients. 

Thus, for instance, instead of (60.20) for the contribution of the inter- 


actions to the internal energy hares we obtain 


- 223 ae ne J a vp) (6, 65) 


D 


kyr,t 


+ | dk Van) (si, sry) : (65.1) 
ker! kyr,t 
D 

The second term takes into account the long-range fluctuations. 

In equilibrium the two integrals are combined, and we get the known result. 
The contribution of the second term is important whenever the state differs signi- 
ficantly from equilibrium in the spectral region k <1I/rp. 

Expressions analogous to (65.1) can be written also for the other thermo- 
dynamic functions, 


As a result of the structure of the collision integral 


qr =12 47 (65.2) 
a a a 
the viscosity coefficient can be written in the form 


; ak sta 
me poke 
a a 


(65.3) 


where ve is the collision frequency for the itegral ® and v the corresponding 
quantity for I, . 

For states close to equilibrium (65.3) corresponds to the ordinary expression 
for the viscosity. If in the region of long scales (k < 1/rp) there are strong 
deviations from equilibrium due for instance to turbulence, we may have a change in 
sign of vos Thus the viscosity can be larger. 

It is impossible to give here concrete examples: we refer the reader to 
the literature [19-24, 26-30]. 

Note that the problem of the division of the fluctuations into short- and 

long-range ones appears also in the theory of collisionless plasmas. The correla- 


tion time of the short-range fluctuations is defined, for instance, by the Landau 
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damping. The correlation time of the long-range fluctuations can be defined by the 
time of flight, i.e. the life-time of a particle in the volume under consideration, 
by the dissipative processes at the boundary, etc. 

The kinetic fluctuations play an important réle in various systems. They 
define, for instance, the essential fluctuations of laser radiation and of molecu- 
lar generators [56-58]. The laser fluctuations are similar to those of a collisional 
plasma, and those of a molecular generator to those of a collisionless plasma. We 
further note that the theory of long-range fluctuations is presently intensively 


developed for the study of electron-phonon systems [59-62]. 


PART III 


Quantum Kinetic Equations for Nonideal Gases 
and Nonideal Plasmas 


INTRODUCTION 


The last part of this book is devoted to the kinetic theory of the nonideal 
quantum gases and quantum plasmas. The name ‘nonideal' means, as before, that within 
a given model (pair-collision approximation, polarization approximation, etc.) we 
consider the contribution of the interactions to both the dissipative and the non- 
dissipative quantities. 

The first attempt at a construction of a quantum Boltzmann equation for a 
nonideal gas is found in the work of Green [1] but it was not very successful. More 
elaborate kinetic theories of this type are found in the work of Kadanoff and Baym 
[2], Baerwinkel and Grossmann [3,4] , and Klimontovich and Ebeling [5]. 

Quantum kinetic equations for a nonideal, fully ionized, non-degenerate 
plasma were considered in the work of Klimontovich and Ebeling [5]. In the paper 
of Klimontovich and Kraeft [6] the exchange effects in these systems were considered. 

The kinetic processes in an ideal quantum plasma are usually described by 
the quantum analogue of the Balescu-Lenard equation[7,8]. As in the classical case 
this equation takes account of the dynamical polarization which screens the inter- 
actions at large distances. The contribution of the short-range interactions is 
considered only in the weak coupling approximation (Born approximation). 

For nonideal plasmas the weak coupling approximation is insufficient, as the 
short-range interactions are quite important in the thermodynamic quantities. Thus, 
for short distances we must use the binary collision approximation. 

We already know that the simultaneous treatment of the long-range dynamical 
polarization effects and of the strong short-range interactions in a nonideal plasma 
leads to quite complicated equations. Therefore, as in sections 55, 56 we will only 
use the average dynamical polarization. However, in the treatment of the short~range 
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effects we retain all terms of the perturbation series in the interactions. We thus 
account for the strong interactions of the charged particles. 

A much more difficult problem is the derivation of kinetic equations for 
chemically reacting systems and for partially ionized plasmas. This is due to the 
rdle played by the internal degrees of freedom of the free atoms and of the mole- 
cules. The kinetic theory of these systems started its development not long ago: 
it is in a much less advanced state than the kinetic theory of gases and of fully 
ionized plasmas. A short account of these problems is given in the last chapter of 
this book. It concludes the book by showing possible ways of generalizing the 
theory developed here and by calling attention to these very important and interest- 
ing problems. A fuller treatment of these problems could only be given in another 
book. 


CHAPTER 12 


Quantum Kinetic Equations for 
Nonideal Gases 


66. HIERARCHY OF EQUATIONS FOR THE QUANTUM DISTRIBUTION 

FUNCTIONS. THE BINARY COLLISION APPROXIMATION 

The one-particle, two-particle ,... density matrices of a many-component 
gas will be denoted by pg(r/.r”,t) ; Pap! ee rin. t),... We denote by 


faf, > «+. the corresponding quantum distribution functions, i.e. the density 
matrices in the Wigner representation (9—12)": The functions Pa and de are 
interrelated in the following way 
F 3 
eee a 23 —ty+p (27h) 
f(r pst) -ahrle pr +5hy,r—shy) e i - (66.1) 


The normalization conditions are: 


1 
(27h)? 


Similar relations hold for the functions Pap? fap Pabe? fape?*?* For the quan- 





1 
| ar ap fij(r,p.t)=1, i far o(rar,t) = 1. (56.2) 


tum distribution functions, or for the density matrices, we may derive a hierarchy 
of equations similar to the BBGKY hierarchy. The first equation in this hierarchy 
is [10-12]: 





of xe. : 
a el: ae pap 402 Yee 7 
ant vy, or, al dy an|u, (7, hy) Urs ny) | 
zy *(n—p,) : -3 
ve M flrynse) =2 (2m) 9D, Lg | ar, ap, ay an 
5 (27h) 
ty* (n-p,) 
[elle — rot M1) 9,5 (14,7, + 811) | e j fap (1, oer, Pp) 
(66.3) 
+ 


A detailed discussion of Wigner functions appears in reference [47]. (Transl.) 
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Here Yao is the potential of the external field. For h+0O, this equation reduces 





to 
af, af af a of 
245-24 Rp +o = My hy | ar Bp ee ee (66.4) 
at ary a0 ap, (2an)3 202 ary oP, 


For the one-component gas, this equation is identical to (1.19). For comparison we 
must note the different normalization of the classical and of the quantum distribu- 
tion functions. From (1.14) and (66.2) we have 


= ae ie V Qu _ cL (66.5) 
27h 








In the forthcoming developments it is usually more convenient to use the 
density matrix ab rather than ee By analogy with (2.4) we introduce the corre- 


lation matrix as follows : 
= ’ toon yt 
ab = Pg Ppt Faplh > "poy oF pot) - (66.6) 


Hence Eq. (66.3) takes the form 





of of ‘ 
a Qa L -3 1 1 
ae ar, =e et) | ay dan [cr — Fry), +2 49) | 
’ ex [7 +(n —)] f(r on.) = 1,(r,>P,>t) ° (66.7) 


The collision integral I, is defined as follows 
. 3 
= 2 (gq)-3 mA ~r.-inyy— 25s 
i (27) ze > N,| dy dr, Oy (1 r,—zhy) Batt r, +Shy) 
b 


are (r,++hy,7, —2hny t) (66.8) 
Igp\"1* > cade Gale 2 2To9 Vos bade | 


and the potential of the average field is given by 


] 
Ur), t) = Ung + >, 7 Jar, o prin? o) Pp (ro > r,,t). (66.9) 
b 
In the case of a spatially homogeneous gas, the collision integral reduces to 


_t ” no = Ss 
I(py.t) = - ae. n, | ar? dri’ dr, anes Ce Toes a r,)| 
b 


“ at (ple ply. yp 
ex | Zt Cr ry ) p> Papel] oly oF yet) : (66.8) 5 
We used here the fact that for spatially homogeneous gases we may use ab instead 
of Job in the collision integral. In the classical limit, and for a one-component 
gas, (66.7) reduces to (2.11) and (66.8), to (2.12). 

We now consider the binary collision approximation. We then obtain for ap 


an equation analogous to the classical one (2.20) for fy? 
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ih Pad, 2 (v? 92 )+ n2 (0? 9 )| ; 
ee ee “wt ae aT) 
5 2m, \"Y r 2m, no ab 


ae Spl one 
[esas v5) i: bly | ab 








2 
rita ; <e | an, ap, f,(P,>#) fy(py>t) 


. Phot (ple pl) + th) (pl—p"). 
exp [in (r/ ry p,+th (Fr) re’) p, | 


+ 0 
=ih— p? (r’, rly rir” ,t). 66.10 
Be ab ae oe i, He 6 : 
Here Ob denotes the two-particle density matrix for uncorrelated particles. 
a 


We now express the two-particle density matrix in terms of the eigen- 
functions of the two-particle Hamiltonian, i.e. the functions obeying the following 


equation 


+ bapli—"2)| YD, pir? ry) 


=Ep.p, Yp, pftir?o) (66.11) 


6 
27h 
J ars dre Wp pie 2F 2) Yor pirate) = iar Sahat) Soi #8) 


(66.12) 
The corresponding time-dependent functions are: 
vp : (rs ty, t) = exp (~in7? Ep p t)¥, 3 (7) 5%)- (66.13) 
1 2 72 yr 
In the free-motion approximation we have 
Vp pt sty) = V—) exp [intr + y+ r,*P2)| : (66.14) 
The expression of the density matrix is: 
on (rir! rior! jt) = [ Vv |" | ap" dp" dp! dp" 
ab ‘"1?1 % 272? (20h)? Teer GA 28 es), 
Pap (Pls PL» Ps» Pot) Vp pi (Tie%s) Yo" py (ated) s (66.15) 


Using this relation, we find the equation for the density matrix in the momentum 


representation : 


“, 0 _ 1 pit pl pit 
[es at Cr P, Bp! »)) Papl Pi» Py» Py» Ps >t) 


=th 2 0 , NM pl " 
th — Opi Py » Py »Po> Py ,t) = (66.16) 
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The solution of this equation, assuming complete weakening of the initial correla- 


tions, is analogous to (12.1): 


i opel ms 0 / " / Moge 
Pp. exp | th (*, Pp Epil i)" | Pap(P i> Py > Py» P, ,t-t) 


T 

; ee a0 ! 
| theme Eieboay UA tee wets 

| exp |—th p! pi, pl pi! aE Pod P > Pp > P, > P, > ) 

: (66.17) 
Using this result and the relation (66.15) we find the density matrix in the coordi- 


nate representation. We first introduce the transition matrix: 


4 
A(-1)= =e dp! dp"! dp! dpi'v , jr’, rZ) We a (rey Zt) 
a a as 2 es he ee eae 


(27h)? 
ewe r] es “ wo 
¥p" pit» 4s T) You pt (a 2G! ,-T). (66.18) 


Then 
Papltertls rfaril)= [dat da aa’ dat{a(—t) of,(a) sai says af ett) 
T 
+ | dt’ A(-t’) ~ aC qv ; q a’ ,t-t')} F (66.19) 
This deen ie analogous to the classical Eq. (12.1). 


We substitute this relation into (66.8), thus expressing the collision 
integral in terms of the one-particle distribution functions. We recall that Bai 
is defined by Eq. (66.10). 

Equation (66.8), can be simplified if we retain only the first-order terms 
in T)(9/2t) , ji.e., the first-order retardation correction. We then represent the 


collision integral as in section 12, as a sum of two terms 


I, = qa + I. - (66.20) 


The first term, which is of zeroth order in the retardation, is obtained from (66.19) 


Tet ce 1 alt ’ Wont 0 (gl git gl git 4) 
ab = [aa’ dq’, dq), dq, A( eo) Papa)» q 95> t)- 


For T+” in (66.18) we obtain 
yr, 1(4',45,—-T) Vin u(q” qu ,—T) 
PLP, V2 Py, Py 1? 2 
- . -1 # 4 
— V~? exp [-en (vi-a) +p5-a')| exp [en ‘(pi ql + pl -a')| 


Indeed, to zeroth order in the retardation, the correlations in the initial state 
disappear completely. As a result, after integration over q 1a 15> qi and 


Ua u / “t 
Pi > Pi >P,>P, we get 
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1 / tt / Mt 
Poplhy hy 2To> ro »t) 


4 





pee t yt * woo 
(2mh)® J an, os pp, ("1 a oe ae oe 
*f(P1>#) Fpl pot) - (66.21) 


From (66.8), , (66.21) we get the following expression of the first part of the 
collision integral : 

v2 1 
(2m)? (27)3 








t 
ar (p,,t) =% ~ u, | av dp} dr, dp, 


1 1 . -tY °P) 
[ous (r,-ry- = hy) — ® prin lot > ny) | e 


1 * 1 \ 
V pt pyM1* BEV Fa) Vp p (ry ZhVo 2) Fal Pot) fylPa>t). (66.22) 


This expression is identical to the one obtained by Green [1]. In reference [13] 
it was shown that this expression can be transformed into the usual form of the 
Boltzmann collision integral with a quantum cross-section. 

The retardation correction gives an additional term to the Boltzmann equa- 
tion as a result of the nonideality. The expression of the density matrix 


contributing this term is 


(2)__ 0 / Waal ue a = 07a Woot u 
Pap = 2 ac aa! dqi'dq, dqy t ae A(—t) Pgpl ays 4's 9» 45>%)- 
(66.23) 
Substituting this expression into (66.8) 9 we find the expression of Too As in the 
classical case, this term gives the modifications of the non-dissipative quantities 


of the gas. 


67. MACROSCOPIC EQUATIONS AND THERMODYNAMIC FUNCTIONS OF THE NONIDEAL GAS 
As in the classical case, the collision integral has the following proper- 
ties 
>, n, | 4p o(p)I(p,t)=0 for oo =I1,p. 
a 


These properties ensure conservation of the number of particles and of the momentum. 

Let us discuss in more detail the energy conservation equation. From (66.7) 
follows the conservation of the energy, including the pair collisions. Calculations 
similar to those of section 12 lead to the following expression for the internal 


energy density 


is Ja — V Ps 
a P 3 2m, °a 
a (27h) a 


+322 nar | 


2 





d(r,—r,) 9» od af Py olyolo> ry) - (67.1) 
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Here Po» is the distribution function of the particle positions to zeroth order in 
the retardation. Its expression follows from (66.21) 
1 
Pap (Fro Ty2 lo rost) 
ee ee 
(27n)® 


In the expression of the internal energy, the interactions contribute not only to 


2 
¥ offn? Fa) F(R, >t) fy(p,>t)- (67.2) 


| an, ap, P,P 





the potential energy (second term), but also to the kinetic energy. As we know 
from section 14, the one-particle distribution function can be expanded in powers 


of the density. To first order we obtain from (66.7) , (66.10) : 


fa(P,>t) =c|re +>, ny, dr, dr, p21 >) | (67.3) 
b 


bas :] 
which is analogous to the classical expression (14.4). C is a normalization con- 
stant, e is the distribution function of the ideal gas, and Jab is the correla- 


tion function. Using the value of C we obtain, from (67.3), to first order in the 





density 
Vv 
f,(P, = fi + tf ar, dr, {—~ - [4,6 (x, ,x2,,t) 
2" ss (27h)° 2 Yabs""1°"2 
: 0 
~ (ann)? J 4P 1 AP, Ly (Py>*) Gypl*y 2, ,)} . (67.4) 


On the right-hand side we need the expression of g ab to zeroth order in the density 
and in ie retardation. The function f, (p,t) differs from the ideal gas distribu- 
tion fe because of two types of correlations: the quantum correlations, and the 
classical correlations due to interactions. In equilibrium only the quantum corre- 
lations remain, and they vanish as h-+0. 

We now derive the expression of fas correct to order ae We start from 
Eq. (66.3) for the Wigner function. We solve it by successive approximations in h, 
starting from the classical Maxwell-Boltzmann distribution i for a pair of parti- 


cles. In the binary collision ia aaa we get 





oo 2 
QU el ab,_9 el cl 
fa = fy +2n "b rea TY + | deyare ( ar, a) Fa Gaplte%2) (67.5) 


which agrees with Green's result [I]. Here a is the Boltzmann pair correlation 
in the binary collision approximation. 
From (67.5) we obtain the well-known expression (sect. 33 of ref. [14]) of 


the average kinetic energy in the came ees state 
ar 


3 
Vv p2 Qu _ 3 = “ab ge 
aa 2 om 8 oe ore, k age ro] an we gr? ab" 

1 


Equation (67.1) can be represented as follows : 
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U=U,,+U (67.6) 


where Usa is the energy density of the ideal gas. The quantity U noe represents 
the potential energy and the correlational part of the kinetic energy. We consider 
the latter quantity in the local-equilibrium state. From (67.4) follows that the 
correction to the kinetic energy is 5 7 
rn mera” — | ax, dx CZ cee ) fe (67.7 
a™b iat 2mqg = _2Mmg B ab 7) 
where the is the quantum equilibrium distribution function. 


The function 


can be expressed through the simple distribution Pap ly Pasty» r,). Indeed, from 
(67.1) , (67.7) : 


> i ee 
Ver ae 22 ratty | 2, dx, (H ab 3 kT) Ff 


Setting plA)= Ao» we cepts an cupecee ta as 


1 V 3 0 
U2 kas ane 22 nay | dd | dx, dx, H(A) fap: (67.8) 
a 0 


On the other hand, 











Q) ] 0 3 a 
Pen ee eee are ere 
3A ana yea AM Tap rs Wate BHap(4) 
40) & (A) 
F) 1 ab 0 a1 | ab 0 
= 210 ax da. 22 -=3 1 d : 
rae a ttt sa Nap ae ma ry) Or, Pab 
(67.9) 


Substituting this into (67.8) and using the expression of the potential energy from 


(67.1) we get (a) 
> (A 
ae eo ea) ab. 0 
Ursa rary} pops nats | anf dr, dr, a ob 
0 
u__.(A,B). (67.10) 


This expression agrees with the well-known result from the equilibrium theory of 
quantum systems (see for instance, appendix 7 of ref. [15]). Equation (67.10) 
actually defines the second virial coefficient in the expansion of the internal 


energy in powers of the density. 


68. TWO FORMS OF THE QUANTUM COLLISION INTEGRAL 
In the classical theory we used two forms of the collision integral of an 
ideal gas. One of them was the usual Boltzmann form (10.18), the other being the 


Bogolyubov form (10.5). The proof of their equivalence made use of Eq. (10.8) 


KTNG - J* 
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which follows (to zeroth order in 1(9/dt)) from Eq. (10.2) for the two-particle 
distribution f,. 

An analogous equation can be easily derived in the quantum case from the 
function fap: It follows from (66.10) by using the relation between ie and aD: 
After some transformations similar to those of section 10, we obtain the second form 
of the collision integral (for homogeneous systems) : 


1 ¢) c) 
uae ny [ ar, dr, Ae, eee) fap l® 222 0t) 
b 





I(p,,t) = 


Instead of fag we may as well use the correlation function Gy top t, fy» 
because fy? fy do not depend on the positions. 

For one-component gases (68.1) corresponds to the classical expression 
(10.9). To make the comparison, one must recall the relation (66.5) between 
classical and quantum distribution functions. 

For an ideal gas the expression for the function lub follows from (66.21), 
by using the relation between Fan and uD which is analogous to (66.1). Thus, in 


the binary collision model and to zeroth order in the retardation we have 
Fob (rs Pil »Post) 

v2 

(21)® 


v 





| ay, ap! ay, apt, exp (tv, +» ~ tY, *P,) 


1 1 
P pi eat Meta t a Ye) 


Yor wiht — a hYy 2-2 PN) fal Plt) fy(Pzt)- (68.2) 


We see that the function aa depends on time only through the one-particle distri- 
butions footy: 

Substituting (68.2) into (68.1) and performing the integrations in spherical 
coordinates we obtain the quantum expression of the Boltzmann collision integral. 
It differs from (10.18) by the change of the classical cross-section (10.20) to the 


quantum cross-section {13}. 


69. THE WEAK-COUPLING APPROXIMATION 
It was shown in section 13 that the kinetic equation of a nonideal gas in 
the weak-coupling approximation can be obtained either by expanding the Boltzmann 
collision integral, or by expanding the correlation function Fab in powers of the 
interactions. Both methods can be applied, of course, also in the quantum case. 
The equation for the correlation density matrix in the weak-coupling 


approximation follows from (66.10) : 
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ag 2 2 
. ab h* (2 2\, 4h 2 _ 92 
th aE + = (v3, =. view + 2m, (v2, v4) Fab 





1 1 
me hnwy £2 Wo ptt pl 1 pil 
= te.» (ri-r3) op rs )} et 7; ry’ st) Pp(r) rst). (69.1) 
It corresponds to the classical relation (13.1). 


We substitute here the expression (66.15) of Jab in terms of the eigen- 


functions to zeroth order in the interactions [i.e. (66.14) ]. As a result we obtain 


ie a a " 
[2 se — (% ws Ap | Tap(P}>P2>P) > Py>t) 
= Alp! py. ls pst) (69.2) 
where 2 2 
E = ae + Po 
P,P, 2mq m 


We introduced here the notation 
A= + | dri dr) dri’ dry [a8 (ery = yr - ri) | 
aie [exe spl + rll P| ees [-< n1(rls pl + rls pl )| 
Og (ri sr", t) Cones bss (69.3) 
For spatially homogeneous distributions 


ep, (risritst) = or -ri’,t) 


V oe] . 
ae! dp, exp[in (rir!) +p] Flm.t). (69.4) 


We use this expression, use the Fourier representation of the potential opr) in 


(69.3) and integrate over the positions, with the result : 


|p’ —p"’| 
= 3 1 1 ! ._ ptt piu 
A= (2mh)” vo, ; S(pi +P, — Pi’ BP, 
-[F,lo7.t) Fylo!.t) — £401, 8) flo}, 2) | (69.5) 
where 
_ -tker 
Vapi) = | dr e or) , (69.6) 


We rewrite Eq. (69.2) by assuming complete weakening of the initial correlations : 


/ / “ ue 
> > > t 
Fap\P! +P) PsP’, t) 


@ 
=-7t [ a nv} exe [-e & tpt — Eu v)t| 
J pi P,P! pe 


A(p’, Py, Pi’, Pi, t-t) - (69.7) 
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We now transform the expression (66.8) for the collision integral. We 
substitute the expression (66.15) for Tab in terms of the eigenfunctions (66.14), 


Fourier-transform the potential, and perform all possible integrations : 


N, 
1 -1 
TAD gE) at ee > | ap’ dp, dp (h“|p,— Pi!) 
an) h (amn)® ‘5 Vv 1 7P2 @P2 “ab 
—p!/—p/’ / / 
5(p,+ Pp, —P) —P,) Im gap (P) 9 P5>P,>P>>*) - (69.8) 


From (69.8), (69.7) and (69.5) we obtain the desired expression of the collision 


integral for a weakly coupled nonideal gas. 


— Xu, fac an dp’, dp,v * (he P41) 
(2mn)® 2 


8(p,+ P,— PY =P; ) cos [»- Le ~ Ey »)*] 
2 1 


2 
I(p,>¢) av 


[Falls et) Fy(Ph, 8-1) -Fy(Py> 1) FylP20t-0) |. (69.9) 
To first order in the retardation, this expression can again be represented as a 


sum of two terms 
I(p,,t) one! erent ae (69.10) 


where 


[F(015#) f,(P4+t) — fa (Py »t) fy(p2+t)] (69.11) 


is the collision integral of a weakly coupled ideal gas. This expression was first 


obtained by Bogolyubov and Gurov tiyt, The integral I5 is: 


02 4 es dp! 2 nlp —p! 
ie a Pa aia hs | ap dp, dp,v y(t |p, — Pil) 


sonal (0h) 
§(p,+ Py— Py ph) cos | *p, P, *p! pi} * 
2 
1 / _ 1 
[ra(oy.#) F, (ef 64) F,(0, +6) fy(e! se) 
This expression modifies the non-dissipative properties of the gas, i.e., takes 


account to the nonideality. 


t This is actually a particular case of the kinetic equation derived by Uehling and 


Uhlenbeck in 1933 [49] , which is the full quantum generalization of the Boltzmann 
equation, taking also quantum statistics into account; see also [47]. (Trans1l.) 
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Here Pon is the two-particle density matrix for an uncorrelated system. The right- 
hand side of (70.3) differs from (66.10) because it takes into account the exchange 
effects. The upper sign (+) corresponds to the case of Bose statistics, and the 
lower sign (—) corresponds to Fermi statistics. 

We shall not consider here processes which involve the transition of the 
particles from one spin state to another. Therefore, the functions (70.1) depend 
on the spin variables as follows: 

] 
fi(o.,o’,p j,t) =—6 
Gs ee a ye ) Io ay Oe fi(p, 5) 
uw 


1 / Woot oon 
0 n(94 29) Fo, 95 oT) Ty > ry ry’, t) 


oodles 
7 Gq Ip 85! 0! 8g 


,0! far Paplhi ry srs, ryt) (70.4) 


a 
where a> 2st 1, S. being the value of the spin in h as unit. 


The functions (70.1), (70.4) are normalized as follows 


> Cant | 2? fale 8. Pt) = 1 
oO T 


1 
> valar Ary Dipl +9 > G24 O20 Myo Mys Poe, t=, 


Oo, 6 (70.5) 
1 92 


The subsequent calculations proceed as in section 66. The result is analo- 


gous to (66.19) and can be represented in the form 


ae Spat? (70.6) 


where 


Fx(04, 07 Py, t) fy(05,03,P, ,¢) 


+ / “ * / 4 
oS Yo! 1") Vp p,"2 on") 


Fy(O) 209, Py st) fylo, of Pt) (70.7) 
r d 
(2) _ 8 1 " 1 We a 7 
00D = J at ( dq’ dq dq’ dq’ T re A(-t) 
0 
a) ! " / uy / "qt " 
PaplO, 2 Fy 99529529599 295595 ot) (70.8) 


where A(-t) is the transition matrix, defined as follows : 
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4 
V 
A(-t) = — | af dp’ dp" dp" v, (ri Ws u pet wr) 
(2mn)!? tr" 2 1 2 BP’ Py 1 P, 1 
* a es Walt 8 0.9 
Yo! pi (Ti+ To » tT) Yow pis (ais q,> tT). 7 ) 


The collision integral, to first order in the retardation, is represented 


as 


! w" as 
Tj(o,, 07 .P,.t) =I,, +1, (70.10) 


From (70.2) , (70.7) we obtain: 


-ty°P, 


t 
Ty, = tt 53D ny | av ap, dp, dr, e 
(2m) bo 
2 


1 
ce ro-> hy) — 9 ,(7,- rity by) | 


tiny, * aap te U “ 
{ior p(t EhT ee) Wr p (ENTS 1) Fale OY aD yr ED FylOps Ops Pyst) 


ts (EDV) Upp (rot PEW L (O09 Phot) Fy (0 o/,p,,¢)f. 


(70.11) 


ab Yt P, 


This is the quantum Boltzmann collision integral, taking account of the exchange 


effects, for an ideal non-degenerate gas. 

The term Zoo is obtained from (70.8) and (70.2): it provides the effect 
of the interaction and exchange correlations on the non-dissipative properties of 
the gas. 

If the spin dependence is given by (70.4), Eq. (70.2) reduces to the simpler 


equation 


af_(p,,t) 
al = 
- ee = > T (0, > O,>P,>%) = I(p,>t) 4 (70.12) 


o) 


In order to obtain the expression for Toy 


and use the identities 


we substitute (70.4) into (70.11), per- 


form the summations over co 


i ] 1 
Sa Oy 6 = —— bt gu =o 
22. 4a % “1 %2 me 2 9a%b a al Ib 
1 % 1 


We then obtain the result : 
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7 Za, | 4 dp! dp, d ee 
IOo== Y dp, dp, dr, e 
al h oat he? 1 2 2 


1 
[ens ry—ry- $y) - 9p( ae Peles nv) | 


1 * 1 
+t —1ny, 
{Pp p ("1 7 hy, ry) Vp! po 7 hY ry) 


a 
* bay GE Yp! pita hy, ro) Vp! p (20M ~ - inv} 
f, (P\ >t) f, (Pg t)- oa) 


In the absence of exchange effects, this reduces to (66.22). In the weak coupling 


approximation, it reduces to the simpler form [16]: 


- 20 Se, / + = a 
ti Gaye 2 >, | ap dp, dp, 6(p,+ P,— P\~ P,) 
2 2 12 12 
F Le ees 9 v2. (no! |p, —p’ |) 
2m, 2m, am, 2m, ab P,P, 


1 -1 oad -1 —p! 
“ab g,, Yab (h IP, P'|) Yap (h [P, PI) | 


{Fal 94») Fylphet) — Syl.) fy(0y»*)} (70.14) 


which reduces to (69.11) in absence of exchange effects. 

For a one-component gas of spinless particles the kinetic equation with 
this collision integral agrees with Eq. (10.41) of Gurov's book [lI]. 

We now proceed to the study of the quantum kinetic theory of nonideal 
plasmas. In the calculation of the thermodynamic functions we shall stress the 


important réle of the exchange effects in these systems. 


CHAPTER 13 


Quantum Kinetic Equations for 
Plasmas 


71. THE PHASE-SPACE DENSITY OPERATOR 
In sections 4 and 5 it was shown that the equation for the six-dimensional 
phase space density (4.6) ,(4.7) can be taken as a convenient starting point instead 
of the Liouville equation. The distribution functions fy : f, »--. are related to 
the moments of this random function. We saw that this formalism is particularly 
effective in the theory of long-range fluctuations in gases and in the kinetic 
theory of plasmas. 
In quantum theory, instead of the phase density 
Nq 
w(t) = > 8(a-2,(t)) (71.1) 
t=1 
where x= (r,p), we use the phase-density operator for spinless particles 


m od 3 -tY°P » 
v(z,t) Pay (27h) [ ay e Ba 





(r—3hy, r-thy) (71.2) 
where 

tbr’, r” ,t) = vt (r”, t) wile’, t) (71.3) 
is the density matrix, vt 5 v, are creation and destruction operators, satisfying 


the following commutation relations [17] : 


b(n yt) ofr’ ,t) + wt(r’,t) wo (rt) = 6, br —2} 
a b b a ab 


vor »t) vy lr’ »t) - vp lr’ »t) vor »t) = 0 
alr st) we(r’,t) * vb(r’,t) welr,t) = 0 
The + sign corresponds to Fermi statistics, and the — sign to Bose statistics. 


The Hamiltonian for spinless particles is [17]: 
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H n? + 2 
f=-> [ar va (rst) Vy, V(r ot) 
a 
1 + 4 
ae 22 Jar, a Ppl" 7 ra)¥glr, >t) valr, >t) 
ab 


vp (r, >t) Wlr, >) - (71.4) 


We express this Hamiltonian in terms of the phase-density operators by using (71.2), 


(71.3). If the pairing effects due to exchange are neglected, we obtain 





an 1 p? x 
= J dz —— WN (x,t) 
2 Gan)? amg & 
2 ee Soe / _ pl a mn ; 
3 ( 2mh)® > Jae dx’ .(r —r') Wi(z,t) Wp(2",t). 
ae (71.5) 


The second term can be symmetrized in a,x; b,x’. 

Equation (71.5) corresponds to the classical equation (4.3); it also 
retains the self-interaction term. 

The equation for the phase-density operator can be obtained by means of the 
well known equations of motion for the operators vt, w, using (71.2). In absence 
of an external field, we find [18] : 


(2 ty-2) f (zt) atled |g dn dr’ dp!’ etY' (n-P) 
ot ar (20)? (2h)? 5 


[egy (ror av) = ayy (rael + Ey) |, (2! »t) N(r.n,t). (71.6) 


This equation corresponds to the classical equation (4.7). We now introduce the 


potential energy operator 





iy = 1 t 7 (nl 
UAr,t) = ; > [az o pir —r’) W,(2’,t) . 
(amt) (71.7) 
We may then write (71.6) in a different form [18] : 
Cee ee eats t¥*(n—p) 
(p+ 2) N (2st) h ra an aye 
[ua(r- thy) ~ u(r + tov] fren, e) . (71.8) 


This equation corresponds to the classical equation (4.6). Using (71.7) we rewrite 


the Hamiltonian as follows 
A 1 > p? a 
f=, 4| de (2 +0 ) ese) 
(2th)? g 2m, = of a 


1 


, 
tigre | az UArst) B,(2,t). (71.9) 
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This expression can also be used for the description of exchange processes, if 


instead of (71.7) we use the following expression : 


G(2,t) = 1.2 [ae'[otr-r) 
(2mh)” 
F Sap Vag Ip —P!l) 6(r—r)] Wat). (71.10) 


The upper (lower) sign corresponds to Fermi (Bose) statistics. 

The expressions (71.9), (71.10) correspond to (36) in ref. [18]. In order 
to derive (71.10) from (71.4), we must consider all possible pairings of the 
form pty. 

If we consider particles with spin, but do not retain transitions between 


different spin states, we must use the expression: 


& 1 
U_(xz,t) = ———— > | az! [s (r-r’) 
a 3 ab 
(27h) b 
wel eS A 
+3. Sab Vaa fh lip —p'|) s(r-r')| . W,(2',t) (71.11) 


where Iq = 25,41. Thus, when the exchange effects are retained, the potential is 


replaced by 
1 


a pl oS ae re er =>7 
opr —r') * Sop z, Vaalh |p—p'|) 8(r-r’) (71.12) 
If the exchange effects are taken into account, (71.8) must be replaced by 
a more general equation, corresponding to the Hamiltonian (71.9)—(71.11). The 
added complication is due to the fact that the corresponding potential energy opera- 


tor depends on the momenta as well as the positions. We thus obtain 


1 
(2m)® 





~£ 1 _| ay an ao dq exo[iy-(n-p)+20-(a-r)| 
~ eee 1 a 1 _2 Sai = 
[i shy,pP +7n8)— U (r+ hy,p +n2)| Wi (q.n,t)=0. 
(71.13) 
For the case of fermions, we may use a simpler equation, if the momenta of 
the particles differ but slightly from the Fermi momentum. We may then expand 
(71.13) in powers of hy,h® and obtain 
ag ag 
p) ( 2) 3 a als 
—t+lv + a -—-7WN (x,t) = 0 (71.14) 
is ap / or dr ops Pee , 
where UL is given by (71.11). 








In the case of short-range forces the potential %aD in (71.11) can be 


approximated by : 
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@ .(r—r’) = v(0) S(r—-r’). (71.15) 
ab 

This approximation is currently used in the theory of Fermi liquids [19,20]. 


72. THE EQUATIONS FOR THE MOMENTS 
We go over from the operator equations (71.6) , (71.8) to the hierarchy of 
equations for the moments. We denote by { ) brackets the average over the occupa- 


tion numbers [17] : 
(@(2,t)) = Wf, (at) (72.1) 


where Tis is the one-particle quantum distribution function (66.1). 
For the two-body moment we obtain the following equation, not taking into 


account the exchange effects (we suppress now the caret ~ over WV): 
/ = ~ , 
(N (est) M(x ve) = (WM, — Sap Yq) fap (eee! ot) 


( oe 
ee jay dn dy! dn’ [rr eintyer | 
ae aay? 


é(n—n’) exp[ive(n —p) +zy! *(n/- ’)| 


fal b r+ ri— Shy stony’) ome] ; (72.2) 


where Fp is the two-particle quantum distribution function. In the classical 


limit this equation reduces to 
/ = = 
(Ww (e,t) w(x y= (19-5440) fap 


+H, 6 p(2mh)° 6(e- 2’) fi (a,t) . (72.3) 


This equation agrees, for one-component systems, with the classical equation (5.2) 


(recalling (66.5)). For spatially homogeneous systems (72.2) simplifies: 


(1 (2,t) W(x’ ,t)) = (V%,—8ap% 4) fap 


+0, 8 ,p(2mh)° 8(p—p!) { av dn 8(r—r' ++ hy) etve(n—p) f(n,t). 


(72.4) 
From (72.2) and (72.5) we derive the relation between the second central 


moment and the quantum correlation function. For instance, for spatially homoge- 


neous systems we find 


(6u, Ny! at a (W, ‘ > Sop Xa) Jab 


+h 65 {8(0-P) ho | dy dn &(r—r’+ shy) ete (n ~P) f,(n,t) 


FF, f, (est) flo! 2} . (72.5) 
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In the classical limit this relation reduces to (26.10). 

By the introduction of the exchange effects there appear new terms in (72,2), 
(72.4). We shall not write them down, as they will not be used below. 

The averaging of Eqs. (71.8), (71.13) leads, as in the classical theory, to 
a hierarchy of equations. In the first moment approximation we obtain from (71.13), 
(71.11) the quantum self-consistent field equations for the distribution aie and the 


function U(r »p,t). Thus, for fermions we obtain 


aU ou 
a a a a 
tet (eta) ar Or "7 IglOeys 
/ 
U, (r,p,t) "2% oF as —. | dr’ dp’ file’ pt) 


[eanlr—#) ~ 85 go Yaql Oe ~P'1) Slee! )]. (72.6) 


Equations of this kind appear in Landau's theory of Fermi liquids [19,20]. These 


equations have no fluctuation term, and thus do not describe dissipative processes. 


73. THE POLARIZATION APPROXIMATION 
In order to describe the processes in the polarization approximation we 
start from an equation analogous to the classical one, (27.7). As appears from 


(71.8), it has the form 


ie {eu, (2.2) = gtouree 4) | 











=2 _— ay) ty*(n-P) 
é aa dn | 5u,(r — Env) ~ 60, (r +404) |e flr mst) 
(73.1) 
where 
-{%.,,. 23 to4 ty-(n-P) 
i, A(r,p)= (2+ 2 \alr ; aol a dn e 
[u(r - tay) v,(r+ tay) A(r,n,t) (73.2) 


and u is the potential energy of the particles. For h+0 (using (66.5)), (73.1), 
(73.2) reduce to (27.7). 
To Eq. (73.1) must be added an equation relating the fluctuations 6N» SU. 


In the absence of exchange effects, we get from (71.7) 


6U (r,t) = — | dx’ @ .(r—r’) 6N,(x’,t). (73.3) 
a 2 a ab b 


The two-time correlation of the source fluctuations aN ESN 


is defined by 


an equation similar to the classical one (27.8): 


0 source 
re 6, 55) =0. (73.4) 
x,a’ t,t! 
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The initial condition for this equation follows from the expression of the one-time 


correlation (N,Q 6u,) 


tet! 


x, x! st for Jab =0O. Thus, for a spatially homogeneous 
plasma we get from (72.5): 
/ source 
6N_ ON =wié 
( Qa Dee ,t! a ab 





a 
fae f,(@.t) f(a’ ,t)} : (73.5) 


In the thermodynamic limit N*+*,V+%™, the second term involving fay can be 
neglected. For h+0O (73.5) reduces to (27.9). 


fn d(p—p') i dy dn 8(r—-r/+ thy) Pi ae 2, (n,é) 


74. THE QUANTUM COLLISION INTEGRAL IN THE POLARIZATION APPROXIMATION 
Equations (73.1) —(73.4) can be taken as a basis for the calculation of the 
spectral densities of the fluctuations OW, ou. As the calculations are very 
similar to those of sections 34—37, we give immediately some results. 
For an ideal plasma, i.e., without retardation and inhomogeneity effects, 
the spectral density of the field fluctuations is 
(4m)? ern 





Vv a 
(se -8e) = Th ys | dp’ dp” &(hk—p’+ p”) 
w,k (2an)" > k*|e(w,k)| 
p’? nlt2 P hi 
hu — —— +¢ + : 4.1 
(no B+) [ret e+ 2,072) | (74.1) 
Here €(w,%) is the dielectric constant : 
4mecn 
e(w, &) = 1 +> + tS | dp! dp! &(hk—p’+p”) 
a k (27h) 
f (p’,t) — fi (p",t) 
ee Pe ee (74.2) 
h(w + ZA) — (p!2/2mg — p”?/2mg) 
For h+0, Eqs (74.1) , (74.2) reduce to the classical ones (35.6) , (35.5). 
In equilibrium, (74.1) becomes 
(se -82) - bn ia elork} (thos are —) (74.3) 
wk A Je(w,k) |? phot Bo -| 


and coincides with the well-known expression of the equilibrium theory of electro- 
magnetic fluctuations [21]. 

We rewrite the expression of the imaginary part of the dielectric constant 
which follows from (74.2): 





an? en V 
me(wyk) =~ 2-2 1 | ap! ap” 6(nk—p! + p") 
a k (27h ) 
(nw 2 BV 5 ot) - 9,00", 2) | (74.4) 
am, 2m, a 7 a , . 
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The quantum collision integral can be expressed as in the classical case 
(sect. 37) in terms of the functions (é6E° SE) x and e(w,k). We start from the 
’ 


equation for the one-particle distribution function (71.8). Using (73.2) we get 
Ly i = Ii(rsp,t) (74.5) 


where the collision integral is 


1 : | ay an ett (n-P) 





I(r sp »t)= : 


(wy, an, ad (wu, su, ) ; (74.6) 
r-thy,r,n,t r+shy,r,n,et 


Thus, the collision integral involves the correlations of oN, ’ su, . The quantum 


collision integral can be expressed in terms of the spectral density (6N_ 6U_) 
a a’w,k,p. 


The latter is provided by calculations similar to the classical ones of sections 36, 


37. As a result we obtain for the collision integral of an ideal plasma: 
2 


Tq (Pot)'= 8 | ao! dw dk 7 1. 8(hk - pep)a(w- +6) 
(se-se) [r,(’. 4) - 2,00, +) | 
es aa [7(0! »t) + f,(p st) }} (74.7) 


In equilibrium the collision integral vanishes. Indeed, upon substituting 
the Maxwell distribution we find the identity 
! 
2 pl2 1 fq (Pp!) + £,(P) 


6 lta ee] 
[ns ama am, * £, (P')- f,(P) 


2 12 
Pp Pp 1 1 
= 6 (hw —- — + b—) (t+ sult) (74.8) 
fr 
2mq 2m, ea? 


and use Eq. (74.3). In the classical limit Eq. (74.7) reduces to the Balescu- 
Lenard collision integral in the form (37.2). 


The quantum collision integral can be put into a form analogous to (37.1). 


We subscitute the expressions (74.1), (74.4) into (74.7): 


L (pt) = 2 46 GF 3 [ap dp}, dp, dw dk 


2 12 
os t avi. ph inl 
6 (tk p,+ Py) (rw mm" i) 8( p,+ P,P P’,) 
2 2 12 12 
s(=b+ $2 oes) eee eee 
2m 2m, ama amp k fe(w,k)] 


[s,(o 8) f,(P2t) — f,(P1>#) fylo+t)| . (74.9) 
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We then perform the integrations over w and & with the result : 


2 V 
,(p,st) = > sue en, —— | ap dpi dp, 8(0,+ p,- vl- PL) 








a a 
2 2 J-1 
4 -) a Py -1 
(py Pi) fe [at (gt —Z-) . te, - of) | 
[falo{. #) Glos, #) — F404) Fylros)] - (74.10) 


The collision integral was obtained in this form by Silin [8] and by Balescu [7]. 

We now compare the collision operators in the polarization approximation, 
(74.10) and in the binary collision approximation (69.11). We therefore set in the 
latter valk) = ne, e,/k, which corresponds to Coulomb interactions. The differ- 
ence between the two cases is the presence of the function Je]? in the former: 
this factor describes precisely the polarization. As the dielectric constant 
depends on the momenta, the polarization is called dynamical. 

Still another form of (74.10) is useful. We introduce in the integrand the 


new variable P, —P =hk »(P, + p4)/2 =p, hence 


a 1 fie wat (74.11) 
PL =P + shk, Ps =p hk 
We then get 
ane etn 
aS ab b V ! ey 
(Ppt) = > —S 2% 4 | ap! ap ak 8(p,—p{ ~ nk) 
B (27h) 
2 12 
P P 
(FFs ov ~~, 
2m Mg ki le(kev,k)| 
[#4(01 4) f,(p— thk,t)—f(p,t) f,(p+phk,t) {: (74.12) 
We thus see that the effect of the polarization is the replacement 
vial’) 
vap(k) ~—@—_, (74.13) 
le(k +¥, k)| 


The polarization effects show up most clearly at large distances, of order 
Yp- At short distances the quantum collision integral obtained here describes the 
interactions in the weak-coupling approximation. We already pointed out that in 
constructing a kinetic theory for nonideal plasmas we need a collision integral 
taking account both the polarization effects and the strong interactions, but this 
is very difficult. Therefore, as in the classical theory (sect. 55.56), we limit 


ourselves to the consideration of the average dynamical polarization. 
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75. THE EFFECTIVE POTENTIAL. THE PSEUDO-POTENTIAL 

The change (74.13) introduced by the polarization effects is analogous to 
(47.1). We recall that in the classical theory the effective potential, taking 
account of the average dynmaical polarization, is defined by Eqs (47,2) , (47.5). 
The latter is more general and can be used to define the effective potential in the 
quantum theory as well. Thus 


~ = a ob 1 7 

Vaplk) = y 2. in (se SE) . (75.1) 
L k,t 
eo ¢e 


The expression of the spatial spectral density of the fluctuations follows from 
(74.1): 





(se - sz) ->— 47 | a’ dp" &(hk —p’+ p") 
kt K? (27h) 


f,(pl.t) + f,(0",t) 
1 / pf "2 2° wo) 
Cae 


amh 2m,h 





We go over to the new integration variables p/—p"=hk’', (1/2)(p/+p”) =p and 


integrate over k’: 


Bm? en, Vv 
— |dp 
se) = : | 
(se ‘) 2 i ia 
fiptzhk,t) + p(p—zhk,t) 
le(kev, k) |? 


From (75.1) and (75.3) follows the expression of the effective potential : 





7 (75.3) 


1 





Vipl*) - Vap*) z 


} etn 
a¢e 
f(p+znk,t) +f (p—Zhk,t) 
ee ee eae 
@ (27h) Je(k-»,k)| 
For h =0 this relation reduces to the classical form (47.2). 
In equilibrium, Eqs (75.2) , (75.3) reduce to [22]: 
coo] 
(6-52) = 4uk,T {(: “aG-5))* 2 > Re (1 - —__.,1__)} , 
k e(0 ,k) tal e(2mch Lk,T, k) 
(75.5) 
The zero-frequency, equilibrium dielectric constant can be derived from 
(74.2): 2 242 
: 4me n, ‘ 5 hk oe 
e(0,k) = 1+ er rey cae 1,5>-—— ) - (75.6) 
a kK’ kT 8m, k er 


where 171 is the confluent hypergeometric function. 
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In the classical limit, ,F,(1 3» 0) = | and the second term in (75.5) 


vanishes; thus 
4 TT 


(se - 52) =———.. (75.7) 
k I+n? 


Substituting (75.7) into (75.1) we obtain (47.4), hence the Debye potential oop") - 

The quantum effects are important when Aa 2 1 QA, = h/( amk,?)*), As 
Me <« Ms» the quantum effects are important only for the electrons. 

The study of the quantum effective potential (75.4), to be found in ref. 
[23], shows that at small distances (Ak > 1) both terms of (75.5) give the same 
contribution ark, T/ (xe k?); hence 

4uk T S 4m ee, 
(se +62) ee, Ae ee ee (75.8) 
k nek? b k 

Thus, at short distances (Ak > 1) the quantum effective potential reduces to the 
Coulomb potential. On the other hand, at large distances (A,k <1) the quantum 
effects play no réle, and o pl”) reduces to the Debye potential. Hence, the signi- 
ficant differences between classical and quantum effective potentials occur for 
intermediate distances, Agk ~|. 

In the classical theory, we may express the two-body distribution in terms 
of the effective potential (47.5): 


Fpl?) = exp [- bplr)/kg7] (75.9) 


which reduces at short distances to the Boltzmann distribution, and at large dis~ 
tances coincides with the Debye distribution. 

In the quantum case the situation is more complicated: the function Pog (r) 
cannot be expressed through the effective potential oo ,(r). This difficulty origi- 
nates from the existence of bound states, which are not considered in (75.1),(75.2). 
The contribution of these states can be included by the use of the so-called pseudo- 
potential. 

We assume that the degree of ionization of the plasma is so high that the 
neutral atoms can be described as an ideal gas. The nonideality is due only to the 
interactions of the charged particles. The bound states can then be excluded from 
the consideration, and we may introduce a pseudo-potential through a formula of 
classical form: 

Pog(r) = exp (~u, ,/k,?) 2 (75.10) 

In ref. [23] an expression for the pseudo-potential was derived; for large 
distances (r ~ r) it tends to the effective Debye potential, for intermediate dis- 
tances (a, <re< ry , where a is the Bohr radius) it is close to the Coulomb poten- 
tial, and for r=0 it tends to a finite value. The simplest expression for the 


pseudo-potential is 
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~ 2.42 d fr Pig Obes: 
u,,( 7) = e Gea eee —l|]. (75.11) 
The three constants d, f, c, are defined by 
2 
a ES. 4 
3 
d=%k r(-22 4 fn .) 
et B 16 "3 Set 
a, ay 
ie Meera ke SE) 
et 
detf=1. (75.12) 
Here a eq ep /k,T dob is the Born parameter, 


-} 1 -} 
= or f/m + 
dab Hap h (2k, af", 2kgT,/m,) 2 
and a, is the Bohr radius. 
From (75.11) follows that the pseudo-potential has the following finite 


value for r=0: 


~ oot nt 3 Got et 
“w.(r=0)=—-k rj tone? ~- 2) (75.13) 
et B 16 8 “et ry 
For r>a) we find 
. fe is ~P/ry 
u(r) = 96,(7) = 4 e A (75.14) 


Note that in the absence of the polarization (r, ==), Eq. (75.11) behaves 
at large distances as 1/r? . It is well known that the Slater sum SogiP) » defin- 
ing the function Pog in that case, behaves for Coulomb systems as i/r', Eq. (75.11) 
can be improved in such a way that the terms in \/r? , i/r3 disappear. Then (75.11) 
behaves at large distances as l/r", in the absence of polarization [23]. 

The pseudo-potential (75.11) must be viewed only as a rather simple model 
expression, useful for a certain type of problem. The more complete theory of 
the pseudo-potential for a plasma is quite complicated, and is not very well 


developed at present. 


76. THE QUANTUM BOLTZMANN EQUATION FOR A NONIDEAL PLASMA 

The quantum kinetic equation for an ideal plasma in the polarization 
approximation was derived in section 74. As in the classical case (sects 53, 54) 
we may derive a generalized kinetic equation for nonideal plasmas. However, we 
know from section 56 that the contribution of the short-range interactions in the 
polarization approximation is incorrect. This difficulty is especially serious in 
the calculation of the non-dissipative properties of the plasma. 

1t is. therefore necessary to derive a kinetic equation for nonideal plasmas 
taking into account both the polarization effects and the short-range strong inter- 


actions. As in the classical case we shall only consider this problem in the 
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approximation of the averaged dynamical polarization. This amounts to introducing 
the effects of the polarization through the use of the effective potential, or of 
the pseudo-potential. 

In this approximation we may use for the two-particle density matrix ab 
the expression (66.10) obtained in the binary collision approximation, after sub- 
stituting 


® ob — Ug (76.1) 


“ab” \) ~ (76.2) 
Unb for @#b 
Thus, the potential Uap is the effective potential for particles of the same sign, 
and is the pseudo-potential for particles of different sign. If we limit ourselves 
to the equilibrium approximation, we may take for ® 4» the Debye potential. and for 
Uap the expression (75.11). 
We denote the density matrix obeying Eq. (66.10) with the potential (76.2) by 
Sap We express this density matrix in terms of the eigenfunctions "pp P, (ry. %) 
defined by (66.11) and (76.1). The solution for 9 ab can again be exptessed in the 
form (66.19). The substitution of this result into (66.8) provides the collision 
integral which can be represented in the form (66.20). For Ti we find instead of 
(66.22): 


_t v2 j ; SOY PR 
14,(P,»t) => Gaie ay dp! dp, dr, e 
i 
[ga("1—te— $A) - Gs ro +4 n)| 
v 1 
re Shysr 2) ¥p! p( — hy, 4.) £,(pl st) f,(p, >t) 


(76.3) 


where ¥ is an eigenfunction obeying the equation 


2mqg 11 2m, r,t Manl"- 7) | Yp cpr fa) = Py p,* Py pn or). 
(76.4) 
Equation (76.3) cannot be brought into the form of a Boltzmann equation with a 
quantum cross-section, because it contains collective interactions through the 
potential Uap The solution of Eq. (76.4) is as yet unknown. In ref. [24] some 
numerical data about the eigenvalues of this equation were obtained for a Debye 


potential. 


77. THERMODYNAMIC FUNCTIONS OF A NONIDEAL PLASMA 
The purpose of this section is to examine to what degree the expressions 


for the thermodynamic functions obtained from the models considered above compare 
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to the known results of equilibrium quantum statistical mechanics. Till now, the 
concrete calculations were performed only with an effective Debye potential ae 
not with the potential Uap: 

From (67.10) we obtain an expression for the correlation part of the 
internal energy Door in terms of the potential energy. The corresponding expres- 


sion for the free energy a. 


= 2 
 apeny fat Xd Yrot( 8: A), Ue ay BE oes (77.1) 
From (67.1) we obtain 
an = + 22 4 ny | dr,-r,) ® p(t - Fo) Bo» (r,, Tielos ry). (77.2) 
a 


The function Pop is given by (67.2), with ¥>¥. The exact form of Yp, P, is 
unknown, even for the Debye potential. We therefore express the thermodynamic func- 
tions as power series in the Born parameter Cab? 

In the Born approximation, and for the local-equilibrium state, the Fourier 


transform of on is given by 


Bayle) = (2m)? 6(k) 


fas SA Dt (nF, (1 ae ce x) (77.3) 
b 1-3 22° ~y “ab 
m a katy * ™y kere a 4 a 
From (77.2) , (77.3) we find 
m,+m 
b 
os =- 27 22 n nee a eF Tht, Fe Rot % G(r,,/%) . (77.4) 
where 
© © 
! 1) 70% [ 20 . ! ! 
G(n) = dp p” | dk ap* Je —, sin (nk’p) — cos(nk’p)} (77.5) 
Tee, re, e,72 5 nk 


with k’ =rpk. The expressions (77.4) , (77.5) are valid for any potential Uap: 


For the case of the effective Debye potential 


H 
G(n) = a {1 — exp (n7/4) [1 ~ a(n/2) 1} . (77.6) 
For n <1 we find 
rd rd 
Db 1 _$ “ab Ge 
a(@)-1-2 + 0 (82 ie (77.7) 
aa y 7 a. r? 


For an isothermal plasma we find from (77.7) , (77.4) an expression identical with 
the result of the equilibrium theory [25, 5, 44, 39]. 

Thus, to first order in Aap! Tp? the use of the Debye effective potential 
leads to the correct equilibrium expressions. Note also that (77.7) is practically 


independent of the choice of the effective potential. 


280 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


For an isothermal plasma in the local-equilibrium approximation and for 
(Aap/?p) <1 the calculation of the thermodynamic functions can be performed to 


arbitrary order in the Born parameter. For the internal energy density we obtain 


=3 B 
URS kr 2, ann; 
r 
— wk? >> non a fial ES (a + &n 7) ae 
Sines) HE (bey)" +0 (22)] 
Af 2 (na3 ) fam area) Pola ys (77.8) 


where 


and ¢ is the Riemann zeta-function, I the gamma function, and C the Euler con- 
stant. 

This result agrees with the result of equilibrium theory. The only differ- 
ence is in the value or the constant a, but this difference is not important, as 


e 
Equation (77.8) takes account implicitly of the bound states with a life- 


in a plasma with e, =— e. the term in Ee? vanishes. 
L ‘ab 


time much shorter than the mean free time. In order to exhibit this contribution 
more explicitly, we transform (77.8) further, for the case of a hydrogen plasma. 


We make use of the following formula [39]: 
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where we used the fact that £2 an? = BE »E being the levels of the hydrogen 
atom. This equation gives the total contribution to (77.8) of the even powers of 
et? beginning with ae this is the contribution of the bound states. We see 
that it is defined as the derivative of the partition function of the hydrogen 
atom, cut off by the Planck-Larkin method [28 , 29]. 

The remaining contribution of the cott series will be denoted by K*(B). 


Thus, the expression of the internal energy of the plasma can be written in the 
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kT 
a anes 
pea tne 2" Bn? 
g D 
3 9 BE 
2 3 2 3 2), Pon _ * 
n, 36 81 ee 2 [e 1 + e,] +x cay}. (77.10) 


The contribution xK* depends weakly on the temperature. It can be approximated by 


the following interpolation formula: 


or 


=) 


* = \3 
K'(B) ws —4n° 2X.  | BE, | 
where EF, is the ground-state energy of the hydrogen atom. 


We now come back to the two-particle distribution function 


purl 
Pap lly 2%2 22%) 
This function is finite for all distances r= [Peal Its decay at large distances 
is determined by the polarization, whereas its finiteness at short distances is due 
to the quantum effects. For instance, in the local, non-isothermal equilibrium state, 
we find from (77.3) by using the Debye potential : 
5 2 x 
pa ae NN i (mi, +m) &a°b dab ab 
Se ald ea hal a oe ene se exp 5. 1-6 or, . (77.11) 
(mg kyTp tmp Ba! “ab ar) 
For an isothermal plasma, for ab" y <€ 1, this reduces to 
2% 


~1 j 
p-,(r=0) =1 -—7? —S— 
an Aap kp? 


(77.12) 


which is identical to the result of the works of Kelbg [30] and of Trubnikov and 
Ebeling [25, 44]. 


78. EXCHANGE EFFECTS 

We now discuss some results of the quantum kinetic theory of nonideal plas- 
mas, including exchange effects. The quantum kinetic Boltzmann equation for a 
nonideal plasma, including exchange effects was considered in ref. [6]. This equa- 
tion is obtained from the equations of section 70 by the method described in section 
76. We consider some of these results in order to illustrate the exchange effects. 


If the exchange terms are included, Eq. (77.3) takes the form: 
~) a 
Oop) = Ded, Brp(8, >, 0,,0,,k) 
0, 0 
= 3 be 8 1,2 42 
= (27)” 6(k) iegt 4 p(k) 7A ae aS rapk ) 
3 


3 
i mw .2 1 4,2 2) 
Sap Io Aap. See (- aw Nabe 


Aap ose yt a sh rapkt 
+ 6 —3—— exp (-$23,% ) ae exp(- Nap )ugp(22) Se 
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This equation is valid for any function Uap’ The exchange terms in this equation 


are those involving the factor Sob: For a Coulomb potential the last term in 





(78.1) is 
2 Cy 2vV 
Sab 2 "2a °b ab 1,2 2) © _ Aap) 
= + == exp — Tapk | aR RES, 
Iq ky? vey 4 VE(2v +1) 
The distribution function Bip for a Coulomb system is (Kelbg [30] ): 
6, —r2/r2 
~1 —,—_ab ab 
Pgpl?) =1-—“e 
a 
a2 py 
Nab A, ab sp 1-0(,2) 
kn? \? hee Nab 
6,¢e e SRP oe 
+able an [ dad ( ae ) (78.2) 
a *, Aapl! —o) 


For r=0 and Gq= 2 we find 
: 

= Wee $ 

Bt (r=0) -(1-; a‘b (: is ab) (78.3) 
Bl! Agb 2 


Thus, for a=b, the result is divided by two, as a result of the exchange effects. 


For the Debye potential we find from (77.3) or (78.1) without exchange 


effects the result : 


8 


ao N 
+ exp 2. 17a) 1-6 +) (78.4) 
D 5 Nab ary 


The contribution of the exchange terms is complicated: we only write the result 


for r=0 (9, =2) : 


2: 
7 , @e X nN 6 
BL (=0) = 41 — i 22 exp wee) 1 -9(2 1-22) (78.5) 
B? Agp i 2rp ' 
We see that here too the result is divided by two for a=b as a result of the 


exchange effects. 
We now consider the thermodynamic functions, including the exchange effects. 


We know that 
_ 1 x1 
‘ 2 2 2 nny | ar Papi h) op") 


pot 


—1 1 ~1 
= 72 : nM lm? | dk Pap (*) Vapi *) 5 (78.6) 


QUANTUM KINETIC EQUATIONS FOR PLASMAS 283 


as a result of Eqs. (67.10) , (77.1). Here opr) is the Coulomb potential. 
The part of the potential energy due to exchange effects is given by (78.1) 
with the Debye potential : 


6 
yh 1D 2D nn me eee a ae tee 
t 2 
po ra ab gq, a~b’ab 
2 22 1 1 
8rA ,e e 4 
+ aba fay [ av |——™ —__ 
Kp? 0 0 2A, (1 —u? v?) 
2 . ee 
r A ( ~utv*) 
Shel, eeu | cee (1-12 »*) Fd ee (es _cae . (78.7) 
4ry ar? 2rp 


The first bracketed term is the Hartree-Fock contribution. The first integral in 


(78.7) can be calculated exactly, the second one is expanded in powers of dap! *p? 


(78.8) 
For Pirie (i.e., the Coulomb plasma) this result agrees with the result of equili- 
brium theory. 


As in section 77 the thermodynamic functions, including the exchange effects, 





can be evaluated to arbitrary order in the Born parameter Cab =— ee /kgTr01- 
Thus 
kT 6 
B : 3 J_ “ab 
See 3 — 20k? 2D, neh 7g E (Ea) 
12 mr ab a 
d 
1 ,3 ab 
—seup T> + ale 3} ; (78.9) 


The first term corresponds to the Debye-Huckel approximation. The term involving 


E(Ep) describes exchange effects. This function is given by 


pee &n2 3 
EG eae te ea 


- t(m-1) (Eqp\" dab 
= mo 
+73 oa i abt Gl bes aoe (78.10) 
m 2 ab r 
Tl = +1 D 
m=3 2 
The last two terms in (78.9) describe the ordinary quantum effects. the function 


Q(Eo,) is defined as follows: 


KTNG - K 
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__1 4-2 _@ 73 
Q(Eop) =~ 9 T Sob 6 Sab 
— t(m-2 Ey\m r 
+r > ea + o(23, 2) (78.11) 
m=y4 T(z mt) D 
where a= + C+2n3 airs »C being the Euler constant. 


We briefly presented some problems of the quantum theory of nonideal gases 
and plasmas. Because of lack of space, it is not possible to discuss here the 
quantum theory of kinetic fluctuations. We only note that this theory can be con- 


structed by analogy with the corresponding classical theory. 


CHAPTER 14 


Kinetic Equations for Partially 
Ionized Plasmas and for Chemically 
Reacting Gases 


79. PARTIALLY IONIZED PLASMAS. INITIAL MODEL 

In recent times, the kinetic theory of molecular gases was thoroughly 
studied (see for instance the work of Dahler and Hoffmann [31] and of Waldmann [32]). 
The complication of the theory in that case is due to the necessity of including the 
internal degrees of freedom of the molecules in the description. 

The kinetic theory of chemically reacting gases and of partially ionized 
plasmas is even more complex. Very few works have been devoted to the kinetic equa- 
tions taking into account chemical transformations. 

The work of Peletminsky [33] and of Kolesnichenko [34] represent an attempt 
at constructing such kinetic equations. They use an expansion in the density para- 
meter, but modify the condition of weakening of the initial correlations. This 
method is not convenient when the concentration of bound particles increases. 

Yakub [35] and Kolesnichenko [36] used a generalization of the Bogolyuboy 
method for the derivation of kinetic equations for chemically reacting gases. The 
starting point is a Liouville equation for the distribution of MW simple particles 
which can be transformed into bound complexes, the molecules. The difference with 
the Liouville equation (1.2) lies in the fact that the interaction potential cannot 
be considered to be additive. As a result, the right-hand sides of the equations 
of the hierarchy are infinite series in the density. 

In order to derive kinetic equations including chemical reactions the den- 
sity expansions must be cut off in such a way that, in each approximation, all 
possible collisions of any given group of particles be accounted for. Such a method 


was used in Kolesnichenko's work [36] . 


t+ 


A different, more fundamental approach to the problem of composite particles 
appears in refs. [50, 51, 52] . (Trans1.) 
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In refs. [22 ,27] a different method was used for the derivation of kinetic 
equations for partially ionized plasmas with Coulomb [22] and with electromagnetic 
interactions [37]. We essentially follow this method here. 

We consider a three-component plasma, consisting of electrons, ions and 
hydrogen atoms. The electrons and the ions will be denoted by subscripts e and 7 
respectively, whereas the atoms are denoted by et. The charged particles inter- 
act through Coulomb forces. 

In a partially ionized gas, there are two limiting situations: the state 
with zero degree of ionization, i.e., a neutral gas, and the state of a fully 
ionized plasma. 

As a starting point we take the first state, in which all particles are 
bound as atoms. This state is characterized by a density matrix for the atoms, 
Bog lrd ari, ry ‘ r,t) (see (71.3)). 


t 
Instead of riots it is more convenient to use the variables: 


m Pt mn, r. mr 
R=~2 +2 pS Rs 
m_t+m. e m +m. 
et e ot 

moh 

r=rom—-r, r =R- —— (79.1) 

e L e m +m. 
PC raaaae 3 


and the corresponding density matrix Bo 7 ( R’ »R" ,r/, r,t). The latter obeys the 


equation 





0. aay 275 
; et __h 2 _ 2 a fh 2 42 \a 
eae ay (re "R v) "et By (, ‘r v) "et 


, 2 Poply _ Wy _h Ww pls . 2 
+ [eet ) + ULAR wr!) o,,7 ) Un AR a )| Page (79.2) 
Here © . is the Coulomb potential. 
et mm. 
et 
= = =, 79.2 
Bea aS wep eu m, +m, ( ) 


The function 
UL CR +r) =e, U( FQ) te U(r) 


is the pptential energy of the particles in the pair, due to the field of the sur- 


rounding particles. The operator U(q) obeys the Poisson equation : 
oA 1 me 
v ia, t)=-40— | dR ar{e,6(q-R- am’) 
m nw 
+ e,6(a-R+ 2 rh On(R,Ryryr,t)- (79.4) 
e' t 
Equations (79.2) and (79.4) form a closed set for the operators O08 and a. We 


must add the normalization condition 


! * = 
<, |ar dR p,,(R »Rur,r) = WN (79.5) 
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where WN is the total number of atoms for zero ionization degrees. 

In the opposite limiting case, when all the charged particles are free, the 
starting point is the set (71.6) , (71.7) for the operators i (z.t), U(r, t) (or 
for a tv). ; 

We represent Pon in terms of the eigenfunctions of the Hamiltonian of 
pairs, i.e., in terms of the eigenfunctions defined by: 

es n? 


- ova bP 40, )) Yap (7 .R) = By p Ya pl rR) - (79.6) 


It follows from this equation that 


R)= ¥ (7) ¥5(R)» a E + Ep. (79.7) 


The subscript a@ denotes the quantum numbers n,p (n for the discrete spectrum 


Yyplh> 


and p for the continuous spectrum). The normalization condition for the eigen- 


functions is 


Yp= vy exp (ex P-R) 





3 
27h 

Jar ¥p/(R) vou (R)= (or ) 6(P/—P”) 

Bsn > for a=-n , B=m 

=p! = 
* ’ 
| ar Y (r) ¥a (r)= 0 ‘ for { xe 7 
3 
(Co ee ee for a=p’,B=p". 
4 (79.8) 


We use the following representation in terms of the eigenfunctions 
a“ t mn / La 
Pg = Re dP Oy g(P’, PY, t) 
eae 
“wlr! ye, =e pi’) \ pill (R”). (79.9) 


From (79.2) , (79.9) we find the following equation for the density matrix 
3 Py (P', pl it) 


y B = —f7f —-P ee “ 
th AE = (Eyt Eps —E, Epr') Pug (REP, 6) 
Vv i J a 
14 _ | ap [5,¢? ,P) By a(P, PY ,t) 
(20h) 
ree 1 yf " 
Py (P ,P,t) UgiP, P )| (79.10) 
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Se eee: — fap... a=n,p’, B=m,p"” (79.11) 
Y a (27h) 
and 
bP Pt ee ar AR Y*(r) ¥pi(R) Up ;(R, 7, t) Yp (R) (Fr) « (79.12) 


a 


Equation (79.10) is shorthand for a set of four equations for the functions 
5 (P’ p" t) a a 

nm > > > Pp! p!? Pnyp!? Pp! sm* 
buund and the free states of the particles, coupled in the atoms, whereas the last 


The first two equations describe the 


two equations describe the transitions between bound and free states. 
The set of equations (79.10), (79.12) and (79.4) are the starting point for 


the derivation of the kinetic equations for partially ionized plasmas. 


80. KINETIC EQUATIONS FOR THE DISTRIBUTION FUNCTIONS 
OF ELECTRONS, IONS AND ATOMS 


We shall derive these equations in two steps. We first obtain the kinetic 
equation for the atom distribution function under the assumption that the degree of 
ionization is zero. Subsequently, we introduce the condition of weakening of the 
correlations, corresponding to the formation of free charged particles by the ioni-~ 
zation of the atoms. 


We consider a spatially homogeneous gas, thus: 





3 
a fs Saka =é¢ (2mh) tpi ! 
Gal , Pp”, t) Sag = 6(P! — P!’) f,(P »t) 
{a\ = 80. 
(a) 0 (80.1) 
and the equation for the distribution function fy is (see (74.6)): 
af,(P’, t) ( 
es es aes > | ap im (50, (PP t) 80, (P'.P’.t)) = L(P',t) 
at (27h)? aB aB a 

B (80.2) 


If the correlation ( 8Pyp 5U yg) is evaluated in the polarization approxima~ 
tion (see sects 73, 74), we find for the collision integral: 
2 
IP glk) 
1,(P/,¢) = —L- >| dw dk dp’ —°8 """_ g(nk— p! +p) 
a 3 2 
(27) h 8 k 


6(hw~E, — Epi + Egt Epi) 


{(se . 8) [r_(P” ,t) ~ f,(P’, +)| 


gear [rete .e) + ,(/s#))]} aa 
ElW, 


The dielectric constant has the following form 
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e(w,k) = 14+ 








4am V | 

~ ap’ dp” S(nhk— P’ + PY” 

k? (27h)? 22 ( 
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[Pyglk) |? [ (P/. 4) — F002) | 








(80.4) 
h(w +¢A) —(B, +Eps —Eg—Epu ) 
The spectral density of the field fluctuations is: 
2nV 
(se -s8) = TD D| dp! dp" [f (P’,t) +f (P”,2)| 
w,k h a8 a B 
2 
rap sine — pra iy ) ( 
hk — P/+P hw —EF.— Ep, + FE, + Epn ). 80.5) 
k? le(w,k) |? a P 8 f 
Finally, the matrix element entering here is 
* 
Piglk) = ar ¥(r) Ya(r) 
ms m, 
7 [e. exp (: "+m, ker) + e@, exp (-« nt mi, k-r)| : (80.6) 


Equations (80.3) —(80.5) correspond to Eqs. (74.7), (74.2), (74.1) for the fully 
ionized plasma. If the functions (SE SE). and Im €(w,k) are eliminated by 
using (80.4), (80.5), we get an expression analogous to (74.9) or (74.10). 

In order to obtain from (80.3) the collision integrals for electrons, ions 
and atoms we proceed as follows. We noted already that by analogy to (79.11) the’ 
right-hand side of (80.3) can be represented as a sum of two terms, taking into 
account the contributions of the discrete and of the continuous spectrum. In a 
similar way, the spectral density (SE-5E), and the function Ime(w,k) can be 


represented as 


a(w,k) = + [e (osm) -1| = eet ean appt Any (80.7) 


The indices f and b denote, respectively, free and bound states. 
For the particles in free states the eigenfunctions are: 
¥(r) => Yp(r) 7 yo exp (th! per). (80.8) 


For the description of the free particles it is convenient to use, instead of p,P 


the variables p , P, defined as follows 
a 








m 
e 
= + = P+ ’ 
f P, P. Pe m,+m,; P 
m.P —m_ p. m. 
tn et ert. _ t = 
sites m +m, Psa cae Be« (80.9) 
e t e L 


Thus fp(P.t) —> f(p,.P;>t) . (80.10) 
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The function 
Nf, (Pt) = Nf(P,,P,5#) (80.11) 


defines the mean number of pairs of particles (atoms) in which the particles are so 
far apart that they can be considered free. If the degree of ionization is zero, 
such states are impossible, and the collision integral is defined by (80.3), with 
a=n,B=m. 

If the degree of ionization is not zero, the partially ionized gas can be 


described again by Eq. (80.3) in which we perform the substitution 


Nf(P,>P,2t) > Nf(Po,t) Uf(p, st). (80.12) 


This means that we replace the number of pairs of free particles by the product of 
the average numbers of free particles with the same momentum. This is precisely 
the assumption of weakening of the correlations, mentioned above. 

In order to derive the set of equations for the distribution functions of 
the electrons, the ions and the atoms we use Eqs (80.2). (80.3) and (80.12). We 


substitute into (80.2) a=p’, perform the change of variables (80.9) and substi- 


tute: 
1) (P',t) => I(p,>P;>t) ‘: (80.13) 
We introduce the following definition for the distribution function of the ions 
(electrons) : 
a fan te ies 
f,(Pqst) = 4 | ap, flojspyst) (b# a, a=e,%). (80.14) 
(27h) 
The equations can now be written in the form 
of (p,>t) 
a‘*a 7 V 2 
Fi = can { ap, T(p,+P,> t) T,(p, >t). (80.15) 
Introducing into (80.2), (80.3) o=n we find the kinetic equations for the atoms: 
af, (P’, t) 
—————_ = 1 (P’,t) . 80.16 
ot nl ) ( ) 
The distribution functions for the electrons, ions and atoms are normalized as 
follows Vv f ys 
——~ | dp_ f (p_.t) = —=e 
(27h)? a a a N a 
—, yler (P,t) = et ah (80.17) 
(27h) ne N 


where en (a =e,7) is the concentration of the electrons and of the ions, and Coe 


the concentration of the atoms. These concentrations are related by: 


Deg tei = (80.18) 


We now study some properties of these collision integrals. We represent 
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the integral I(p,>t) as a sum of two terms : 


1,(0q+t) =[14(eq>#)], + [za(,>#) |, (a =e,t) (80.19) 
where 
| e? 5 pl2— pl'2 
1,(01,¢)| =—4— | dp" du ak kr s(ne— pi + "6 hw — 4+ __4_ 
ava 1 (27)3h a” Pa 2mq 


(se 3 se) [Fc »t) —f, (0). ) | 


_ 4th Ime(w,k) 


le(w, k) |? [z(oy +) + 2,002, +)] . (80.20) 


In order to obtain this expression, we put a= p’, B = p’’ in (80.3), use (80.9) and 
express the matrix element (80.6) in terms of free-motion eigenfunctions. 

As the spectral density of the field fluctuations and the imaginary part of 
the dielectric constant consist of a sum of four terms, Eq. (80.20) also splits up 


into four collision integrals, describing four different processes : 


/ a“ “u / 
1. Pit Pip <> Pt Pip 


is the scattering of free particles; 


! Mey pl ! / Geb 
2. PltmPy <> PY + Piit+Pip ( ) 
is the ionization of an atom in the state m, Pe through the collision 


with an electron or an ion; 


/ a a “a i 
‘ : <_ P 
3 Pk Piet Py Pg? My ey 


represents the recombination in presence of an electron or of an ion; 


] " M4 / 
4. Po +m, Py aad | Pi 


represents an inelastic collision of an ion or electron with an atom. 


In all these four processes, the average number of particles of type a, 


interacting with free particles or with atoms, does not change; thus 


V = 
Gar | ap, [z,(9, 5 +], =0 (80.21) 


and the concentrations of the free particles, Cn does not change in these pro- 
cesses, 


The second term on the right-hand side of (80.19) is defined by: 
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1 V -2 
I(p ,+)] = — — | ap} apr du ak 
[z, a 2 (27)?h (ans) b 





= =, — pl a 
Paint deep itei ia 6 (hk Pa Ppt P ) 


pi? 42 
Slips 2- Poa ee 
fw 2mq 2m 'm Epi 


b 


. (e-6e) [7,(P". t)— WF,(p,>t) fp (7, | 


_ Ath Im e(w,k) 7] ! j 
le(w, k)|? [FP »t)+ Wf(p_ >t) fy (0',t) | . (b#a) (80.22) 


In order to obtain this equation, we set in (80.3) a=p’,B=m, use (80.9), inte- 
grate over P; and use (80.12) under the integral. We again distinguish four 


processes. 
5. 44 pl + pl <>mP"+ p! 
Pa P, Pia : ia 


is the recombination of particles a@ and b (a#b); 


6. Sa pl 4m. P! <> mP" ’ + p! 
Pa * Pb ia +Pigt Pip 
is a process of inelastic scattering, accompanied by an exchange of 
particles; 
! , u" 7] " ! 
‘ + + + <>m PM + P 
t Pat Pp Plat Pip m ralsed 


is the process of double recombination; 
! ! " 7] , 

8. Pot Py tm PY <> mP +n, Py 

is a recombination process in the presence of an atom. 

For the collision integral (80.22) the property (80.21) does not hold: 
| dp [z,(0 a] #0. (80.23) 
(27h)? a a 2 

Thus, in the processes 5—8 the concentrations of the free particles change. 

If the plasma is completely ionized, only the process (1) is possible. 


Thus, instead of (80.7), we have 
e(w, k) = 1+ Ate. (80.24) 


and the dielectric constant reduces to (74.2), whereas (80.5) reduces to (71.1). 
The collision integral (80.22) vanishes, and (80.20) reduces to the form (74.7) of 
the quantum Balescu-Lenard collision integral. 

The collision integral for the atoms can be represented as 


r(P’,t) = [z,(77»2)], + [z,(P'.+) | (80.25) 


a 
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The first term follows from (80.1) with a=n”,B=m. We have here the 


following four processes: 


it. 7 “ “ t 
n Pp + Pip <> mP + Pip 


' 7 Wt “ 7 7 
vier np +m)Py <> mP +p, t Pip 
' 1 u u u" 1 
3°. nP + py + Pyp ee mP +7, PY 
at. nP! + om, Pi <a mpl +n PI 
These processes do not modify the number of atoms, thus 
> [ ap’ [z(e7s 0], =O. (80.26) 
n 


In order to obtain the second part of the collision integral, we set in (80.3) 
a=n,8 =p”, use (80.9) and (80.12) and obtain 


Piit 3 hs oe 
[ '), (2n)3h (20n)3 


P 


" u 2 
Jan, BP ORGS ee (mp! —m,py')/(m, +m, ) | 





2 142 
6(hk— Plt+p”+ p”) 6(hw-E -E + Fae + as 
a b n P!" 2m 


g 


(se. 6) [rsaten f,(P,) - £,(P’)| 
I Jk 
_ 4h Ime(w ) [vg 10") Fl!) + F (P)| (80.27) 
le(w,k)| pega 


Here we find the following four processes: 


5°, nP! + pp! esp" 4plsp! 

la a b la 
6". n pi + ea aad Oe Ses n, Pi 
Te n Pi + m Py rans pl + Py + py ot Pin 
8’. nP! + m, Py <> pi + pytn, PY 


These processes change the number of atoms, thus: 


> far 4, [00029] #0. (80.28) 
n (27h) : 2 


The collision integrals (80.19), (80.25) possess the following conservation proper- 


ties: 





N v 
aN Pp! ') I (p’,t) = ; 
I(t) 72 fa cere o,(P) 1 (P’,t) =0, (80.29) 
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for (PF) SP: E,+ Ep! These properties express the conservation of the 


total number of charged particles of each type (in free and bound states), the total 


momentum and the total energy of the free particles and of the atoms, Furthermore: 
I(t) 20 for by =— ky an fy(P’,t) . (80.30) 


This expresses the increase of the total entropy for the isolated partially ionized 
plasma. In order to prove these relations, we need Eq. (79.11). 
We consider the equilibrium solutions of (80.15), (80.16), determined by 


the equations 
= ( + ( =0 
1(p,.t) [rtm >#)]) [re], , 


1, (P.¢)=[1,(7.0)] +[1,(P2¢) |, =o : (80.31) 


In order to satisfy these equations it is not sufficient to have the equilibrium 


distributions for the electrons, ions and atoms : 


with 


N 2\} NN. 2 \3 
27h*\2 2nh \? 1 
=k T 2 4(*)) = kT YQ ot (2m). 5 80.33 
ae | ole mkyt) |? Yet Sa? *|—y Vnkgr)’ 2} 69-7? 


(Z is the partition function). We must also impose the relation 
+p. =u. (80.34) 


among the chemical potentials, which expresses the condition of chemical equilibrium. 


The latter can also be writen as follows: 











ao = (80.35) 

et er 
This is Saha'’s formula. Thus, in equilibrium, the distributions of the electrons, 
ions and atoms are Maxwell-Boltzmann distributions, related through the condition 
of chemical equilibrium. 

From the kinetic equations (80.15),(80.16) we may obtain the hydrodynamical 
equations for a partially ionized gas, taking into account the chemical transforma- 
tion [22]. 

In reference [37] a similar method was used for the derivation of the kine- 


tic equations of a system of charged particles with electromagnetic interactions. 
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8). CHEMICALLY REACTING GASES. INITIAL MODEL 

We consider a three-component gas, consisting of atoms @ and b, and of 
molecules ab. We may again consider two limiting cases: the molecular gas (degree 
of dissociation equal to zero), and the fully dissociated gas, a mixture of two 
atomic gases. 

We take as a reference state, as in section 79, the molecular gas. We assume 
the gas to be sufficienly dilute, in order to be allowed to use the binary colli- 
sion approximation. The state of the gas is then described hy the two-narticle 


density matrix 


= (ro yrd yeh yet yr! or or pl 8) R11 
Pa,byayb, ay by aby © a, ?"by"! ag? by? ay? by? "ay? by? © wag 
where | and 2 are the molecules, and a,b are the subscripts of tl atoms in the 
molecules. 
Let 
2 
ie n2 2 h 2 
Ho,~=- = V -> Vv, +9 (81.2) 
ab amy a 2mp i ab 
be the Hamiltonian of a molecule, 
ae Se (81.3) 
be Reco laea tae 171 42% 


be the Hamiltonian of two non-interacting atoms, and 


= U r (81.4) 
Yq, b,ayb, (ro ety tase b) 
be the interaction potential of two molecules. If both interacting molecules are 


in the dissociated state, then 


+o (81.5) 


U = 6 +6 +6 
a,b, a,b, ay a,b, bd, a, bb, 


where ® is the interaction potential of the atoms a,b. If only one molecule, 


say 2, is dissociated, then 
U = V +V . 
a,b,a,b, a,b,a, a,b,b, (81.6) 
Thus, the potential U is additive only in the case of free atoms. In the general 


case we have to know the following potentials: 


Ya, by ayb> 2 "a by a ? Ya, b, b> : ae (81.7) 


The equations for the density matrices in the binary collision approxima- 


tion can be written by analogy with (66.10) as follows: 


KTNG -L* 
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a ee ee ) 
[en ot 4a b,a,b, ie aid, ee ae 


+ 


0 watt u “ )| 
H (- r r r 
a,b,a,b, \a,’ b,’ ay’ by 


p -.p fo) ) 
( a,b,a,b, a,b, a,b, 


U fe wreoar r! 
a,;b,a,b,\ a,’ by’ ay’? b 


a 
a 


if re i (81.8) 


U (ri a a )| p F 
a,b,a,b,\'a,’ by? ay’ bo/] aby anb, 
In the weak coupling approximation for the molecular interactions, we may take in 


the right-hand side: 


°a bab, ~ © a,b, asd heey 
el Die 2: Ted 2 2 


and find an equation analogous to (69.1). 


82. KINETIC EQUATIONS FOR CHEMICALLY REACTING GASES 

The derivation of the kinetic equations can again be done in two steps, as 
in section 79. First one derives kinetic equations for the two-molecule distribu- 
tion functions, then one identifies three kinetic equations for the atoms and 
molecules, by using the assumption of weakening of the correlations in the forma- 
tion of free atoms. 

The kinetic equations were derived in ref. [38] (see also [45,46]). We 
only quote a few results here. 

We assume that the weak-coupling approximation is valid. For a spatially 
homogeneous gas in the diagonal approximation, the kinetic equation for the distri- 


bution function f. (P! »t) can be written as follows: 
"a,b, a,b, 


12 
af 


"a,b, 
SS ak (>: se) (82.1) 
at ig a a a,b, 


The collision integral is defined as follows : 


27N 
I (>, i) ee Le 
Nab a,b, h(amh)® 


(82.2) 
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‘ / eee: 

ee Re Payby Ea) 

6(z +Ep, +E +Epr  —E ~Epu —& ~ Epn ) 
"aid, Payb, "ab, Payby "ay; Payb, "a,b, Pad 


rears (ay) Fagg (Pe 
Lmao, aie Manda %2> 


i. , ! (82.2) 
Fea Maa) fag» \Paab2?*) (cont) 


where W is the number of molecules in the zero-dissociation state, and 


U (k)= far dr u(k,r at ) 

May ab ash asbs a,b, ~ apb, a,b,’ aby 

y™ ( ) yt ( ) y ( ) y ( ) (82.3) 
r r r r 5 

"ab Vb) MaybyN 422) Mayby\%2b2/ a,b, \ 914) 


is the matrix element of the molecular interaction energy. Y¥, pap) are eigen- 
7 a 
functions of the Hamiltonian Hop? and U (tra a Oa be is the Fourier trans- 


form of the interaction energy of the molecules: 


U =U (R —R Pant awd ) 
a,b,a,b, a,b,a,b, a,b, a,b, a,b, a,b, 


In the elastic collision approximation: 


U (kK) = v(k) 8, m 8n m 
"a,b, "a,b, "agb2 "ayby a,b, "a,b, “agby “anby 
(82.4) 
and from (82.1) follows the relation 
r(P4>t) = > Typ Paprt): 
n 
ab 
For monatomic gases this relation reduces to the Bogolyubov-Gurov collision inte- 


gral (69.11). 
From (82.2) we may derive also the collision integral for particles with 
Coulomb interactions, but without polarization effects, because we used the weak- 
coupling approximation to start. In that case we use (81.5) for U and obtain for 
the matrix element (82.3): 
y (k) | 
n m n m 
a,b, a,b, anby anby 
2 
P (k)]. (82.5) 
a,b, ab 
1 1° 1 


_ (44)? 
a 2 n m 
k : a,b, a,b, 


We used here the expression (80.6) of the matrix element. 





P, (x) 











Using a relation analogous to (80.12) we may derive, as in section 80, a 


set of three equations for the distribution functions of the atoms and of the 
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molecules. These equations have the same structure as (80.15), (80.16) (see 


ref. [38] ). 


83. EQUATIONS FOR THE CONCENTRATIONS OF FREE AND BOUND CHARGED 
PARTICLES. IONIZATION AND RECOMBINATION COEFFICIENTS 


We consider a non-equilibrium state of a homogeneous partially ionized 
plasma. We assume that the Maxwell-Boltzmann state is already reached for the 
electrons, the ions and the atoms, but that the state of chemical (ionization) 
equilibrium is not yet attained. As a result, the concentrations of the components 
are not related by the ionization equilibrium relation (80.35). 

In order to obtain an equation for n,(t) >» say, we multiply the kinetic 
equation (80.15) by nv/(2th)°?> integrate over Pa> and use (80.5), (80.4), (80.7) 
and (80.32). We obtain [22] : 


2 
eee) a (a Nap ~ pn3) + (a, 02, - By we 2 nap) 


dt 

he («, nn, By", np) +(a, non ay - B, ne nay) (83.1) 
We used here the equality of the concentration of ions and electrons. a is the 
coefficient of collisional ionization, B the coefficient of triple recombination 
(two electrons and an ion, or two ions and an electron), a, the coefficient of 
ionization through the collision of two atoms, By the coefficient of recombination 
through triple collisions of an ion, an electron and an atom, Bo the coefficient 
of recombination of four particles, yielding two atoms, a, the corresponding 
ionization coefficient, a, and B, coefficients of exchange processes. 

As an example we consider the coefficients a and 8 [22]: 

IP) 


anv 2% 2 > | ae’ dP! dP" dp! dp! du dk =P ™ __ 
(27h)? ie k'le(w, k)| 


42 
12 42 p "2° Dp 
slereatrrart) si aM ot, ee) 


2 
| 





’ 12 pl2 pl2 
o(na P +P") 5(ny-P + +=) 
2u 2M oom (OM 
gee Po” k of (83.2) 
2h eae re + —— + — 5 83. 
[20 (mM)? kyr]? 2 m 2M am, 
2 \2 
_ (27h 
B= (a7) Za. (83.3) 


The integrations in this equation can be performed, if we assume the following 


simplifications are valid. The polarization effects are unimportant (€(w,k)=1), 
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the ionization is mainly due to electrons, the atoms are at rest (M=™), and the 
ionization proceeds from the ground state. We then obtain from (83.2) the following 
expression for the ionization coefficient a: 
4 
i 3 
mer} 0 B B 


a=72- 35 e se (83.4) 
3 h I 





where J is the ionization potential, ag the Bohr radius. In deriving this formula, 
we used the expression for the matrix element IP yr (IE for m=0 (see reference 
[40], p.667). 

If the ionization coefficient is calculated classically [41] one obtains a 
result differing Feou (83.4) in the pre~exponential factor: instead of (k, 7/T) > 
one obtains (k,P/I;* . As a result in the neighbourhood of the threshold, the 
dependence on the distance from the threshold is nonlinear. 

Equation (83.4) was obtained in the Born approximation. This approximation 


is also used in the numerical calculations (see, e.g., [42]). 


84. EFFECT OF THE ELECTROMAGNETIC FIELD FLUCTUATIONS ON THE 
KINETIC PROCESSES IN A PARTIALLY [ONIZED PLASMA 


Using the method considered in sections 79, 80, we may include in Eqs. 
(80.15), (80.16) also the processes due to the interaction of the charge particles 
with a fluctuating transverse electromagnetic field [37]. The additional terms in 
the collision integrals, due to the fluctuations of the electromagnetic field are 
expressed by similar formulae. For instance, the additional term to [I (py ,tyh 


has the following form [37]: 


’ e? (kx wt)? ep”) 
r,(01,.¢)| -——4_ lant dw ak —5- 6 (hk -—p!'t+p 
eee 2a Kw oe 
S pi? ue i 
a noe Ge {( PL OSE . [ v = ’ 
6 [hw Im, se | SE + OE ar f,(P) »t)—f (ps, t) 


8th Im et (w, ct (wk)w Lrg! ep? )]} (Beet) 
+ + 
I e ‘ : 
Jw? € (w,k)—e2 k? py see? alfa’ 
Here, (eet, seo x; is the spectral density of the transverse electric field fluc- 
; E 
tuation, e€ (w,k) is the corresponding dielectric constant. As in the Coulomb 
case, these functions can be represented as follows (see (80.7)): 
(set. se‘) - (ce'-se'\fT Pg Orn ices ree cae rere ie 
w,k w,k 


+a 


“Ga, kya + 40 (a +o, (84.2) 


+ 
prt pp * top * App) 
The expressions of these functions were derived in reference [37]. 


In equilibrium, the spectral density of the transverse field fluctuations 
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is given by 


af 
16Thw't Ime (w,k) ‘ 
(se*- se") = 44+———_1____ . (84.3) 
wrk lw e (uw, k)-e*k | exp (hw /k,T) — 1 
For h-+0O, this expression reduces to (39.42). The corresponding expression for 


the time-spectral density is 


3 
(set. sz") a = (aes? fe 
wo e ¢ exp (fw/k,7)— | 


2hw? 
3 








(Re e+) + 412 pt (84.4) 
where en is the temperature part of the Planck function. 

Using (84.2), we may represent the collision integrals as sums of eight 
terms and introduce a classification of all the contributions, as in section 80. 

The collision integrals take into account the interactions in the polariza- 
tion approximation. Therefore, in addition to the usual processes of photo- 
ionization, photo-recombination, emission, absorption, etc., there also appear 
‘anomalous’ (superluminous) effects [43]. Such are the Cherenkov effect, the 
anomalous Doppler effect, the anomalous bremmstrahlung, as well as the spontaneous 
and induced ionization of atoms with emission of a quantum, of the induced recom- 
bination with absorption of a quantum, etc. 

For the purpose of illustration, we quote the expression of the coefficients 
of 'normal' photo-ionization, and photo-recombination (a, and Bs) in the approxi- 


mation of an infinite mass for the heavy particles [37]: 


2 2 
L p 
rh al 6 (hw le, F) 





V 2 
8. arr (21m, k ,T ) 2 oS | aw dp 
m 


. (set. sz") exp (— p*/2 m, ky?) : (84.5) 
w 


Here lee 2 is the corresponding matrix element, (set.se) is the spectral 
function of the field, excluding the contribution of the ground-state oscillations. 
In equilibrium, this function reduces to 412 oe (see (84.4)). The photo-ionization 


coefficient can be obtained from (84.5) by means of the substitution 











m_k_f 3 
(set. se’ | ae ( 2) thes (- 2) (set se") (84.6) 
wd 27h Z kt w 

For the process of recombination in the ground state, Eq. (84.5) takes the form [37]: 

8-4 / omh? \2 ys = 
a, = 22 ( Se 1 digsenp = eer eee (84.7) 

t 3h mak T 0 kv 

B I/h B wW 


The corresponding photoionization coefficient is obtained by means of (84.6) : 
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Co 
8 =k 
a= aries a) | dw (se*- se’) : (84.8) 
‘i I/h ® 


If the fluctuations of the field are in equilibrium, i.e., when 


(se*- se") manga’ 
w w 
and I > kA? » we obtain from (84.8) [37]: 
i 
210-4" 3 I [Re e(z/n)]? ky? 


a, ; =. > a enna aes h exp (— I/k,f). (84.9) 





This result differs only by a numerical factor from the result of the quasi- 
classical method (see, e.g., Eq. (6.96) in ref. [41] ). More details about these 


problems are found in ref. [37]. 


85. KINETIC THEORY OF FLUCTUATIONS IN CHEMICALLY REACTING 
GASES AND IN PARTIALLY IONIZED PLASMAS * 


In deriving the kinetic equation of this chapter, we used the assumption 
of complete weaking of the correlations; therefore, the kinetic fluctuations do 
not appear in these equations. The latter can, however, be studied by analogy with 
the theory developed in Chapters 4 and 11. 

As a starting point, we must use instead of (79.10) the equation for the 
smoothed density matrix. In contrast to(79.10), the latter equation is dissipative. 

The kinetic equation, taking into account the long-range fluctuations is 


now: 
afy(P’»t) 

at 
The integral I, is defined by (80.3), whereas 


EAP! gt) TE PL EY 2 (85.1) 


Tipit) =- 2 —. 
8 (27 h) 
| dP" Im (ug (P’,P” ,t) SUyg(P’,P”, “) (85.2) 


is an additional term, taking into account the long-range fluctuations. 

We recall that, in the kinetic theory of fluctuations in both gases and 
plasmas, the source of long-range fluctuations is a sum of two terms (see (22.26), 
(62.17)). One of them is due to the correction to the collision integral, ine and 
vanishes when r,70. The second term is due to the atomic structure of the medium, 
and remains non-zero even in equilibrium, when both collision integrals I> a 
vanish. 


z This section was added by the author for the present English edition (1977). 


302 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


The contribution due to the collision integral I is important when the 
state of the system is far from equilibrium. Here, we shall only discuss the case 
when a is zero. In that case we may assume that the matrix 50 a(P’. P” ,t) is 
diagonal, i.e.: 


3 
~ 1 pu (20h) 1 pu n 
Siu glP’, P”, t) = 854 —q— O(P’-P") SF, (P',t) (85.3) 
Here Sfy is the fluctuation in the distribution function fy? Sfy = Qa cig 
In the present approximation the equation for the distribution function can 


be written as a Langevin equation 


9 fy 


at 





=r (pl v , 
T,(P!,t) +2 uylP'st). (85.4) 


The moments of the random source are given by 
(y(P> t)) =0 


(uq(Pts #) ual". #)) = AyalP/,P",t) 5(t-t’) . (85.5) 
The intensity of the random source can be obtained by formulae similar to those of 
sections 22, 62. 
In the local-equilibrium approximation we obtain from (85.1) the correspond- 
ing Langevin equations for the concentrations of electrons, ions and atoms: 


dn, 3 A 
—_ - (an,n,; — 8” nz) + (an , 7 Bn nun ) 


et et 


The last term of Eq. (83.1) does not appear here because the coefficients a, = B43 
therefore the term does not contribute to the concentration balance, 


The moments of the Langevin sources are given by: 
(y(t)) =0, (yi lt)uelt’)) =4,,(¢) 6-2") . (85.7) 


The expression for Age follows from the general expression Ayg(P’.P",t) 
given in (85.4). When the Maxwell-Boltzmann distribution is reached but not 
chemical equilibrium, one finds the following expression for A ee [Belyi and 


Klimontovich] ; 
-1 2 
= . ~ pt ~+ A “ 
Age(t) ” {(angnes * Bn2n, ) (0, "2, Bs mes"e"2) 


+2 (a, ne + By neni) (85.8) 
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Thus, the intensity of the random source involves three terms, each corresponding 
to one of the pair (direct and inverse) of processes defining the change in the 
concentrations. 

In a state of complete equilibrium (when the Saha law is valid) the first 
and second term in each pair in (85.8) become equal. 

For small departures from equilibrium Eq. (85.6) reduces in the linear 


approximation for on, to 


d = i Noo 
rae + Abn, =Y,> A=a (2 ¥ n ) % 


én, =6n, >» Sm .=-6En. (85.9) 


For simplicity we retained here only the term describing the ionization and the 
recombination. We obtain from this equation an expression for the mean square of 


the total number of electrons OW, = Vong: 
2 = N— Ne, 
((6%, ) )=N, om, (85.10) 

Clearly, in both limiting cases of a fully ionized plasma and of a vanishing degree 
of ionization this expression vanishes. 

Using the relations between the fluctuations 6n 

7 é . 2 2 

easily finds expressions for ((6¥,) ) and ((8¥, 4) ys 


The concentration fluctuations can, of course, be calculated also by other 


le én, and én, 5 one 


methods (see, for instance, the work of van Kampen, Brenig, Horsthemke, Grossmann, 
etc.). The method sketched here can be used even in states far from equilibrium 


when the contribution of the long-range fluctuations becomes important. 


The present chapter must be viewed as a short introduction to the theory of 
partially ionized gases and of chemically reacting gases. In this field there are 
still many unsolved problems. One of them is the construction of the kinetic 


theory of nonideal, chemically reacting systems. 
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